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IMPEANCJI0OBNE

Jra KHUra — 0K COBMECTHOrO TpyAa (H3MKAa M MATeMATHRA, IOCTABHBIINX
cBoefl I[eNBI0 HAMMCATH IOCO0ME COBEpIIeHHO HOBOro THOA AiA OyAymHX ecTe-
crBoMcnmrTare’ieii. B ¢BA3M ¢ STHM yMECTHO CKAa3aTh HECKOJBKO CJIOB O ee IeliAX
U HayuHOIl Hpeonoruu.

Wspectno, 4rto MHOrme (QUSHKA HEJOBOJBHE TeM H3JI0KeHIEM OCHOB MaTe-
MATHYeCKOTO aHajmsa, KOTOpOe OBIO BHEIPEHO MaTeMaTAKAMH MEPBOA 1mMOJI0-
puasl XX pera. [IpuammEsl sToro mouATh Jerko. Ha cTunb manoskenus mase ca-
MEIX HAaYaJbHHX TJaB y1e6moil nurepaTypH MAS HaYMHAINAX TOBAUANH UTOTH
pPas3BUTHA MaTeMaTHYECKHX HMCCJIEeJOBAHUHE, CBA3AHHHX ¢ pa3paboTKoO# Jormde-
CKHX OCHOB Hameidl Haykd. Todnke onpefedeHnsd TakuX NOHATHH, KaK BeINECTBEH-
HOe YICJO, Npefesl, HeMPePHBHOCTH M AP., ABUINCH De3yIbTaTOM IJIHTEJNLHOTO
M IPUTOM BEChMA HETPHBHAJBHOTO JIOTHUeCKOTO aHAJIU3a yiKe CO3MAHHHIX M HMH-
TYUTHBHO ACHHX (HA €CTECTBEHHOHAYIHOM YDPOBHE CTPOTOCTH) TEOpHil. JTH ompe-
neJdeHns, KOTOPHe NJId HAYMHAOIEX BOBCe He MPOCTH, BUOCIENACTBUH CTAIH
HCIOJb30BATHCA HEPANMOHAIBHO: B yIeOHHKAX ONM CTAJIH NPEIIICCTBOBATH UBJIO-
JKEHOI0 COJEeDP/KATeNbHOH TeOpHH W ee IPHIOKeHW, MCKYCCTBEHHO YCIOMHAA
OOHIIMAHNE MHETYUTHABHO SICEKX Bemeil.

Cregyer mMeTh B BHAY, 9YTO (U3HKU-TEOPETHKHU B CBOeil HaydHo#t pabore mum-
POKO TOJb3YIOTCA BCEMHU MM TOUYTI BCEMU METONAMHU KIaCCHYECKO MATEeMATHKH.
Yacrto 1M OPEXOGUATCA UCHOJNB30BATH CaMble COBPEMEHHLIC HJeH, 3aPONHBIINECH
B rayomHax abcTpaKTHOM MaTeMATHHKH, WM Jajke CAMOCTOATENbHO Hm306perarh
HOBHE MaTeMaTaueckue Meronbl. ONHAKO KOHEWHBIA pe3yabTaT WCCAeIOBAHUR
duaura Bcerga moyyKeH GriTh bddeKTHBEH: OH MOJKeH BHPayKAThCA UHCIOM HIA
dopmyr0it, oTHOCAIMUMUCA K HabiogaeMuM BeamdnHaM. Bompocs ofocmopanums
A JIOrHYeCKON CTPYKTYPH OCHOB KajKyTCHd eMy HeBAKHLIME [ ero paboTH.-
XOT OH, KOHEYHO, BePHUT MaTeMaTHKe H He COMHEBAercd, 9T0 B ee MeTOHAX He
3aJ10;KeHEl HUKaKue BEyTPeHnue nporusopeunsd. He ynopierpopsasch CymecTByIo-
meit yaebHol ¥ HAYTHO-IONYIAPHON AUTePATYPOil HO MaTeMaTHKe, HAIIMCAHHOI
caMuMi MareMaTumKaMu (B oco0eHHOCTH TeMu, KTO HajeK OT PusHKH), PH3UKH-
TEOPETHXIT CYUTAIOT HEOOXOTMMEIM TOBECTH KO HAaYHHAIOMETO CBOM IPeCcTaBIeHUS
0 TOM, KaK HY/KHO €CTeCTBOMCIIRITATENI0 IIOJb30BATHCSA MaTEMATHIECKHM Aallia-
PaTOM 11 KaKUM IPOCTEHIAM CIocO00M MOKHO «B MEePBOM NPUOIMIKEHANY OCBOHUTH
Te MeTObI, KOTOPEIe eMy Impe:xme Bcero norapobarca. Moe rameres, 9470 mX T'DO-
Magubil OmBIT PabOTH ¢ MaTeMAaTHKOM [aeT WM Ha 9TO TPABO.

Homeumo, Tarkas ToYKa 3peHMA HA MATEMATHKY SBJIAETCA HECKOABKO OIHO-
croporneit. Ho Gexsl B aTOM, mo-MoeMy, HeT. Te, KTO B manbHedimeM OGymyT u3y-
gaTh MareMaTury Gogee riry0OKo, CMOTYT, YiKe WMes HHTYUTUBHOE IPEJICTaBIe-
HEe 0 CYTH flella @ BJafied TeXHUKON pelledws 3a7ad, JyIme MOHATh CMHICT B
ocHoBamuii matematnru. Ha Mmoit B3raap, jxenadme Hadath o0ydeHue eme HE OC-
BOGHHOM TeOpHH, KOTOPYIO ydYammuiics HO3HAeT BIEPBHE, ¢ 03HAKOMJIEHHUSA C OC-
HoBaHUAMU W (OPMAJbHEIM SA3KHKOM HOPTHT MHOTHE MaTeMaTWdecKue KYPCH.
Hax mareMatmr, MHOTO neT padoTaBmuil ¢ (uU3MKaMH, A m03poldio cefe BHICKA-
3aTh MHEHUE, YTO He TOJbKO OyaymuM (@3HKaM M TeXHHKAM, HO ¥ OyaymuM
npodeccHOHATbHEIM MaTeMaTuKaMm (H uX IegaroraM) B mpouecce o6pasoBaHmsA
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Opio OBl TOJIeSHO HAYYMTLCA J1ydIle npejfcTaBifATh cebe CTUIb MaTeMaTide-
CKOTO MBIUNEHN eCTeCTBOUCIBITATENeH I IORMMATE CTOAIINe Iepej HUME 3aTadi.

Hacroamas Kuura BosHuK:Ia B pesyibrare 60ibmmoil paborsl Haj ycoBepIIeH-
cTBOBAHMEM KHUTH «Bricirag marteMarTnka A HAYWHAIOMMX II ee OPUIOMKEHHS
K (M3HKe» M3BECTHOTO coBeTcKoro ¢usmra aramemuka f1. B. 3easpporuua. Llens
KHUTH COCTOMT B TOM, 4TOOEl MaTh BOSMOKHOCTh Oynymemy ¢uUBIRY (XEMIKY,
UHJKEHEDY W Ap.) MCHONB30BATH B CBOeil paboTe BHCIUIYIO MaTeMaTHKY, OCBOIB
ee MeTONBI Ge3 DONHEIX JOTHIECKUX O0OCHOBAHMI, paccMaTPHBAs ee Kak pasjieln
ecTECTBOBHAHUA U Peliast BOSMO;KHO (O0NbIlee UMCI0 KOHKPETHBRIX 3a7ad.

IIpenmiecTsyroman KHUTa OhTa He JIHIEHA PANA TEXHUICCKIX TederTos.
[lpr manucamum 9TOW KHUTH MHOTO OLITO CAeJaHO AJsA YCTPaHEHIA HeJOCTATROB
M yAyYMIeHNuS UBI0KeHHs; OB fo0aBIen TaKkyKe 3HAYUTENBHE{ HOBHIT Marepiral
U OpoBefenHo TINATeNbHOEe DefAKTHpoBale TekeTa. Besa arta pabora Oplia HpoBe-
JeHa COBMECTHO MABYMS aBTOpPAMI Hacrtosimedl KHUIM: QUBNKOM aRaXeMIIKOM
. B. 3enrsmopmueM m MaTeMaTHKOM JTOkTopoM ¢us.-mat. Hayk H. M. fAraoiyoa.

Mpe KasreTCs, UTO KHUTA XOPOIIO DelraeT TOCTABAEHHYIO 3a7a4y; MOYKHO VBe-
DeHHO PEKOMEHT0BAaTh ce BIYMYHUBOMY IOHOMY YHTaTeNl0, KOTODHIT XoueT medop-
MaJIbHO OBJI&/1eTh CpeacTBaMil BEICIICIT MaTeMATHKU 1 HOHpOﬁOBaTb OpUMEeHJITE
3TII cpeacTBa B 3ajavax (131’[31’1}\‘[1 T TCXHURIIL.

Axademur C. 1. Hosuros



R UUTATEJIIO

B nameil crpame Bpsjp su uHaiierca MHEOTO giofeif, ne 3HAIOIMIX Hymruna
i JIpsa Toxeroro. Oamaro, BepodTHO, TOPA310 GONBIIEE YMCIO B3POCIBIX JlI0-
dell — noJOBUUA LI ICBATH JECATHIX — He OTBOTAT HAa BOUPOC, UTO TaKOe hpo-
useodnas 1 unmeepas. Mesrny tem Ges oTHX TOHATHI HEBO3MORIIO OLHCLIBATH I
HCCIeI0BATh LepeMeHIIbe BeUIAML U (yHRIII, XaPaKTePUu3yIoi[lie 3aBIICIMOCTH
OHIIX BeNITYMH OT APYTIX. SAaKOHEL HPHUPOALL GOPMYINPYIOTCS 1A A3LIKE BRICIIC
MATCMATHKH, Ha $3bIKe NPOUBBOAHEIX O WHTEIPAJTOB.

Ha mamr meGecupumcrpacTiniii B3MIsL, BBICWIAA MaTCMATHRA TaK jke KPacisa,
rar cruxm Ilymkuma, 1 rax e raybora, war mposa Jlocroescroro mam Too-
cToro. MEOTOMETIIIIH COOP 0 TOM, HAlO JA TPEIoLaABAThL OCIIOBL MATEMaTHICCKOTO
aHanmsa B cpepmell mkroxae, npiHe pemed Munmcrepersom nupocsemenus CCCP.
Ho cTano mm oBuienpuHsTHAM, BOILIO J1 AeHCTBUTCARHO B OOIICCTBEHHOE CO3HA-
Ie OTHONIeHWE Ii BERICMICH MaTeMaTWmKe KaK K Kyrsbryproii nierrnocru? Ceropna,
KOT[la COBPEMeHHAsl HayKa JaTeKO PasjBUHYAa PaMKI BIJIIMOTO MHPa, PACKPLIR
KaK TaiHBl CTPOGHIIA aToMa, TAK M MHOTHE 3arajikil 3Be3JHOTO He(a, IOHSTIS
IPOU3BOJHON Tt HHTETPala CTaldll HeoOXOoMUMBIMU deMenTaMu 00meil KyaIbTypHl.
~a 11 B moBcetHeBHOTT ;RUB3IM IIpeficTABICHIA 0 CKOPOCTH UBMCHEHN A TO1t MM MHOIL
BEJIYIEB (IPOU3BOJIHAA) M 0 cymMmMapuoM adderrte meiicTpia Kakoro-1mn6o Pak-
TOpa (MHTETPat) A0CTATOYHO MOJE3HbI: OHH PACHIMPSIIOT KPYTO30P M IPUMEHHMEL
B MIOTOYHCIeHHHX 1 PasrnoobpasubiX CHTYAIrsax.

Crappie Tpaguummm B UpemoflaBallnil BBHICIIeil MATeMATHRI OCTOKIUATI TT0.
Rasanocn, uro aerxo nomsrs «Ilpecrymuemre n makasamue» wnr «Boitny 11 Mupy,
JeTKO OCBOUTHCA ¢ MapoolPABHOCTLI0 3eMJH MM ¢ aTOMIION cTPYKTYpoit MaTe-
plis, HO TPYAHO OBJIafeTh AuPPepeHTHPOBAHNEeM I UHTCIPUPOBAHAEM. Y YaIINXCs
neppoit momosmEsl XX BeKa OTHYTHBAJa TeOPHA IIPCE]OB, A3BHK «0eCKOHETHO
MAJIBIX», CTONDH HeNPHUBHYHEL 110cTe 06HYHOE apudMeTURY I HKOJIbHOH a;1reGphi.
IIpn TpagunuOHHOM BBefeHMH BHCHIEdl MaTeMaTHKH HA IIePBOM KYpCe BLICIIHY
VIeOHBIX 3aBeJeHMI MMEHHO MaTeMaTHKA CTaHOBWIACH TJIABHON NPUIUHON OT-
ceBa ydamuxcs. Toabko m3MeHuB cnocol TpemofaBaHNs, MOKHO UBMCHITH K
OTHOTIEHUE K IpefMeTy. Brlcimad mMarteMaTHKa MOKIA NPEBPATHTBCA U3 CYXOYro
11 TPYAHOTO IpeaMeTa B KOMIUIEKC SCHLIX M eCTECTBENHLIX NpejcTaBJeHuBl, oT-
KPHIBAIOIIX TPAMOIIYTh K H3YYeHno PUBUKI, XNUMUHT, HH;KeIIePIIO-TeXHITIeCKIIX
JUCHATLIAT.

Nrax, mepsas 3amada, croApuiasl Hepef aBTOPAMH TPH HaTHCAUU HACTOSIME
KHATH, — Aath 9HATATENI0 JOCTYNHOE BBeleHue B BLICIIYI0O MaTeMalMRy, He OTdA-
IOMEHHOe HII TPOMOBAKUM amlImapaToM, HU JOTHYecKUMH TOHROcTsaMU. Mot yOesm-
JeHsl, IT0 KasRA0MY, KTO 3HAKOM ¢ azaMd apudMeTHKi 1 ume mo anarebpe B 6-um
U 7-M KJIaccaX cPefHeil IKOJIE OTMeTKM, B CPejHeM IPeBHIIaloNIe «Tpiy, 6ymer
HeTPYAHO (W, MBI HalleeMcs, MHTEPECHO) 4uTaTh 1amy Kunry. Mbl paccauTHBaeM
HA 9HTATENA-ZPyra, KOTODHII X04eT He COMHeBATBhCH, a BEPWTL U Gepercsa 3a
KHHUTY JJA TOTO, YTo0Bl Hayuuthcs HOBOMY, He CMyMAsCh TeM, 9TO (BHICOKOyUe-
HY0» TEOPHIO aBTOPHl MHOTAA 3aMeHII0T LIPOCTO PasbopoM LPUMEpOB.

B ruure paceMoTpeHO MHOTO KOHKDETHHIX IPHMEPOB (JJIsI KOTO-TO, GHITH MOJEeT,
Jaske U COMIIKOM MHOTO). 3Hech M YucJeHHBe PacueTH, W 3a7adul, CBS3aHHBE
€ TeMM WM WHHIMH ABJCHMAMH OPEpoxsl. Mbl majeeMcs, 9TO TH NPUMEpPH 00-
Jerdar 4ATaTeqi0 U3YUeHHe KHUTIHW. 3aMeTHM, HaKOHeN, 9T0, MMes [eJo ¢ 9IuTa-
TeJeM — 3aB3ATHIM CUOPIMUKOM, MB IHCAJXH OB MO-IPYroMy. TakoMy dUTaTedIo,
OBITE MOjKeT, 0ONbINEe MOAXORUT CTAHAAPTHOE M3JNOKCHHE CO BCEMU NPHHATHME
B TAKHX CAyYasX OrOBOPKaMH, HO MBI HE XOTHM M3-3a OJHOTO CIOPINUKA TEPATH
100 BosMoREEX Apyazeil.

JdTa KHMra pacCUnTaHa Ha HAYMHAIOIMNX — Ha ITKOJBHIKOB-CTAPIIeRIACCHH-
K08, ydamuxca IITY m TeXHHUKYMORB, CTYIeHTOB MIajluuX Kypcos BY30B. JlyMas
0 ee UMTATENSAX, MBIl BUAHUM TepPel coboi TakKke W TeX, KTO IOMKeJaeT caMOCTOsI-
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TEIbHO IO3HAKOMUTHCA ¢ BHICTIEH MaTeMaTHKOH, CKaskeM Jrofeil, OKOHUMBIIMX
mMEOJNY B Te 6e3BO3BPATHO KAHYBIINE B IPOINIOE, HO TAK eime GAM3Kre K HaM BDe-
MeHa, KOTga AuddepeHnuaNTbHOe M MHTEIPAJbHOS HCYMCIeHWe B INKOIe He IPO-
XOJIAIOCE.

Mecro MaTeMaTHKH B ;{U3HU W B HayKe ompegexsercs TeM, 970 OHA HO3BOJAET
mepeBecTH «o0Ie:KATElicKIeY, MHTYUTUBHEE TONXOOLI K jeiicTBuTenbHOoCcTH, Oa-
3UPYIOI[HECA Ha IUCTO KAYeCTBOHHEIX, 4 BHAYAT, HNPUOIUBUTEIbHANX OUNCAHAAX,
Ha A3HIK TOUHHIX OlpefeleHnit 1 QopMyN, M3 KOTOPHX BOBMOJKHEI KOJIMIeCTBEH-
HEIe BHBOAH. W He ciydaitHO TOBOPAT, 9TO CTelleHb HayYHOCTH TOM MAKM MHOH mumc-
HHIVIEEL H3MEPHETCS TeM, HaCKOIbKO B Heil mpmMmengerca maremarmika, OgHako
HCTAHHEM SI3MKOM HAYKH ABISIOTCH BOBCE He niieMenrapuas anrebpa u reoMer-
pust. [opaspo Goapmmyio pons HMrpaer BhHICMAs MaTeMaTHKA, M3ydaromas mepe-
MeHHBIE BeIMYNHLI W TeKyIIue IPOMECCH, AJA aHadu3a KOTODPHX anreGpH H reo-
MeTpHH HeZOocTATOUHO (a Tak:Ke Apyrue Gojee CIOKHBE Pas3flelH MaTeMAaTHKH,
KOTOPHIX MBI B 9T0il KHure Iump Oerio rocuemcsa). W me caydaitno caMo BOSHUK-
HOBeHUe Ru(PePeHNUAIFHOTO ¥ HHTErPAJIbHOTO ucdmcieruda y Heioroma 6o
HepPa3PHBHO CBA3AHO ¢ CO3JAHHEM TeM s;xe HBIOTOHOM Haganm TeopeTHdecKoi
(MOSKHO TaKKe CKa3aTh — MaTEeMATHYECKOH) (U3MKM! HOHATAA BHCHIEH Mare-
MAaTHKH OH BOCIPHHOMAJ Kak (TOCTOBHHI!) mepeBoj Ha MaTeMaTHUECKHI sI3EHIK
OCHOBHBIX IOHATHHA MexaHHEH !

Ilepprie TaaBel KAWTH AAIOT HIPeACTABJIGHNe KAK O CyMecTBe BuicIDedl MaTeMa-
THRM, TaK U O NyTAX ee BO3MOKHHIX npuMeHeHnii. Taxkum oGpaszom, BHONHE
MOJKHO IpeacraBnTh cebe duraredas, KOTODHI IOJkeJaeT OrpaHmInThCS BLIO-
POUYHBLIM 3HAKOMCTBOM ¢ raasaMil 1-—7, -—— HO OHCANW MK KHUTY HE AIS HETo.
Opnasiene OCHOBAMH BHICIIEI MaTeMaTUKHN HEPaBPHBHO CBA3AHO ¢ CEPLE3HEIM II0-
HUMaHueM myTell IPHMeHeNnsa 9TOTO alllapaTa. JHAHNA 0e3 TPHMeHeHWH u Ha-
CTOAMUMH-TO 3HAHUAMHU He SBIAIOTCS — OHHU ¢ TPYAOM YCBAHBAIOTCA, 0& WM 3a-
frBaloTea xderko. Hame mocofue paccuymraHO Ha Jul, CHEIMAIbHO WHTEPECYIO-
muxes GUBNKOA N TeXHMKOHN; MO3TOMY U TIPUIO;KeHHSA 37ech B OCHOBHOM 3aMM-
cTBOBanbl u3 oTUxX obmacreit. CerogEsa MO;KIO GHIIO GBI COCTABUTH YIeOHUK BHIC-
mieii MaTeMaTUKHU, ODUeHTHPOBAHOLIA ¥ Ha Owomora (uam Gymymero Gmoiora),
Teosora MM HKOHOMIICTA, OAHaKO »TO Owau OBl cOBCEM APYTHe KHUTH W IIHCATh
UX TOJUKHE ApyIue.

Bropyio gacts Kunrir cOCTABAAOT H3TOKEHNA PANA TeM 13 QUIUKYA ¥ TeXHUKH.
Bor apecy memumxoM mposApiaseTcst cHJa BHCIIGH MaTeMaTWKH: BecbMa MHOTHE
BaJKHBIE (PU3MUECKAe ABJICHHA YHACTCA OIMCATh ¢ TOM CTEMeHBIO 8aKOHYEHHOCTH,
KOTOpas HeJOCTH:RUMA (e3 HCU0Ab20BAHNA MOHATHI IPOUBBONHON W MHTETPAaiA.
B kauecrBe mpumvepa Mbl MOKeM Ha3BaTb reopuio paducarkmuenocmu (Ti. 8).
ApyruM OpHMepOM MOKET CIOY:RUTh ABIEHHE DE30HAHCA, BHICTYHNAlolmee B KHUTE
B ABYX Pa3HAIX O0JAMYMAX: B BHJE OJHOTO M3 3PPeKTOB, BOZHUKAIOIMAX B TEOPHN
Mexagnaecknx woaebauuii (ra. 10), u Kax 0qHO W3 CBOMCTB YAEKTPUUECKEX I(E-
neit (ra. 13). Heemorpsa ma 10, 9T0 ONHN 13 Pa3eJ0B (UBMKH M3J0KEHE BO BTO-
poii yactn KEWNIM ¢ GONBIION cTeNeHbI0 HOPOOHOCTH, a APyrHe TOIHKO HaMedeHH
WIN Jlajike BOBCE OIYIEHH, o0muil 06heM AaBaeMEIX 34eCh CBeJeHUI [0 PU3NKe
HaCcTONBRO BEIMK, UTO KHHATY B IEJ0M MOKHO PaccMaTpEBATh He TOJBKO KaK IO-
cofme TO MATEMATHRS, HO M KaK BayKHoe fo0aBieHHe K TPagulUOHHHIM y4eOHu-
KaM (QU3WKA.

Hocpamernrie Pusmueckum porpocam riaasel 8—13 (oBu cocTaBagOT BTO-
PYI0 9acTh KHATH) IOTLHM I{e3aBUCHMEL Of(HA OT APYTOH; UnraTh WX MOJKHO B JIO-
6om nopsanke. Eguncrsennoe mexmouenne sgech cocrasiaser raasa 10 («Honeba-
HASH), I TOHHMAaHISI KOTOPO HY/KHEL IIePBHE MIeCTh Haparpados IPemiecTByo-
meil raasn 9 (Mexamuxay). 3amernM, 910 XOTA U UePBasg 4acTh REWrw («3Jje-
MeHTHI BHICHIEH MareMaTHww») Gorata nprMepaMu U3 QUBUKU W MEeXaHAKH, 03HA-

3 Croxp ke mecmydaiigo maJguvue y BTOPOTO TBOPHA BHLICIIEH MaTeMAaTHKH — JlefGmmma
9BONIOMUOHHKX IIPEACTABIEHNMA, TECIO CBA3AHHHIX C ero MaTeMaTAIeCKAMH KOHIEIIHAMU
7 2HAYUTEIRNO MePernaBmmX CBOC BPeisi. (DTu MpefcTaBienusA 3arparmsBainn Omoioraio, reo-
adoruio, Pusury: Tak, or Jleilmupa BeieT HAYANO KOHMEUNuA dHEDPrHM, AUMb Tpancopmm-
pylomeficsa, wo He ucdesatomieil Hi MPY KaKuX U3NYCCKUX SBICHUAX.)
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KOMIGHFE ¢ KaKUMH-TO pasjexamu Bropoit wactu («IIpmioskenmsa sricmeil mate-
MaTHKID) IOJEe3H0, KaK HaM KayKeTCHd, JJA B ¢ e X 063 HCKINUeHNA KaTeropui
umTaTeseil.

Bonkmoit 0o6beM macTofgmel KHATH, Kasdaloch OB, IPOTUBODPETHT CIOBY «Ha-
YnHAKMmue» B ee 3aroaoBKe. Ilycrs Bac He eMymiaeT KOJIMUecTBO CTPAHULL B 9TOM
mocobum! Ml xopomo cosHaeM BCe HeTOCTATKH, — HO TAKMKE U [JOCTOMHCTBA —
OPHHATON HaMH IOAPOOHOH, OTKPOBEHHO MHOTOCIOBHOH CHCTEMEl H3IOMKEHHSA.
Huura comepsxur o4eHs MHOTO IPHMEPOB W UNCICHHBX PaCcyeTOB: OIHU H Te ke
BOIIPOCH! OCBEINAIOTCA B HEHW B3a4acTyl0 N0 HECKOJIbKO pa3 W IPHUTOM € PasHHX
TOYEK 3PEHHUsA; MHOTO MecTa YJAEeNeHO HCTODHU H3JaraeMux rteopmit m 1. A. Pa-
3yMeeTCH, BCI0 MMEIOTIYIOCHA B KHHTe WHOHOPMALIIO MOIKHO OHUIO O «CIPECCOBATHY
U H3J0KATH HA rOPasfo MeHbIIeM Ymncie CTPAHMI], HO TOTHa YTeHUe KHUTH Tpe-
GoBano O Goabmux ycuiuil m J06oe IPONYMEHHOE MIH HeBePHO HMOHATOE MeCTO
3aTpynHANO Ovl (ecam He [eNaso HEeBO3MO;KHBIM) JaJbHeillee IPOIBU;KCHUIE.
Koneuno, B JKE3HH BCTPETAIOTCH CHUTYANMH, KOI[AA JYUNHM HCTOYHUKOM HHQOD-
MAaOny CAYKHAT KpaTKas Tejerpamma, Ho croxas awbumoe XVIII u X1X croxeru-
AMI U D0YTH 3a6BITOE B HAINM JHN HCKYCCTBO HeTOPOILIMBOTO NHCHMA, He IpeHel-
peranimero MHOTOUYHCHEHHLIMHU, Kasdarxoch OBl Heo(a3aTelbERIMH, ITOAPOOHOCTAMH,
TaK;Ke WMeeT ¢BOI mpesectb. M gas HaUMHAWIETO «TeierpadHBID CTHIL, KAk
HAM KayKeTCA, HUKAK He TONXOZUT: m30sT0UHAs nnQopManusa, ROTOPOil B OTAEN b~
HHIX Cy9asx MOJKHO ¥ HpeHeGpeds, HA ILIEYM He JABHT, a BOT HEJOCTATOK WH-
$OpPMANUY WK Ype3MePHAs ee KOHIEHTPAIMA B KHNATe JJA HeOIBITHOTO YHTATEN
COBEPINEHHO HEJOIYCTHME!

HeolGxoguMo Tarke mMeTh B BHAY, 9TO HAIla KHUTA CONEPIKHT MHOTO MaTe-
pmaxa anA JUY, 3amHTePEeCOBAHHEIX B YIIy(TeHHOM H3ydYeHHI OCHOB BEHICHIeH
MATeMAaTHKH; NPH NePBOM YTEHWH 3HAYUTEIHHYIO YACTh BTOTO MaTCpUAala MOKHO
u mpomycturh. Cloma OTHOCATCHA, HAIDUMED, BCe Pasield sl KHUTH, HaledaTaHEEE
MeakEM mpudrToM (B UACTHOCTH, PACCKA3 O UPOUCXOMJEHMH BHcmeil Matema-
THKY) WJIH OTMedYeHHHe 3Be3gouxaMu maparpadn. llomoGmeil xapartep mmeer
u Bes Tperhs dYacTh KHWTH («lomomEmTelbpHEIE TEMBI M3 BRICIIEH MaTeMAaTHRH»)
m 3armwuenue («Uro xe pmansme?»). Haxouen, MsI yyxe IOJUePKUBAJIN BO3-
MOJKHOCTH BHOODOYHOTO 3HAKOMCTBA €O BrOopo# ($msmdeckoil) wacThpio: KHETH
(ra. 8—13).

Boapmana rnasa 1 «Dyurouu w rpaguray B OCHOBHOM COJEDIKUT MaTepuad,
E3BECTHLI M3 CPelHHX KRIACCOB IMKOJE; MHOTHM THTATEAAM OyOeT m0CTaTOIHO
feruo ee mpocMoTperb. I'aBe 2 @ 3 ma3jaraioT ugelHYIO CTOPOHY BHICHICH maTe-
maTuRE (fEddepeHnraibEOTO 1 HHTETPAJIBHOTO MCTHCICHH), & TIaBH 4 0 5 —
anIapaTeEyio ee CcTOPOHY B TOM [OCTATOYHO CKPOMHOM 00BEMe, KOTOPHI Heob-
XOI¥WM JIA OCHOBHHX npuMeneHuit. I'masa 6 nocssameHa HeroTopsM (ojiee HPO-
ABUHYTHIM pasieraM MaTeMaTAIeCKoro aHanmsa (pAnsl, auddepeHIHaNbHEEE
YpPaBHeHHA), a TaaBa 7 Kacaercsa 4ucTO MaTeMarndecKUX HPUMEHEHUM TOHATHH
npon3BOAHEON 1 wHTerpana (pusmiecKre NPIMeHEeHNS PACCMAaTPHBAOTCA BO BTOPO#
9aCTH KHUTH). JJIeMeHTH MCTODAH BHICHIe MaTeMaTHKU OTHECEHBI B BAKJI0OUUTEN b-
HHE paspgensl Taas 3 u 6, oTHeNeHEsE 0T OCHOBHOTO TEKCTAa TPeMS 3BEe3TOTKAMH.
K MareMaTm9ecKoil 4acTH KHHUTM OTHOCHUTCH ¥ 3araodenme «Yrto ke mannme?,
HOCBAMEHHOE O0CY:KISHUIO HEKOTOPHIX 60Jiee HOBHX DPa3HelioB MaTeMaTHIeCKOM
HAYKH, HEHE MUPOKO HCHOIb3YEMEX B IPHIOMKEHNAX.

VkaeM, 910 TpeThbs 4acTh KHHTH (M 0cofeHHO ee 3aKIIoUeHHe) HMEIOT He-
CKOJIbKO MHOHM XaparTep, YeM mepsasd m Bropasd wactd. Llocuennsas wacrb KEUTH
OOCBMAIIeHA IBYM HAUPABICHUAM BHCINEH MAaTeMATHKH, CYMECTBEHHO PaCHInpPAI0-
muM (m oGoGmarmuM) Kiraccmieckoe auddepeHOAANbHOE M HHTErPAibHOE HC-
gncnernue Hourorona n JlefiGeuna. IlepBoe u3 Hux — Komnaercuuie uucaa B Gyuk-
YUl EoMnAeKCcHOl nepemerkoll, KOTOpHEe TAaBHO yiKe UTPAIOT B QU3MKE W TeXHUKE
IPOMAafiEyI0 POJb. 3aMedaTeabHO, B WACTHOCTH, YTO MHOTHEe 06cTOoATENbCTBA,
Kacapmuecs OOHYHELX QYHKOMIA ¢ BEINECTBEHHBIMH aPIYMEHTAMH N 3HAYCHUAMH,
CTAHOBATCA SACHEee HpH o0pamernt K KOMIIeKCHsM ducaan. Hekoroprie mpumepst
TAKOr0 pofa YuTaTedb Haiiger B raasax 14, 15 u 17.
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Bropoe nanpasienune, paccMaTpHBAeMOe B TpeThedl yacTH KHUIU, — TAK HHa-
sHIBaeMble 06o6wennbie @yrryun | (x), B nepsyo odepelb Teabra-QyBRIEA [lu-
paKa, paBHAd HYJIIO BCIOAY, Kpoye sHadennsa z=-0, Ipu KOTopoM oHA paBHa fec-
xomeutocmn (1), Takue QyHRrIpmy Tar:ie IrpaoT B QU3NKe (I B TEXHHKe) GOTBIIYIO
POJIb; cAMO HX TIPOUCXO;RACHUE ropasfo (o/blie CBABAIO ¢ QUBUKOI, YeM ¢ Ma-
teMaTHROd. HaM mpemcraBmAcTcs 0YSHD ;ReJaTeIBHBIM BoaMO:Lmo 0olee pauee
03HAKOMICHIE OyIYMEX QH3UKOB H MIGKEHEPOB ¢ BTHUMIT 3aMeYaTeIbHEIMA QyHE-
musnin !

HocsAmenyele GyHRIUAM KOMIUICKCHON mepeMeHHON i1 0006 e HEEM QyHERIIAM
raaBel 14—17 paccumTasl Jmb a 0c000 HHTepecyoiuxcs urareaeil. Hamm-
caHH 0NN HeCKOJAbKO Gojce ROUCTIEKTHBIO, 9eM OCTAILHON TEKCT KHUTH (XOTA II
0HH JOCTYIHLL JOCTATOUII0 HACTOHYMBOMY HAUYHHANIIEMY YMTATENI0); HX MO;KHO
TPOCMOTPeTh ¢ JI00U CTENeHbIO HOIPOGHOCTI.

Eue Gomee oGzopusiit xapawrep mveer 3ariJwouenne «Hr1o ske mampmey.
Bor 37ech Mol MErak He paccuiITHBaeM Ha HOJXHOC HOMUIIMAHIe MaTepHana, HpH-
3BAHHOTO JIIUIh 1TPOGYINTH M0003AATE;IbHOCTD TITATE s U IIO0YANTL ero K Aab-
Heiimreil paGore. Haubito Lo 65 yMaTh, IT0 MaTeMaTiideckoe 06pasopanue (i-
BUKA JLIU [TH,REIICPA MO/KCT 3aBePIIHTHCS T6MAMII, OXBAUSITHBIMHA HAMIEH KHUTOM.
B 3arTouenmm Mbl KOCHY.JHMCH HEROTODPHIX HHEIX HaTlpaBIeHUHA HayKM, Hadap-
WX IWHPOKO UPAMOHATHCA B (PIBHEC I TeXHUKE [THUIh BO BTOPOH HOdOBUHE IIa-
HICTO cTOMeTUs 2. 3aMeTnM, 910 X0TA Jarkiovere (1a 11 BCA TPeThA YacTh KHHTII
TO%e) CBOOOMIO MOryT Obrth omyIuefsl (A MOHEMAINA OCTMOBHOM TacTH KHHUTI
OHH He HY/RIBL), Mbl BCC /K8 PACCIUTHIBACM, YTO (O1BIMITHCTBO YUTATENCH 3aX0TAT
XOTb 0era0 ¢ HMuMII [HO3HAROMITBCSA, HOCKOIBKY ONN OTRPLIBAIOT AAMbHEUNIYIO
HEPCHEKTIBY I 3HAKOMAT ¢ HEKOTODHIMH TISAMII, TOCTATOYHO Ba/KULIMU K Xa-
PARTEPHBIMIT 1A COBPEMCHHOU IayKI.

TaruM 00pasoM, HacTosIad KHUra JOIyCKaeT PAL BAPIALUTOL €€ HCII0Ib30Ba-
ausi. Hnorareaio, saunrepecosaHIiOMy B LIEPBYIO ouepPedbh B MaTeMaTIKe, eCTecT-
BEILIO YIAETUTh HamGOJLINce BIUMAHIC IICPBOH UacTH KHUIT; OTHAKO IIPI DTOM
fea3yc. 108110 GyAeT MOMe3HLM H O3HAROMIIEHIE ¢ TeMI TN HIILIME PasfieJaMu BTO-
POil WacTIl — CRA;KEM ¢ TiaBoil 8, mwmi ¢ mepsuiMu Iaparpadaiym raase 9 m da-
erpro raasul 10, g ¢ rrasoit 13. Touy, K10 Moskexaer elle yraIydurb CBOH 3HA-
HEA 110 MATEMATHKE, MO/RHNO JIOPeKOMEHA0BaTh O0PATUTHCA R 3aITIOYUTEN b HBIM
maparpadav rmanor 10 1wrn (1) ® TpeTheil YACTI KHUTI; P 5TOM TITaTe 10, 3~
TEPeCOBABITSMYCH (DYHKI[IMIT KOMILIEKCHOU MepeMeHUON 1 fie1bTa-QyHRIUAMII,
HURARK e caejyer mpeHclperars raasoit 17, mocBAmeNmoil IPILTOREHHAM CO-
OTBETCTBYIOIX Teoptiii. Jlomoannresbinie CBeTeHENA 10 MaTeMAaTHKEe MOYRHO T3-
BICUR 113 SAKTIOUCHIS, OIAKO TUIA CePhe3noro 3HAKOMCTBA ¢ 3aTPOHYTHMHU B 3a-
KIATOUEHUN TeMaMu OedycIosHO weobxommMo o6paTmrbed K IIHOWE Jaurteparype.
Hawronern, yurarenb, UHTepecywmuics Goiee QUIMKOM, deM MareMaTHKOIl, Mo-
{KeT MOBOALHO GO0 O3HAKROMATLCA € IEPBOIl 4acThlo, HNOJHOCTHIO UIHOPUPYA
TERCT, HATSUATAIINHIL MeIKIM TIPIGTOM I TPOTycKas GOMBIIANCTE0 OTMETEHHBIX
ame3gourami maparpados (mo e § 7 ria. G, ZCMOHCTPUPYOIMAN Ty TH TPUMEHEH LA
auddepermasbELIX  ypasHennii K AHAIN3Y eCTECTBEHHOHAYUHHIX ABICHWUIL).
TakoyMy ulrTaTeqio e ciefyeT OCOGEHHO Bafep:KUBAThCA HA Tgase 7 HepBOil
wacTi, IMeonell YHCTO MaTeMaTHIecKHH Xapakrep; HO BOT raasy 6 OH HOJKeH
UPOUITYHPOBATD JOCTATOUHO BHIMATEIbHO, MOCKOJLKY e NPUR/IajHOe 3HAYCHIIe
oueHb BeIHKO. Bropyw dacth waurn (2, MOYKET GHITH, TAK/Ke I TPETHI0, TOMKE CBA-
3QHIYI0 ¢ TAYGORIME (II3UUeCKUMM TeOPHAMI) MHTepecyoulmicsa PusmKod wu-
TATEIb, BWIMMO, Oy/leT m3ydaTh 0coGeHHO TONPOOHO; IPM DTOM TOPAJOK 3HA-
KOMCTBA ¢ TamaBaMmu S—13 oE BrosHe MO:KeT BHIOPATh caM — TaK, HAIpHMeD,
B psje OTUOTICHUH IIe1ec000pasHo He Pa3prBath 0coGEIHO BO BpeMeHH HW3yde-
uie raas 10 u 13,

* 3.8Ch MOMKHO VKA3aTL TIP9AKTs Beero HA TEOPHIO IPYLUM, KOTOpad GBlJIa pasBHUTa
MATeMATHRAMI B NDOMJIIOM BSke W B To BpoMA Kasajlach JaisKoidl or BCAKOH pusmru .
B Hacrosmes k3 BpaMa ycrn2xn (bﬂsmm 37I8MeHTAPHEIX J4aCTHUIl B GoanuIoi crellenu cBA-
2aHBt HMEHHO ¢ TeopHuedl rpyni.
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B comcke amreparype, NPUBEReHHOM B KOHIE KHITH, YKa3aHB HeKOTODHIE
JpyTHe U3JAHMA, I3;Iarajoliue OCHOBEL BHCINEH MaTCcMaTuKu, a Takde 0ojee Iu-
POKHe II0 OXBaTy Marepuajia yueOHUKM W KHUIH, 1[I0 TEeMATHKE [OajJeKo BEI-
XofAmyEe 3a PAMKH H3JIOMKEHHOIO 3[leCh MarepHajiia. B KadectBe eCTeCTBEH-
HOTO IPONOIKEHHA HACTOANETO NOCOGHA UMTAaTeNi0 MOYKHO IOPEeKOMEHIOBATH
runry [15] 3. Hanporur, wxmurm {19—21] or ocmopHOre comepsxaEma Hamei
KHETH JOBOJIBHO NaJIeRH: OHH LOCBSIIEHLI BeTBAM MaTeMaTmdecKoil HayKu, mpu-
MHEKAOIMUIM K HATPABJICHUAM, YHOMAHYTHM B JaKJIIUeHHH.

W3 nmreparyps o ¢usnKe X0UeTcsa B MEPBYIO ouepenb IOPEeKOMEHIOBATE -
TATENI0 3aMedYaTeJbHBI MHOTOTOMHSBIT JeRmmomHBH Kype [34] (ero mocaepumit
HDeBATHHA BHIIYCK COCTABIAT 331Ul ¥ YIPajKHEHIA KO BceMy Kypcey). Ormernm,
RKpoMe TOTO, uro B KHmrax [22—30, 37] Brcmas mMareMaTHKa He MCIOIb3yeTCH.

B Ilpmnosxernnx 1 —1V K kHure npusefeHsl KpaTkue TabIANE DPOU3BOTHEX,
HHTETPAJIOB I YUCIOBLIX PANOB (Y4TO 9TO Takoe, BB ysHaeTe m3 mepmoit wacTm
KHATH), a TaK/Ke H3B;TeUeHNs U3 UHUCJIOBHIX TaGauIl, NPUIAIINE BCeMY TOCOOHI
H3BECTHYI0 33aKOHYEHHOCTH: OHHM TO3BOJAT YUTATENI0 NPH BHTONHNCHHN YIIPask-
HeHUi, 3aBepINalollMX Ka)kAbA Iaparpad KEHTH, He o0pamaThcsa K OPyraM
yuebHnKaM. B (usmyecKnx DpuMepax MBL BCIOAY MCXONWIHM M3 TPUHATOH B Ha-
crosmee BpeMs Me:KIyHapomeoil cucremsl expuann CH; unratenio, HemoCTATOUHG
SHAKOMOMY € 3TOH cmCcTerMOH, MOskeT Obrb modesno Ilpmromenme V. Haxomen,
mnocaennee IIpniaoswerune VI cocraBisior mupoko mcnonbsyeMple B KHUTe JaTHH-
CKUil W TIpedecKmil agdaBuTH.

B xmmre mpmusrta «apoGHas» cmeremMa myMmepammu ($OpMYN, yOpPaLHeHMUI,
PUCYHKOB: BO BCeX CIyYaax mepsafd mudpa (Mam HepBoe 4mciio) yKashBaeT HO-
Mep TIaBH, a BTOPas — HoMeDp naparpada (B pucyHKax K 3akandenuio nam O1-
BeTaM IepBHe [Be NUPPH zameHawTcs GyksBamu S nan O). Taxwmym ofpasom,
CCBUIKA, cKaskeM, Ha popmyay (10.4.3) yrassiBaer Ha dopmyny (3) ms § 4 raasm 10,
TIpHIeM TaKOM XaparTep MOKeT HMeTh CCHUIKA JWIIb B H e npefenoB raasw 10.
Yrasaune Ha ¢opmyny (4.3) orcsuraer wmratenss ® Qopamyrxe (3) n3z §4
TOo®R Ke rIIaBsl; HAKOHEI, IPOCTO CCHJIKA mHa (Qopumyay (3) ozHauaeT, UYTe
peub ujletr 0 Tpetbeil opMyre T 0T 0 ke camoro maparpada. Ta ke crcTeMa
OPUHATA ¥ B CCHIIKAX Ha maparpadbl KHUTH, THe, Hanpumep, sammch § 10.4 o1-
ceiaer gutatensa K § 4 raaser 10.

Pasymeercsa, kar miofGoe mocobme 1o MaTeMaTuKe, 9Ta KHHTA ITPENNOJIaTaet
aKTHBHYI0 pabory 4mrareas (IO BOSMOJKHOCTH € DPYYKROH UM KapaHAIloOM
B DYKe) — DellleHWe IPWIOKEHHHX K KHUre ynpasnmenmii. Eme ayume, ecam,
KpOMe TOI0, Ha CTOJe Iepeq BaMmu je:KHT MUKDOKOMIBIOTED: TOTHA BEI carosxere
IPOBepUTh W HOAKpPeNnuTh 00m[Hme TEOPeMHE ¢ HOMOLILI0 YHWCJIeHHHX pPacdeToB,
cMOsKeTe CcBOGOJHee TMOIB30BATHCHA METONOM «aPUPMETHYECKOTO BKCIePHMeHTH-
POBAaHEAY, T. ¢. UPHOANKEHHHIMY BHYHCICHHAME, PaCKPHBAIIUMA COeDHaHue
BBOAMMEIX DOHATHY M cMmeica gopmya. Horkrpernne npuMeps moMoryT Ban ore-
HHUTH TOYHOCTH PACCHIAHHHX H0 BeeH Kuure mpubaummenssix ¢gopmys, 1 Ber
JyUille HOYYBCTBYETE MYAPOCTH NPEIKOB, COBNABABIINX CBOW METONH M KOHIEN-
Iy, He 06aa7as COBPEeMeHHOH BHIUNCANTeNbHOA TexHnKo. OnHOBpPeMeHHO ¢ 3THM
Brr nouyBcTBYeTe I HOBYIO CHJIY, KOTOPYI0 HaM, Jetam XX BeKa, NPUIAIOT
KOMITBIOTEDHI.

8 Taxk, cTyfleHTaM TEXHHUECKNX BY30B, IPOINTY/IIPOBABIINM HACTOAMYIO KHET'Y HAa IIEPBOM
TO;ly yueln, yMECTHO HA BTOPOM Kypce obpatuthesa ® xnnre [15]).



UPEQNCJIOBUE OJIA IIPENNOJABATEJIEN

Hacrosmaa xkaura agpecopaHa He TOJAbKO Yy9amuMCHA, HO X X HOpeNoaBaTe-
JIAM, BHAKOMEIM ¢ H3JIaTaeMbIM 3[eCh MaTepPUaioM; NI HUX MATEPEC MOMKeT mpej-
CTaBASITH PEKOMEHIyeMas HAMO MeTONHUKA MPerofaBaENs BHICHICH MaTeMaTHKHA
GynymnM ¢usuKraM u TexarKaM. Hiaura me ABasercs ydeGCHHKOM, PACCUMTAHHBIM
Ha KaKyi0-TO OTPEeNeJeHHYI0 KaTeropmio yJamuxCcsa: OHa MOsKeT OBITH HMCIIONBL30-
BAHA TPH OPEHOJABAHKY MATeMATHKMA MiAN QU3MKYN B CPefHEH IKOIe, TeXHHKYyMe
unu IITY, B BricureM y4e0HOM 3aBefeHuun. Y UUTEJTI0 CPeHEeTO y4eOHOTO Bamefie-
HUSA HANA KHUTA TIOMOKCT OCBEKITh MOJIYYeHHHe B BYy3e IPECTABIACHHUA O CBASH
H B3aUMO3aBMCUMOCTH MareMarmku u Qusmiu. CojepsKaHue WHUTH IIKOJIbHBIA
YIUTENb MOYRET HCIIOIB30BATh B ARYILTATHBHLIX 3aHATHAX uiad B (PusugecKmx
M MaTeMaTHYecKuX) KPY;KKaX; KOe-4TO W3 9TOM KHUTM MOKeT OHTH PacCKa3aHo
" IPAMO Ha ypoke. lIpenojgasartesnio By3a KHUIa MOKET JOCTABUTH MATePHAN A
HCHOJAbB3OBAHNA B NPAKTHYECKHUX BaHATHAX N0 KYPCYy MaTeMaTHYeCKOTO aHa-
am3a (seicoieil MateMatiuky) miau obmeil grusnrua. lpn 9ToM mame nocobue Mosxer
GBITH TOJIE3HO MPEemoaBaTeNio, BelyeMy yIpaRaeHnas o auddepeHNAaTbHOMY
A MHTCTPAJbHOMY MCYUCICHUIO ¢ HATHHATOMUMHU CTY/@HTAMI TeXHUIECKOTO BY3a
uAM GU3NIecKOro Garynbrera (OTHACTEHNA) faXke B TOM CIydae, ecId HA JeKIUAX
o0 KypCy MaTeMaTuIeCKOI0 aHAAM3a rocHoncTBYeT uHoil nyx. IlpopabGorka ¢ yua-
MUMEICH TeM, 3aMMCTBOBAMHEIX M3 BTOPOH (a YacTUYHO, BOSMOSKHO, W U3 TPEeTheil)
4acTH KHHTHM, LHOMOMKeT CTyAeHTaM obpectn cOalamcHPOBAHOYI0 TOYIRY 3PEHHA
Ha MaTeMaruKy # O0JeTIMT UM YCBOGHHE OTACNBHHIX pasfenoB (U3NKK H TeX-
HUYeCKUX MHCUUILINH, TaKUX, KaK teopmsa KojgeGammit. Oma ramske — m 970,
KOHEYHO, Ba/KHEE BCEI0 — OOMO:;KeT UM HE TOJBKO [OHATH, YTO MMEHHO H3ydaeT
IuddepeEnUa IbHOE H JUITerPaIbHOe MCINCIeHHe, HO M OCO3HATh, KaK U 3adeM
Oplita co3maHa i 3a€9eM MY/KIA BTA BayRHEMINAs MaTeMaTHIeCKas MUCIHILIMHA.

Coucox Jirreparyphl B KOHUE KHUTH PAcCYMTaHE KaK Ha yYamuXcd, TaK M Ha
openofasareneii. Ox cojpepykur pAjg Kuur [4—6, 12—-141, memomerpupyromux
BO3MOSKIIBIE TIYTH CIUTIOr0 M3I0KeIMA BHICIICH MATEeMAaTUKU M ee IPIIOKeHHIA;
K COYKaJIeHN0, G0JBIMIIHCTBO U3 HUX HEINE MATONOCTYIIHO Maske IPeIoaBaTeNo.
. JlHETA COCTOHT U3 TPeX YacTel, Hepsasd u3 KoTopsix (raasel 1—7) B ocHOBHOM
HAOMMHAET TUTATEA0 W3BECTHLIE CMY e U3 LIKOJBHOTO Kypca CBeleHnsA.
B oroit wacTn wanaraercsa mieiiHas u ammapaTHas ¢TOPOHa BHCHIEH MaTeMaTHKH.
Bropas gacrs (raasu 8—13) mocBAIMeHA TPUIOMKEHMAM BBICHIe MaTeMaTHKH
K ¢uauxe m TeXHUKe; OHA COCTAB/IAET OPraHUIeCKYI0 YACTh BCeT0 COYMHEHHA,
B TO BpeMsa KakK Tperbs dacth (riaasel 14—17) aBasercsa ZoHoJHUTENbHON H
B OpuHUume Mo:KeT O6HTH oumyiiesa. HepaspeisHas ¢BA3s mepBoit (MaTeMaTtmye-
€KOil) 1 BTOPOH (Pusmaecroil) 9acrell KHUIT ewle MONIEPKUBACTCH TeM, 4TO, cKa-
JKeM, paszzea o pagax (Dypee OTHECEH BO BTOPYIO YacTh T0coGUA (B TaBy 0 KoJe-
GaHusAX), a M3ydeHHE IPOIECCA BHITOKAMMs BOLHL COCTABJAACT YacTh TIOaBH O,
mOCBAMEHHOA psiAaM u auddepeHTUATHPHNM YPABHEHHAM.

Ilpu cocraBreRun KEUTH MH He OPUEHTHPOBAJMCH CHEI[UANBHO HA COBPEMeH-
HOe I10/I0KeHUe JIeJ, KOTAA YIal{uecs MOTYT 110JIb30BATHCA MAKPOKOMIbIOTePAMH.
Pasymeercsa, Haandue MUKPOROMIOBIOTEPOB MOKET €Ie YUPOCTUTH H3JIO0KEHHE.
Omo, B wacTHOCTH, [eiaeT Topasfo (oJdee JeTKEMUA W (HCTPHME (& 3HAUMT, U 0O0-
Jee ecTeCTBeHHLIME) PA3HOTO Poja «apudMerHiecKue HKCIePUMEHTEY, Bpoge ¢u-
rypupyiomero B § 4.7, u T03BOJsieT TOPA3fo MUpe WX HMCIOAb30BATH. Hammume
MAKPOKOMIBIOTEPOR MO3BOJAST TAK)Ke TFOPasflo IMupe IPUMEHATHL UHCIASHHOE
(uprbmmwxennoe) nudpepeHUPOBAHIE I WHTEIPUPOBAHUE; €0 CTECTBEHHO MPH-
HUMaTh BO BHUMAHHE M IIPA M3IOKEHAN TPUIOKEeHHI MaTeMaTHKH.

Hacrogmas KHura cBsA3aHa ¢ APYTOif KHATO OHOrO U3 €€ ABTOPOB, B II@PBO-
HATJILHOM cBOeM Buie Bumenmeil B ceer B 1860 r.! OgmuM w3 cTUMYJIOB K ee

! Fe mocnenmee uagauume: 3eavdosun A. 5. Bricmasa mMaTeMaTHKa IS HAYABAIOMAX A €0
opmIoskenus K Gusuxe. 5-e usg. M.: Haywa, 1970.
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COCTABJEHHIO ABWJIOCH TO, 9T0 B T€ TOLH B CPeNHUX INKOJaxX AnddepeHruaibHOe
H MHTerPaJIbHOC HCYUCIICHHMA HayKe He YIOMHHAJIMCB: B CBO€H aHAJUTHICCKOH
TaCTH IDKOABHHE KypC MaTeMaTHKH OTPAHHYMBAJICA HAYaJaME aare0pHl W TpH-
TOHOMeTpHell, BCE eme COXPaHsIBINe MOJN0KeHNe CaMOCTOATeNbHON THCHUITNHH.
B By3oBCKOM jKe NpemogaBaHHE TOCIONCTBOBAJIA CHCTEMa WBIOMKEHNS HATAM
aHajm3a, BeCbMa JaJieKad 0T MHTepecoB (U3HKOB W TeXHmKOB. Hamommmm, yTe
sce 30-e TOgB OCHOBHHM BTY30BCKUM ydUeOHMKOM BEICINEH MATeMATHKH B Hamel
cTpane sABIsSJIach miBectHad kuura B. I'pemsmis, nepesefenHas Ha pyceRui
S3BIK, a BHocJaeHcTBUE E nepepaborasmas arapemmroM H. H. Jlysmumnm; B pas-
HBEIX CBOMX BAPHAHTAX 9Ta LpOCcTasg KIHra OepensaBajiach MHOIKECTBO Pa3 o
OpL1a BechbMa MONYJAAPHA CPegH YIaIUXCS HHKeHePHBIX BY30B. OnHAKO 07KECTO-
YeHHAas KPHTHKA (IMCTHIX» MATeMATHKOB, OOBWHSABLINX STOT YYeGHUK B HECTPO-
YOCTH, NPUBEIa K TOMYy, 9T0 OH ObUI TOJHOCTHIO BLITECHEH W3 MEeNarormuecKoR
NPAKTUKI U 3aMEHEH KHUIaMu COBCEM IPyroll wanpasiaeHmoctH. B 50-¢ rompr ms-
JOMKeHne MaTeMaTHIeCKOTO aHaJW3a TPafnIIOHHO HAYHHAJOCH C TEOPHH mpe-
mexos, OasupopaBieiica Ha OTTOYEHHON «&— S-TeXHHKe» U onepupoBaBmied ray-
0OKIMHU NOHATHAMH, HEeHHOCTH KOTOPHX IePBOHAYANbHO JHUIIb AeKJIapHPOBa-
Jach, HO HUKAK He PACKpPHBajach. Bce 3TO cO31aBalio HOJNOMKEHNE, TPH KOTOPOM
DOHSTH OPOUBBONHOR W HHTETrPaja, WHTYHTHBHO HOCTATOYHO NIPOCTHIE H HA-
rASAHEbE, OPeICTABISINCh HENOCBANIEHIOMY YeM-TO BeChMa BO3ZBLUNEHHEIM K
BHIBEBAJIA Y HETO YYBCTBA, OJNHBKHE K MHECTHYECKOMY Tpenery (y CTYIEHTOB-
NEePBOKYPCHHKOB K 3TOMY emie jJ00aBJsics PeadbHHH CTpaX HOJAYYIATH ABOHKY
Ha dKsamere). IIpu 210M MHOTHE MAaTEMATHKE, K COMAJIEHUI0, DOMIEPRUBAI Ta-
KO€ OTHOIeHYE, BCAYCCKN MOMYePKABAS JOTAYECKYI0 TOHKOCTh DOHATHA IIpegena
n HeoOXOHUMOCThL onePeThesd 37ech HA RaKOH-Iub0 BAPHAHT TEOPUE BEIECTBEH-
HOIO 4Uucia (XO0poIne HM3BECTHO, ONHAKO, 9T0 BCe TaKume 00OCHOBAHUI, 110 Heol-
XOJEMOCTH JOCTATOYHO CJOJKHBIE, BOSHUKJIH JHIOb BO BTOPOH DOJOBHHE
XIX pera, T. €. OBYMS CTOJETHAMEA IIO37Ke CO3/IaHHA BHCHIEN MaTEeMaTHKH).
Jlornyecrast TpeCoOBaTENBHOCTD YUAIMUXCSH BOCMATHBAJIACH HA TEOpeMax, KOTO-
prle MM KasaJiuch SCHHMH II Ge3 BCAKOTO HoKasarteabcTBa. Tak, mampmmep, TOT
gaKT, 9TO Hpefea y NepeMeHHoE MOKeT ObITh TOJBKO OJUH 2, TPAJUIHOHHO yCTa-
HapJImBajicA 6e3 BCAKOTO 00pameEus K METYNTUBHOMY TPEHCTABJICHNUIO 0 IIpeede,
¢ HOJHOH OCTOBEPHOCTHIO y(erkamlleMy Hac, 4TO eCAH HNePeMEHHAS MeJeTcsH
MeRIY EBYMS «IpemeiiaMmy, TO OHAa HE CTPeMuTcsd HU K OJHOMY.
B macroamee BpemMs nososkenne fesa, 6e3ycIOBHO, M3MEHIJIOCHh K JIYIMEMY.

B cpegamx mkomax upoxoamTcs o6s3aTeBHBIN Kype Havad guddepeHmuaib-
HOTO 1 WHTETPAIBHOTO ucyncaerng. Takke U cpefn HOBHX NocoGwE Mist BHCIEH
IIKOJBl MMEIOTCA CTOsANe Ha GAMSKEX K HaM DOSHUHAX. 14K, B BEIZEP/KABIOEM
pax mapanuwit yueCumke [9)] me moraseBaeTcsT HA OfHA TeopeMa o Ipepenaax, mbo
aBTOP IPEANOYUTAET 3aMEHATDH 37IeCh CTPOTYIO JOTHKY OTKPOBEHHOHU amesisnmei
K 3upaBoMy cMblcny. a m Te mocoGmsa, KOTOPHe TPAaJuImOHHEC HAYHHAIOT A3JI0-
FKEHNE C PA3BEPHYTOH TEOPHH HPE/eIOB, COBCEM NO-JPYTOMY YNTAIOTCA YIAIIEMCS,
enie W3 CpejHel NIKOJIL 3HAKOMEIM ¢ OCHOBHHIME NOHATHSAMNI ITPOH3BONHON U HH-
terpaial

Ilpu Bcem ToM HaM Kajkercs HeoOXOJUMBIM NOAPOOGHO MOTHBHEDPOBATH CBOH M6-
TO[MUECKHe Mo3unnu, TeM G0jiee YTO COTVIACHH ¢ HEMHE, 0e3yCiaOBHO, He BCe. Jie-
MEHTH MaTeMaTU4IeCKOr0 aHalimaa TBePAO BOIUIH B INKOJBHHIN Kype MaTeMaTHKH,
HO eme MalleKO He PemeH BONPOC O TOM, KaK OHEH OYyAyT TaM W3aaratbCs. 3hech
BIOJIHE BO3MOJKEH «MHKeHe PHEII, AN «eCTeCTBeHHOHA YIHBIN, YPOBOHD CTPOTOCTH,
HO €CTh M CTOPOHHHKE NPEHINTHAAILEO WHOTO mogxona. Heabssa cumTaTh pelneH-
HBEIM H BONPOC 0 NPHHOMIAX HOCTPOSHMS Kypca MaTeMaTHKW B TeXHHKYMax H
IITY, xota Ham KaskeTcs, 9T0 YK 37€Ch HUKAK HE HYKEH YPOBEHb CTPOTOCTH,
MPeBHINAIOMAN NPWHATHE B HacToAmel KHHATE.

2 Cp. ¢ TeopeMoli M3 COBPEMEHHOTO AMEPMKAHCKOTO HNIKOJBHOTO YueOHHKA TeoMeTphm
(Mous 9. 3., Jayne @. JI. Yeomerpusa. M.: IIpoceemenne, 1972, c¢. 55): ramgsii oTpesor
AMeeT CepeflmHy, W UPATOM TONLKO OfHY, — Taje ABHo 00pamennoli K ofuM Aumb OyIymms
MATEMATHKAM.
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flemo, uro, npeskme UeM IIanMPOBAaTh cUCTeMy O00ydYeHId MareMaTUKe, He-
00X07UMO 3aZyMaThCA, 3aUeM Mbl ee yuuM. Bep OTBeT Ha BOLPOC «KaK?» HEBO3-
MO;EKeH, eCIH HeT OTBeTA Ha BOLpoc «3adgeMP». MareMaTmry MoKHO yUATH mJIA
TOTO, YTOOH:

1) ycmemHo cjath DK3aMeH;

2) pasBurh cHOCOOMOCTh K abCTPAKTHOMY MLIULIEHHIO II JOTHIECKNe HABHIKI]

3) OBJIAmeTh COBPEMEHHOH BHUNCIITEIBHON TeXHHUKO;

4) UPUMCHATH NOJYUEHHbIE 3HUAHNST K NM3YIeHMI0 PEaNbHLIX ABISHWI B TeX-
HAKe, (Pu3AKe, OMOJOIMN, K M3YIeHHIO MHKPOMUPA ATOMOB H 2JCMeNTAPHHEX da-
CTHI[ WJITT MAKPOMUPA 3BE3[ U TajlaKTHK.

Bee orn mean coBeplIcHHO pasmble; OHU AMKTYIOT aGCOTIOTIO HECXONHEIE Me-
TOAMKYN 1 cucreMsl o6yueHnd. llepBag n3 mHux, npu GeccmopHOl IPAKTITIECKOIM
B8HAYIIMOCTH, KOIEYIO, He JOJKHA MTPHHUMATLCA BO BHUMAHHE: SCHO, 9TO 3K3a-
MeHaTOp HOJHel IPIHODPaBIMBATLCA K IOTPeGHOCTAM y9JalluXxcs, a He yda-
muecs — K BKycaM DK3aMCeHATOpa (XOTA peadbHO TAK OWBaET, K COKaJdelldio, He
Bcerzia). Bropaa 1e1s He MOKET U HC JOKHA IOJMOCTHIO ITTOPUPOBATHCA:
Beb 3/1€Ch PeUb HeT 0 OATOTOBKEe OyIYIIUX MaTEMATUKOB, I POCT 3HAYSHHUA Ma-
TeMATHKI 3acTaBiIseT OTHeCTHCH K 3Toil HpobieMe ¢ JoCTATOYHLIM BHIMAHHEM.
Heteno b cqmirrarhk, 4ro coriacoBaHHOE ¢ TEdbio 2) IPenofaBaHue TOIKHO
MMeTh MACCOBHIH Xaparrep — BCAb MaTeMaTURH HIIKOPJAa He OyAyT COCTABIAATH
CROIBRO-HUOYAD 32)MeTHYI0 YacTh Beero HacedeHnsd. M ¢ oroll TouKu speHus cyme-
CTBYIOIIUI BO MIIOTHX CTPallaX yRIOH IIKOJLHOTO KypCa MATeMATHKH B CTOPOHY
TaK Ha3BIBaeMOIl COBPeMeHHOH MaTCMAaTHRM, TOHUMAaeMOil KaKk Hadaxa o0mieil Teo-
PUH MHOKECTB 1 CHMBOJINICCKOI JOTHRY, yieHre 06 aGcTpakTHO BBOOUMLIX (YHE-
AUAX 1 TaK Ha3hBACMBIX OUIIAPHEIX OTHOUIEHHSX, Ka/ReTCA HAM BPCLHEBIM.
He Mmosmer cay:Ruth OCHOBHBIM OPHOUTHPOM B NIAHNHPOBAHUU MACCOBOTO MaTe-
MaTH4eckoTo 00pasoBaHA I Helb 3) — BOIPOC 0 HOATOTOBKe ByYIIHX HPOTPaM-
MrcToB U crnernuasiictos mo IBM amiasercs cepresHBIM, o Bee ke LOCTATOUHO
TACTHBIM.

Hama =xHmra agpecoBama Oynymumy nIiskeHepaM 1 €CTECTBOMCIIEITATENAM,
OPHEHTHPYIOMUMCH Ia [edb 4) H3y4YeHHA MaTeMaTHRI. JTOH (e3ycIoBHO 0denb
OOIIUPHOIT KaTeropnu yJaluxcs Jaflo, 110 MalleMy MHEHIIO, CKOpeHRIIUM TyTeM
c000IUTE HCOOXOUMBE IS NPUIOKCHIN CBEIEeHUA, e 3arPOMOKIAS HX W3-
THIMHUME JOTIYECKHMI TOHKOCTAMI M IIe CTPEMACh K MAKCIMAJIBLHOR 00LIHOCTH
I HOJHOH cTpOrocTn: Bedb I yIANIXCcA ATOTO POAA MateMarTHKa HaBcelna 0CTa-
HeTCA amlIapaToM, A3RIKOM OMMCAIMA TeX I MILIX (PaKTOB, a HC CYHIHOCTBIO,
KoTOpas mHTepecyeT 11X caMa 1o cebe. IIpur sToM, Kawk maM Raskercst, M CeTONHHA,
kak 910 Onro B X1X Beke 1 Gyger, BeposarHo, B X X1 Bere, namo B mepsymo ode-
Pedb JerarTh yoop Ia 3JeMelTH MaTeMAaTHIeCROI0 anainsa, na guddepeanuaabuoe
W UNTCTPasbHOC IcTncaeiiie U mpocreiiniue quddepenralbHEe yPaBHOHNIA.

B moxpxone K OCHOBHLIM IHOHATHSIM aTIas1113a C1eIVeT UCXONUTh W3 Te3Uca 0 TOM,
970 UPMPOAA YCTPOeHA JOCTATOUHO MPOCTO, ITO «0OT Ie 3IomlaMePeH», 00 H3BECT-
HOMY BHIpaRenmio Jiumrefima. [mieprpodus TeopeM CymICCTBOBAHMA MOKeT
AWML OTHYPHYTh VUIALETOCH, 0FaPCTIHOT0 30POBHM PUSHUCCKIM UyTheM. SlcHo,
9TO ABILKYLIAACA YACTUIA MMCET CKOPOCTH, & KPUBAS JHINA UMELT KACATeNbHYIO;
TOKA3BIBATDL CYUICCTBOBANNE CKOPOCTH TAaK sKe e Hy;RHO, KaK JORa3HBATH Cylle-
CTBOBATIIE ILIOIMAIMN TIOCKOM Prryprt: na Bupesibre Bo durypy us Gyaaru miamn
KapToua I B3BeChLTE ce, HOfes]liTe Maccy HA Maccy OLIOT0 KBaJpaTHOTO MeTpa
MaTepiaia — BoT Badr u muromags! JIpyridin ciosaMu, Te0peMEl ¢yMEecTBOBAHIIA
TIPOLBBOMNOE I THTerpada Ha ICPBOM dTame H3YYeHITst aHANIIB3A HC HYRIBL (1T
Aasike BPEXHSI): 00a DT IOMATHS TMEIOT eCTeCTBEUbT (N3andec KMl e MBICA, A 3Ha-
aur, otu cyilectsyior °. Begs Oulto Gul mesello HaunmmaTh M3yderiue TPaMMAaTHKLL
He ¢ 00X TIPABIII, & ¢ UCKTIOYCHIH Wl HATIHATE H3VIEHTIe A3LIKA Je ¢ IIepBO-

3 Worpa cryaemtol snavemutoro Yuabava Towmcona, mopaa Heasenma (1824—1907),
TBITALHCH OMPEedATh TPOUsBOIYI0 «110 NOWmm», TO DTO TONLKO pazfgpazkalo CTapoTo Tpo-
deccopa. «Jla Gpocwre BH aroro ToTrenTaepa, — FOBOPHIL OT TOT/A, — BEAb TPOM3BOTHAN —
a0 cxopocthy. (Torremrnep — mpodeccop «YncToil» MATCMATIIKIL, WHTABIIMI BO BpEMCHA
Kenppmma B 11eMOPITTKCKOM YHUBEPCUTETE KYPC MATEMATIMECKOTO Aanas3a).
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HAYaIBHOIO 3alaca ¢jIoB, a ¢ rpaMMaruru. Mesrmy tem mMenHo sToMy mopmoGHa,
K CO/RaJieHAI0, TOCTAaTOYHO PAaCIpOCTPaHeHHAas CHCTEMA HU3YYEHHS «MaTeMaTH-
9eCKOT0 fI3BIRaY, IPH KOTOPOH Konmenmust (I cBOHCTBA) Ipefesra IpeALIecTBYeT
JI00BIM CcOZeP;KATeXbHBIM IIPUMEHEeHHAM JTOT0 HOHATHA.

B Omonorum cymecrsyer rayGOKull 3aK0H, yTBeP:KEAIOMEH, UTO «OHTOTEHe3
moBTOpAeT (PiIOTeHe3y, T. e. OTAeNbHas 0¢00b B CBOGM PaSBUTHHN B TOH WJNW WHOM
MePe HOBTOPsAET dBONIOINOHHEIA TyTh PA3BUTHS BCETO POja, K KOTOPOMY 3Ta 0¢00b
OPUHAIJE;RIT: TaK, 3aPOJBIIL YeJOBeKA B TeUCHNE OLPeNeJIeHHOTO IePHofa CBOETO
paspuTHA IMeeT xkabepHple Imeau, m0O JKHSHDP NEePBOHAYAJIBHO 3APOLMIACH
B MOpe H IpeJKaMH MJICKOOHTAOIUX (B TOM 4YUCJIe U UeJOoBeKa) GBLIM PHIGHL.
Hay ramerca, 4ro 2107 OGHOJOTMYECKUIT BAKOH CJEAyeT IOMHHTb W HEZaToTaM.
Byaymmi#t ¢usuk mnm wHKeHEpD 0JKeH OPefBADHUTEOIBHO H3YINTh MATEMATHRY
B TAKOM BHZE, B KAaKOM OHa cosjaBasach Bejukumu ydersiMu X VII o XVIII se-
KOB, a He HOJYIUThH €e cpasy B TOM 00JHMYuM, KOTOPOe BEIPA00TaloCh B Pesyib-
TaTe JIUTEIbHOI 3BOJIONEN KO BTOoPOo# momosmue XX CTOJeTHA.

Pazymeercs, cKasaHHOe HHKAK He CJe[yeT IOHUMATh, KAK NPU3HB K TOYHOMY
BOCLPOH3BE/ICHUIO B COBPeMEHHHX yueOHWKAX NPeACcTaBIAKIIUXCS CerogHA THO-
CTATOYHO apXalYHHMH H0 dopMe paccy:xkpennit Hrioroma, ¢ ero mapuo 3a6eIToi
TePMUHOJOTIell H cmMBoamEO#, miam JleitGHumA, co cBolicTBeRHON NoclefHEMY
«veraguankoil Geckomeuno Manblxy. OEHAaKO mWEelimas cTOpoHa Kypca HJs Ha-
YIHAOIIUX BIIOJIHE MOXKeT, KaK HaM KayKeTCs, CTPOUTHCSA Ha HPHBHYHEX KJIaCCH-
KaM HaTIANHBIX IpecTaBl]eHUAX, a He HA COBPEeMEHHHIX TEOPHAX BemecTBeH-
HOTO YHCJia M He Ha CIHOKUBIINXCA B TeUeHWE CTONOTUN CTPOTHX OLpemeeHUAX.
Honeuno, B RakKoif-10 MOMEHT yYamMXCsA HAZO NPOMHPOPMHPOBATH O BOBMOJK-
HBEIX OCJIORHEHIAX, HO He 00 9K30TUIECKUX «HETPePHBHHEX QYHKIUAX, HATHe He
MMeIOIMX IPOM3BOLHHXY %, a MPOCTO 0 BOBMOSKHOCTAX PA3PHBA WIH MBJI0Ma KPH-
BOil. OfHAKO COOTBETCTBYIOMINE IPENOCTEPEKeHIA KaKyTCA HAM YMECTHBIMM JIHLTH
Il 0 ¢ e HNATYITABHOTO OCBOEHHA OCHOBHBIX NMOHATHII, a HE O BTOTO, HOTO0GHO
TOMY KaK 03HaROMJIeHHe ¢ KAKAM-JIn00 HOBBIM MEeXAHUBMOM HeJIeIOH a Y U HA T b
¢ YRa3aHIH Ha BO3MOKHOCTD €r0 ITOJIOMKH. {poMe Toro, MH CKJIOHHHEI CUMTATH
ropasmo Gonee moydumreIbHHM (M MHPOPMATHBHHIM) He TPAagWIUOBHHE HHUTH-
JAMCTHYECKUIT, a COBPEeMeHHHEH «ROHCTPYKTHBHHIAY MOAXON K 0COGEHHOCTAM pac-
CMATPUBAEMOTO DOAA, yTBeP:KAAIOMEIN, 970 Kakpasa (xota OH ®m mermagxas!)
HeTIpePHBHAA QYHKIWA NMeeT OPOU3BOLHYI0, KOTOPAS, OMHAKO, MOKeT OKa3aThCH
He ofbuHoOl yHKnuedl, a meabra-QyHKIUel; 3TOMy NOAXORY MH yHedseM (oib-
moe BHUMaIe B riyase 16 kauru. Mbl moiabsyeMcs TakKe BCOME CIYTIaAMU I
TOr0, 4TO0H MOJTIEPKHYTH TaKUe BKHBIE OOIMie WAEN KaK LUHEHOCMb T NPUH-
yun cynepnosuyll, MAEOTAA HeZOIIYCTIMO OCTABAsIeMEE B TeHH B KHUIaX, paccdil-
TaHHABIX HA (HACTOAIIEX WAW OYAYIUX) (M3MKOB N HH:KeHEPOB.

CoBpeMenHas MaTeMaTHKa Pa3BUBAETCH BECHMa GyPHO, i IPH 3TOM 6yPHO pacTer
H KOIN9eCTBO 3HAHHE, HeoOXOomuMHIX ee TMOTpeluTeNssM. Yunrh GUBMKY MIU WH-
JKEeHePY CerOJHA NpmXomguTcA OONbIIe — HEKOTODHIE U3 HOBHX BAa/KHHX HJfA IPH-
JOREHU PasfeIoB HAayKHU.HasBaHH B Sakiatogenun «Urto ;xe ganpme?s. Hapamy
¢ OTIM TPOMajHOe 3HadYeHHe mpmoOperaer B HAIIM HHW IOYTH HE BaTPOHYTAH
B OTOIf KHHUTe BHUYHCJINTENbHAA MarTeMaTHKa, GasHpyOIascsa Ha OTPOMHHEIX BO3-
moskHocTANX. IBM. Mu cumraem BmoNHEe BOBMOKHLIM Golee GHICTPOe O3HAKOMIIE-
Hlle HAYMHAOIINX ¢ HepBHEIMI pasmeslaMil Kypca BECINeH MaTeMATHKH, ITO3BOJAIO-
Mge paHbile IPUMEHATh CBOW 3HAHHA U 0CBOGORparmIee BpeMd IJIf H3yYeHHS
HOBHIX COJeP RaTeIBHEIX MAaTeMaTHIECKUX TEOPIi.

llegarornuecke MO3UIMM aBTOPOB MHOTMX H3BECTHHIX HAM yUeGHHKOB MaTe-
MaTHYeCKOTO aHalW3a HATIOMUHAIOT YCTAHOBKII CPEJHEeBEKOBHIX CXOJACTOB B Mil-

* 37ech MBI CHJIOHHH HPHCOEIMHMTBCS K OfHOMY I3 KPYIHEHIINX AHAIUTUKOB BTOPOLl
mosxoerHE XIX Bera — ¢paunysy [lapiawo JpMury, KOTOpLE IMCAN CBoeMY APYTY TOILIAHI-
croMy MaTeMaTnry CTHIABTBECY, UTO OH «C Y/KACOM W OTBPAINCHIEM OTBOPAYMBAETCH OT 3TOoi
paspacranomeiics A3BH QYHRUWH, He NMEOINAX IPOH3BOAHHEXY, CToAImas HA TPAMO IPOTHBO-
HOTOMHEIX TO3UNUSAX KHATE PPanmysckoTo MateMaTnka b. Maabner6Gpora «Dpaxranm (Man-
delbrot B. Fractals. San Francisco: W. H. Freeman, 1977) o4enp maTeépecHa, HO OHA ABHO
paccdnTana ma quTaTeNeil, ropasfo 60ee w3OMIPEHABIX 1O CPABIEHNIO C TeMH, K KOMY o6paien
Uall 3JeMeHTapPHblil YIeOHMIK.
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cOyTax W HAYYHHX TYPHUpaX. Ydamuiica IPefcTaBiIsgeTcs TAKUM aBTOPAM OIEIT-
HHIM NPOTUBHIKOM, BRIMCKWBAIOMMM caabkle MecTa B IMOBHIUN VYHTC/A, 3a4aUa
jKe Tejarora CBOAWTCS K OOPOBEPIKEHHWIO BCeX BOBMOKHBIX BOBPAKeHHA.
B nporEBOmOIOKEOCTH HTOMY MBI PACCMaTPHBAEM YUYAIIETOCH KaK JpyTa H COI03-
HHUKA4, TOTOBOTO IOBEPUTH HEaTOr'y MIH yYeOHWKY W 3aHHTEPECOGAHHOIO B lep-
BYI0O OoUepemb B TOM, ur00Hl HOOHBICTPee NMOJAYYATH BOBMOIKHOCTh HCHOJIB30BATH
B HB3YYCHHUN NPHUPOML M B TeXHWKe Te HOBLIE IPHEMH, KOTOPHM ero Hayumin. [lo-
HEMAHHE CyTH HOBOTO alllapara, Tak jke KaK II HHTYUIUS, OpefocTeperarmasn
Hac B TeX clydadx, KOTJa aumapaT OTKasbBaercA paboTarh, NPHXOIHET K TAKOMY
yUameMycs IJIaBHHM 00pasoM B pesylibrate Pa3fopa MHOTHX OPHEMEPOB I HPHIO-
swenuid. [Ipm cTporo JOTAYECKOM IOAXOAEe BOOPOC O HPOHCXOKACHHU, 3HAYEHIN
U M0Ab3e MBYIAEMBX MOHATHI B TeOPeM ocTaeTcH B TeHH. B nmpengaaraemoil xaumre
OCHOBHOE BHEMAaHHUe yHeJeHO «rPyOHM» MarTeMaTHYeCKUM HAeAM U CBH3H DTHX
nuet ¢ ABICHESMI OPAPOXHL. ‘

IMopaepskky HammEX OO3WNUI MBL HAXOHM Y MHOTUX BHIAIOIUXCA yUeIIHX.
3uamenmroiit pycckmilt ropabmectpomrens aragemur A. H. Hpwuros (1863—
1945), yueHsIil, TeXHUK T HHKeHeD ¢ HeoOMYalllo IMMPOKUM /HAala30HOM HHTEPe-
OB U PesylbTaTOB, ABTOP INepPBOH HAa PYCCKOM A3LKE KHHIH L0 YHCJCHHBIM
MeTOfAM MATeMATHKH, MePeBofunK «MaTeMaTmuecKuX Hadal HATYPaJbHON ¢u-
mocodum Hporona n apropurter B obractu HeGecHOM MexaHukm, nmcatd: «Ilenpss
CUATATh UEOCTATOUHO cTpormM s 16-1erHero rumMuasmcra 10, Ha 9eM cas Heo-
TOH OCHOBLIBAJ BCE COBPEMEHHOE yUeHUe 0 MUDPO3HAHAM K YTO OH HOJOKHI B 0C-
HOBY CBOHX HEONPOBEP/KUMHBIX JIOKA3aTEJNBCTB CTPOEHHA CHCTEMEL MHEpPay — I
YKashBald, YT0 HAYMHAIOMEE 3a9aCTYI0 BOCOPHHEMAIOT yTOHYEHHYI CTPOIOCTH
J0Ka3aTeJbCTB KaK (TOPJKECTBO HAYKU HAX BAPABHIM CMBICIOMY. XOPOmo H3-
BecTHa aBrobmorpagmsa Annbepra JitHmITeliHA — OFHOTO M3 Beamdafimux (Gusn-
KOB BCEX BpeMeH, KOTOPBIH HIcal:

«B Bospacre 12—16 JeT A 03HAKOMMICH C DACMEHTAMH MATEMATHKU, BRIKUAA OCHOBH Iud-
(I)GPEHIIHHJILIIOI‘O I MITErPadbHoro MCUYNCICHIIA. lel O9TOM, Ila Moe C‘IBCTLE, M€ IOOUAJNCh
KHHTH, B KOTOPHX 06pamanoch HE CJANIIKOM MIOTI'0 BHUMAHWA Ha JOIHYECKYIO CTPOTOCTh,
3aTo Xxopomo Onlra BRI[T€JI€HA BCIOQY TJaBHASA MbLICHD. Bor aro 3angTtme 6BUIO HoucTuHe yBJIE-

KaTeNbHO: B HeM OhlJIM B3JIeTH, HE yCTYUABIUHE «4yAy» 91eMEHTAPHON TeOMeTpHHU, — OCHOBHAA
uped ananuTigecKoil reomMeTpuu, Oeckonednnle pAyB, TonarTua Ruddepennuaia W HNTErpasay,

Cxoguoit OBLTa I MOBUIHA 3aMETATENBHOTO COBETCKOr0 GUBUKA-TEOPETHKA, Iay-
peara Jlenmuckoit m Hobenesckoit npemnmit, akagemuka JIpsa Hasmposmua Jlan-
nay (1908—1968), koropsiit HAPALY ¢ BHIA0IENCA ¢n3ndecKkoil muTYROME 06aa-
7majdl W BHICOKOH MareMaTmuecKod texmuuoin. Opmaxmgm Jlanmay nompocuan pathb
OT3HIB HAa OpPOrpaMMy HO MaTéMaTHKe OJHOIO M3 MOCKOBCKHX YUeOHRX HHCTATY-
TOoB (usmIeckoro npodmias. Bor dro oH HaOHCAN B CBOEM OTBHEE:

«H comanennio, Bamm mporpaMMel cTPajaioT TeMH JKE HEZOCTATKAMNM, KAKRUMI OGKTHO
CTPAfaloT OPOrPaMMH II0 MATeMAaTHKe, NpeBpalfaioliue W3ydeHne MaTeMaTHRN (H3MKAMI na-
OOJIOBUOY B YTOMHTEABNYIO TPaTy Bpemenu. Ilpm BCell BasKHOCTH MaTeMaTHKH AJA. PH3UKOB,
(UBHKH, KAK H3BECTHO, HYKJAITCA B CYNTAOMEN aHAANTHICCKON MATEMATHUKE; MATEMATHKN JKe,
IIo HGHOHHTHOﬁ MHE€ IpHYIiiBe, TOoACOBBIBAOT HAM B KaueCTBe OPUBYAUTENBHOYO acCopruMeHTa
JoruvecKne yUOpasKuenmA. . . Mue kameTes, uTo jasuo Iopa o6ydars (U3MKOB TOMY, 9TO OOH
caMu CIMTAIOT HYIKHEIM A cebs, a ne cIacaTh nX AYIIH BOIPEKH MX COOCTBEHIIOMY KeIaHMIO.
Mue pme Xouercd RECKYTHPOBATh C JOCTOMHOI CpefneBeKOBOM CXOJACTHKM MBICABIO, YTO IyTeM
H3yYEHHA HEHYKHBIX MM Bemeil Jogu 6ynro G5 HAYTAITICSH AOTHIECKH MBCJINTH, §I waTeropu-
YeCKH CYMTal0, 9T0 W3 MATeMATHKHU, H3yyaemoit usnkamMu, KOMKHEN OHTH HONHOCTHIO H3THAHE
BCAKIE TEOPEMHl CYIMECTBOBAHNA, CAMIIKOM CTPOrue JOKA3aTenLCTBA M T. IL»

ITH PAcXOKR[GHHS Me:xy MaTeMAaTHKaMu W (U3NKAME NPHBENW K TOMY Hapa-
HOKCAJNbHOMY IOJOKeHHI0, Korna tpoe (!) maypearos HoGenesckoit nmpemmnm mo
¢usuke n xuvuu (Banprep Hepuer, Csante Appernyc, I'empuk Anrton Jlopen)
cOUNN HY;KHBIM HANHCATh 3JIeMeHTapHEe Ioco0ud Ho BHCIell MaTeMaTHKe «JIJIsd
€CTeCTBOMCIIEITATENell W BpaYeily, KaK CKasaHo OHUIO B 3arojioBKe KHuru Appe-
HOyCa, WIN (A €CTeCTBOUCHOHTATENeH ¢ 0COGHM BHEMaHUeM K 3a0pocaM XHMH-
KOBY», KaR yKasoiBaa umrareasaM Hepuer. M3 stux KEAT B Halleil cTpaHe Jydmme
Bcero masecteH AByXtToMEHI «Hypc muddepennmanbroro W WATETPATBLHOTO HC-
YHCJAeHNS ¢ WX NPIIOKeHHAMH K ecrectsosHaumior I'. A, Jlopenuma [4] (wnm
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«Kypc BrICIme#r MaTeMaTuK®», KaK Ha3BaJ DPYCCKUU BAapHAHT KHUTH ee HEPeBoOj-
qur B. II. epemerbescrnii), sugep:xasmuii ¢ 1901 mo 1926 r. narpy usnaHnit u
eme B 30-x romax BechbMma INONMYJAAPHHIA KaK yYeOHHK s OyIyIIuX HHKEHEPOB
1 nocobme aua camoobpasoBanmd. [Ipm sroM ¢ nmeiHo# cTOPOHH BCe HA3BAHHEIE
KEATA ORI HOCTATOYHO OIUBKHM K HACTOAINeH wKHuUTE.

Cremyer yrasarb, 970 W MHOTUE «IHCTHIEY MaTeMaTHKH, He CUeNAaIN3MDyIOMy-
eca mo abcrpaxrTmoil anrebpe miIm MaTeMaTHY9eCKOR JIOTMKE H WMeEIOIMHEe BKYC
K OPRIOKCHNAM, MHCIAT AHAJOTHTHO TeM (uamKaM, 0 KOTOPHX YHIOMEHAJIOCH
seune. Tak, sHaMeHHTHI HeMenKuil (mo3:Ke aMePDWKAHCKWIH) MareMaTmk Prxapp
Kypanmr (1888—1972), ocroBareas HypaHTOBCKOTO MaTeMarmdeCKOT0 WHCTHTYTA
8 Heio-Mopke, muncan 8 1964 r., uTo 04YeHD [I0IAr0 MATEMATHKH IIPHHAMAIN TeO-
Merpuro Esramia sa oGpaser| cTporo JormdecKoro Mogxofa, CTPOTO JOTHUECKOH
genyemue (BeiBofa). Ho Bor uro rosopmr Hypant pambme

«Ymop Ha 3TOT [AKCMOMATAYECKHIl, JOTHIECKNil] acIIEKT HOMHOCTBHIO FE30PHEHTHPYET TOTO,
KTO MPefOoJIOHKUT, 4TO co3njanue, BOOGP&)RBHI/IG, CoIIoCcTaBNIenne ¥ MHTYURNUSA HI'DAXT TOJIBKO
BCIOOMOTATEJIBHYIO POJb B MAaTEeMATHIECKOM TBOPUYECTBE II B HACTOAINEM NTOHUMaBHH. B marema-
TIeckoM 00pa3soBanum JASNYKTHBHAEIA MeTo[, HAYHHEAMUACA ¢ AOTMATHYECKH COODMAaeMEIX
AKCHOM, IleﬁCTBHTeHbHO IOo3BOJAET OHICT ee 0603peTb 60JIL\I[IyIO TE€PPHTOPUIO. HO KOHCTDYK-

THBHH MeToJ|, HAYINuil OT 9acTHOTO K 06ImeMy u u3beramolmuil JOrMaTHIecKoro MPUHYHCHAS,
HaJeEee BeAeT K CaMOCTOATEIBHOMY TBOPUYECKOMY MEIMICHHION,

Bee ckasanHOe BHIUIE ZOCTATOYHO NOJHO MOSACHAST OCHOBHHE YCTAHOBKW HamIe
KHUOTH. e OpUHIUMON X HCXOJHEIC MMOJ0KEeHNA COBOANAIOT ¢ TeMHI, KOTOpHe OnuIn
XapakTePHH IS Ha3BAHHOTO B cHOCKe | yueOHAKA; B HeTAlLAX jKe MBJIO0KeHHe CY-
IMEeCTReHHO OTAMYAeTCS OT CTAaporo Jake W B TeX pasfesnax, KOTODHE BXONWIN
B Ha3BaHHYIO BHIIIe KHUTY. MHOTHe TeMH BBEAeHH B HAIly KHATY 3aHOBO; 3TO
KacaeTcda Kak Psa YaCTHEIX MOMEHTOB (BoIpoc o BTOpoM puddepernmane QyHK-
oMUY OfHOM mepeMeHHOI uin o noiroM Juddepennuane QYHEKINA ABYX NepeMeH-
HEX; TeMa 00 MHEepIIONHHX CHUCTeMaX OTCYeTa), TaK H medHX OOoNbIIMX HATDAB-
gennit maykn (pagst Mypee, Teopust QYHKIUHA KOMIUIEKCHON UEPeMEHHON ILIH
YCTPOICTBO Ja3ePOB).

IIpm mosib30BaHUE 3TOM KHUTOH B LpeLo/aBAHMUN HeJAaTOT MOKeT CBOOOTHO HC-
10JIb30BaTh T€ WM WHEE MOMEHTH W3 (U3MIeCKMX PasmesoB KHUTH JJIA HIJIIO-
CTPAaIMi MAaTeMATHIECKAX WOHATUH W TeopeM Wi, HAOPOTHB, BHKJIIOYATH OTHEb-
HHE MAaTeMATHYECKHe TeMEl B 3aHATUA 0 ¢usmke. Takr, HaupuMep, MOHATHE TPO-
HU3BOJHON MBI HAJIOCTPUPOBAIN B TEKCTe HA CBJIBW MPOIeHHOTO YT U CKOPOCTH
niau Tpebyouerocd A HaTPeBAHWs Teda Telllia W TeINIOeMKOCTH; HO HUKTO He
MeINaeT MCI0Jb30BAaTh 376eCh, CHAIKEM, CBA3b MEKAY DICKTPONBIKYINeH cmmoil
(911C) m cuioif Toka AJa RaTyMKN (RJIN Zid KOHZEHCATOpa, TAe 9Ta CBA3b AMeer
obparusit xaparrep; cp. § 13.1). PasyMeerca, unucio npamepon nomobHOTo popa
MOKHO HEOTPAHUYeHHO yBeaumdurh. CIANTHOE NpelogaBaHHe MaTeMATHYECKOTO
aHAAN32 U eT0 NPWIOKEHNH OyAyIIUM TeXHHKaM B (E3uRaM MGl cCIWTaeM OYCHB
BaJKHEIM:. Beflb CAMa MaTeMaTHIeCKas TeXHUKA HAIOJHAETCS IIYOOKHEM COHep:ia-
HHeM JAullb B Iporecce ee umcuoibzopBamd. Ilonp3za or ¢QuamuecKHX paslenos
KHATH ABAHETCA IBOAKON: OHI HE TOMbKO MOCTABIAIT YIAIEMCH BaKHEE CBeHe-
HUAA 0 QU3HKe, HO TAK/Ke M IPONHBAIOT JOINOJHUTEIBHHIA CBET HA MaTeMarmde-
CKHEe NOCTPOGHUS IEPBHIX IIIAB, IOBBOJSIOT TTO-HOBOMY WOHATHL WX €CTECTBEH-
HOCTh W HeoOxopgumocTh. Ilpm mpemogasaHWM 4YacTh HTOTO MaTepuala MOJKHO,
KOHEYHO, H ONYCTUTDH; OMHAKO KAK0E-TO MCIOJb30BAHNE UBMUECKUX PACCMOTPE-
HEl B yuopassHeRnAx (a YacTUYHO, M B JEKIHMAX) N0 MareMaTHKe XasKeTCd HaM
OYeHb IOJe3HLIM, a CePbe3HOe COTJIacoBAHMe HIeMeHTAPHEIX KYPCOB MaTeMATHKH

¥ QU3UKA — COBEPIIeHHO HeoOXOXMMEIM.
A. B. 3eavdosun,
H. M. Heaom

5 C Tex yke mo3mmuil Hammcama m npeBocxonuaa wuaura JK, Iloia «Maremarmka m mpampo-
mopofuee paccymaenua» (M.: Mup, 1977).



YACTh TIEPBASI
DJEMEHTBI BLICHIEII MATEMATURKU

T'nasa 1
OYHRIINN 1 TPAOURNU

Hactosmmas rnasa KEETH ABJIACTCA BBOI-
HOW — B He#l KpaTKo HOBTOPANTCS He-
KOTOPHIE CBeJeHUS, BEPOATHO M3BECTHEIE
OONBIIMHCTBY gYuTartesieil. dr1a raasa Iio-
cBAMeHa (QYAKNMUOHMIBHEM  33BHCHMO-
CTAM MEXIY BenmuWHaMmw; B HeHl IPUBO-
IATCS HEKOTOPHE KOHKPEeTHBEe HpPUMepEH
(QYHKRIIMOHAIBHEIX 3aBUCHMOCTell, TacTo
ACIOJb3yeMEle B IOCIHEAYIOIMAX Pasgenax
kouru. C OpyTaMy BayKHBEIME ITPHMEPaiil
(QYHRIMOHAJNBHEIX 3aBmcuMocTell yirTa-
Tellb BCTPETHTCS B MOCJHEAYIOMNX Tiapax.

§1. OyarnUONANPHAA 3aBHCHMOCTD

B npmpopme m B Texmmke MHI 04eHb 9acTO
BeTpedaeMes ¢ 3aBHCUMOCTSAMH OTHIUX Be-
JWYAH OT APYIEX — ¢ TAK HA3HBAEMBIMIT
PYHEYUOHAALHBMU 3AGUCUMOCIAMU; eCTE-
CTBEHHO, 4T0 W MAaTeMaTHKa yJelser Ta-
KHM 3aBHCEMOCTAM Gonblioe BHUMAHHE.
(DyHKIWoOHANbHAA 3aBHCHMOCTD OFHOW Be-
JumauHE (y) ot Apyroit (z) osmadaer, UTO
KayKZOMY BHAYEHWIO X COOTBETCTBYET Ompe-
JelleHHOe 3HadeHme y. Beawmdmma z upnm
9TOM HABBIBAETCH He3a8UCUMOLL NepPeMeH-
Holl, a Y — dyHryuell >TON mepeMeHHOH.
WNaorpa x HABHBAWT ap2yMeHmoM PYHE-
muu y.

IlpuseneM HECKONBKO NDpHMepPOB T3
reomMeTpum M (QUSWKH.

1. Ilnomamgy S xBajgparta sABagerca
dyHKImell TIHHB ¢ €ro CTOPOHEBL S=q¢%.

2. O6bem V mapa MOMHO BHPa3HTh

4
uepes pagmyc R mapa: V= =R’

3. O6pem V Komyca ¢ mammHOil BHCO-
Todl A BaBmCAT 0T pammyca ' ero OCHOBa-
HUA:

1 27
V———?ﬂr }l,

(1.1.1)
€CJH JKe CYHTATh, HANDOTHB, W3BECTHHIM
r, To Ta sxe ¢opmyna (1) BRIpasmr 3a-
BucuMocTh o0beMa V KoHyca OT ero BHI-
COTHL A.

4. Ilyts z, opoilifenuwil cBobOmHO mHa-
JAOIIM TEJI0M, 3aBUCHT OT BpeMeHu I,

HPOTeRINero ¢ MOMEHTA, KOIJ[a HAYajxoch
mafeHne. OTa BaBHCHMOCTD BHPAKAGTCSA
dhopmymoi

gt*
9 9

&

z=—= (1.1.2)
e g~9,8 M/c® — ycropenme croGogHOrO
najeHns.

5. Cmua ToKa i 3aBUCHT OT CONPOTIIBIE-
Husg R TpoBOgHMKA: npu NauHO# pas-
HOCTY TOTEHIUANOB U

. 142
= 4. (1.1.3)
Moskao 6nimo 6Bl OPUBECTH emie MHO-
/ReCTBO OPUMEPOB TAaKOTO POpa.
B aaremartmre ¢(ymRImOmanbHas 3a-
BUCIMOCTh Yallle BCero 3ajaercs Qopy-

JaMi, HampuMmep:
y=2x--3, y=—a215,

— 3 2
y=—=232"— 1> —z,

y:$~1 wm y=\3z+7

-1

(1.1.4)

(37ech BCIORY ¥ — QYHKNUA apryMeHTa z).
@opmyna faer cmoco® BHYACIEHHI 3HA-
deHnA (QYHKOuA OPH KayKIOM 3aTamHoM
3HQYCHUY  He3aBHCHUMOH  OepeMeHIoi.
WNuorma sror cmocob mnpepmomaraer me-
D0Jb30BaHNE TAOJUI WA AHHIX TeXIMIe-
cruXx cpemerB. Tak, B mTocaegmem wu3
npuMepoB (4) Did BBHIYACHEHHS 3HAYLHHS
QyHRIIN HaM OPRAETCS U3BIeYbh KBAIpaT-
HEII KOPeHb W3 4YHCJIA, CKaskeM, € Io-
MOWIbI0 TabAWIE KBaApaTHLIX KopHel
X ¢ TTOMOMIBI0 CUEMHUAJBHOTO BEYHICIN-
TeJIbHOTO YCTpPOHCTRA.

B ¢usure u rexuuke QYHKIMOHAIDLHLIE
3aBHCEMOCTH Yallle BCETO QPUKCHPYIOTCH
Ha NIKQJIAX HN3MEPUTeNLEBIX unpubopos;
TaK, ABHJKEHWE CTPEJKH COHZOMETPA aB-
roMobmias, HabmioaeMoe ONHOBPEMEHHO
co cTpeakaMn Bammx gacos, Qurcmpyer
GYHKIUOHANBHYI0 BaBHCEMOCTH CKOPO-
crm aBTomMobuias ot spemenn. Ho m 3pecs
9acT0 QYHKOHUI0 MOJKHO C MOCTATOYHON
CTEIIeHBI0 TOYHOCTH B3aOHCATh ITPOCTOH
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¢opmMynoii: HaupuMep, eclu PasHOCTH IMO-
TeHIAATIOB B 3JIEKTPHUYECKON Ilenum ocTa-
eTca MOCTOAHHON, To HabmwgaeMas dKc-
IEePEMEHTANBHO (¢CUYMTHIBAGMAAY €O INKA-
I aMOepPMerpa) BaBHCEMOCTD MEKAY
cHJiofl TOKa i m COHpOTHBICHWeM meonm R
xopouto mepegacrca gopmyaoit (3). Ha-
apare QOPMYJiLl, CBASHBAIONNEH BHAUSHU S
BOBHUKAIONEX B (HW3OKe NI TeXHHUKE
BOJANYHH, O3HAYAaeY, 4TO IOJyJIeH 3 a-
K O H HNHTEPECYIONeTO HAC ABJEHHA; TAK,
BHpasKaeMHil gopmynoit (3) ¢umamuccrmit
3aKOH Ha3HBaercs 3akonom Oma.

Peaapuo B upupoge u B Texuuke 5 60Jb-
MNHCTBE CAYYaeB WHTePecylomas mac Be-
anwmna  (QyoKnums) BaBUCHT  OT  H e-
CKOJbEKHNX BeJNIMH, B wDociaegmeMm
npumepe (cM. (3)) cmia TOKA BaBUCHT OT
IBYX BEIUIHH: 0T PABHOCTH HOTEHI{HAIOB
U W OT CONPOTHBJIEHHmA TPOBOAHuUKa K.
O6pem romyca (ca. (1)) sasmcur oT €ro
BHICOTEL /2 1 OT pajmyca OCHOBAHHA I
Cunras 3agaHHBIMEI (I ITOCTOSHHBEIMII) BCE
BEeJNYMHEl, KPOME OJHOIl, MBl H3ydYaeMm
BABHCMMOCTh (YHKIUHA OT ONHON DepeMeH-
HOW; B [AHHOM KHUTE MBI B OCHOBIIOM
OTpaHIYIMCA PYHRINAMU O H O I mepe-
Mmermoi. Tar, Hapumep, B3AB FAIUIYIO
AKRYMY.IATOPHYIO 0aTapeio ¢ ompepeseH-
HOH DPA3HOCTHIO MOTEHIMAJOB U, OyIeM
-MEHATHh CONPOTHUBJICHWE NPOBOTHUEA 11
A U3MepsiTh Iy TOKa i. B Takoi 1mo-
CTAHOBKE OLEITA CIJIA TOKA 3aBHCUT TOABKO
0T COUPOTHBIENHS; BeIUIOHY U B POPp-
Myiae (3) cuegyer paccMaTPHBaTL KAk
NOCTOAHHBIN KoaPuument.

Wsnorma gopmyna Takosa, 9To 3HAYCHNE
Y CYymEecTBYET TOJBRO s X, BAKIIOYEH-
HOTO B omnipeflenenuiix npegenax. Cramem,
dopmyna y=\/r uUO3BONAET HaWHm Y
TOJIBKO AN HEOTPUIATEIBHHIX 3HaYeHTHA
z, 7. e. pas x > 0. Ecam y=log, (x—2),
TO y CYHIECTBYET TOAbKO mas x—2 > 0,
T. e. aas z > 2. B npemnocaegneir us
dopmya (4) upuxommMTCH CUHTATH, 9TO
x=~—1, a B mocuegneit — uro 3z-+7 > 0,
T. 6. = —/3m=~—2,33.

B ¢popmynax, BosEmKawmux B Gusnde-
CHKOX, TEeXHHYECKNX, IeOMeTPHICCKUX u
IPYTHEX 3afavax, OTPAHUYEHMA BO3MOIK-
OBIX 3HaYeHIHI He3aBHCHMOI IepPeMeHHOIl
WHOTJIa BLITEKAIOT W3 CMEICIA PaccMaTpH-
BaeMoii 3anadu. B mpmmepax, mpusepmen-
HBIX B Hadaje maparpada, Ipu BHYHCIE-
HUT UA0MIaAn KBanpara u o0bemMa KOHycCa,
KOHEYHO, MOAPA3yMeBaeIcsa, 4T0 CTOPOHA
KBajgpaTa, & Tak/ke pafgmyc OCHOBAHUS
KOHYcAa W BHCOTA KOHyCa ABJIAKTCSA IO-

JOKUTETbHBIME BeamdmHaMu. llpm atom
«yMHHe» (GOpPMYJIH 3a49acTyio caMm Ipe-
IyIpesKaaloT HAC O BOSMOMKHBIX TI'DaHU-
max BHavenmil mnepemenHoii. Tak, d¢op-
MyJsia gns obbeMa KOHyca Ipm OTpHIla-
TeABHHIX 22 JaeT OTPHUIATelbHOe 3Hade-
Hme oObeMa, YTO TPOTHBOECTECTBEHHO;
BO MHOrmX (OpMyJgax TeopuMd OTHOCH-
TeIBHOCTH CKOPOCTE U IBHIKYIIErocA Telda
GUrypEpyeT B BHAE BHIPAMKEHHA \/c*—U?,
rge ¢ — CKOPOCTh ¢BeTAa, OTKYMA BHITE-
Kaer, YT0 B TeOoPUM OTHOCHUTEJIBHOCTH
Beerga v<c¢, W T. ..

B mepsmix Tpex ¢opmynax (4) m, Ro-
HedHo, BO MHOTHX APYIAX HEUKaKHX Oorpa-
HUYEHUH Ha BeNUINHY HE3aBUCHMOIT mepe-
MEHHOW He HaKIAgBIBACTCA: X MORET
OBITH TOJOKUTEIBLHBIM WHJIN OTPUIATEIb-
HeM, GonbiimM mim MadbiM. To jRe OTHO-
cuTCA W KO MHOImM (u3WYECKEM BeIWIH-

HaM: HaOpuMep, dJIeKTPHYeCKHIl TOR
yroGHEO cUYmTaTh HONOKUTENbHOH Belu-
gypHOl, KOTZa 9JeKTPOHB HpenMylle-

CTBEHHO JBHKYTCSH IO IPOBOJOKE B OFHOM
HallpaBJeHNHd, X OTPUIATEJIbHON TPU LPO-
THBOLIOJOKHOM HATPABICHUN NBIKEHIIA
DICKTPOHOB.

3uas gopMyily, HalOMYI0 3aBICIIMOCTH
Yy OT I, JIETKO COCTaBHTh Talammuy 3HATE-
HO#l Y [JTs HECKOJBKUX IIPOW3BOJbLHO
3aJaHHBX 3HAYEHHmEA ZX.

CocraBuM rabauny, OTBEYAIOINYIO
¢yurmun y=3r’—z’—2z. B Bepxmueit
CTPOKe npuBefieM BHIOPAHHLE HAME 3Ha-
4eHHA ¥, B HEJKHEH CTPOKe ION KasKNBIM

JaHUGBIM % BHIOOIEM COOTBETCTBYIONee
spadeHue Y.

z '——3’—2’——1,0,1 2'3
y=323—2%—z| —87 | —26 ‘—3‘ 0 [ 1 18'69

IlorsitHO, 4Yro wo [HawHOH Qopmyne
MOKHO cocTtaBuTh m 0Oojee moapobGHYIO
rabauny, sagaBas, HaIpPHMEp, 3HAYEHU
z=0; 0,1; 0,2; Takmm oGpasom,
dopmyna «cribBee» noboi Tabamiel. Gop-
MyJa COmep;RUT He TONBKO Te CBEJeHNsA,
KOTOPHEe INpuBegeHnl B manuoit tabiamie,
HO TMO03BOJIAeT HAWTH 3HAaYeHES (YHKIUN
TaK/Ke W 0pH BSHAYEHHAX HE3ABUCHMOII
mepeMeHHOI, He cofep:kammxcda B Tal-
aune. C gpyroit cropomw, TabGanna ymob-
Hee QOPMYJIb, TAK KaK € €e TOMOIILIO
MOKHO O®IcTpee mailTm 3HaveHme Yy IIpu
JAHHOM Z, eCJM 5TO 3HAaYeHHme Z ecTh
B rabamme. Tabampma Tawk:ke «marasmgHeey
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CIOKHON (QOpMyZBl, II0 KOTOpOHd 3ada-
CTYI0 TPYAHO OUEHUThb B3HAYOHWS, OpPU-
HAMaeMBe GYHROHe#dl; ONHAKO IpocTas
dopMysa, ©Npm HEKOTOPOH IPHBHUYKE
B UTeHUN TaKEX (OPMYJ, YacTO IO3BO-
nger OwlcTpee npemcraBuTh cebe  xof
$GyHROUN, YeM HeBHIPASWTENBHBEIHA PR
qnces (tabamma).

B ectecrBenHBIX Haykax W B TOXHHUKE
YacTo BCTPeuaercss TaKoe IOJIOMKeHHe,
KOTJla TEOPHYW HHTEPECYIOINeTo HAC SIBJe-
HEs erie HeT u usuK (wam xwmMuk, Gmo-
JIOT, TeXHUK) MOKeT yKasaTh TOJBKO pe-
8YJAbTATH OPOACIAHHKX MM OIIBITOB —
BABHCHMOCTh HCCHEYeMOH BEIWIMHBLL OT
BEJMYMHBL, 3agaBaeMoifl IIPuM NOCTAHOBKE
ounra. Tar ofcronmr meso, HaUpuUMep,
OPH HCCACHOBAHUN 3aBHCHMOCTH COTPO-
THBJIEHHA TPOBOTHHKA 0T ero TteMmiepa-
rypel. B sroM caywae QyurIiuomambuas
BABIICIMOCTH MOKeT OBITH 3aJjaHa TOJBKO
B BuAe Tabamunl, CyMMODPYOmeR pesyib-
TATH OMEITA.

W3 onmra mssecrHo, 4ro masg JaHHOTO
HPOBOIHIKA (A3 TAHHOTO MaTepuana, JaH-
HOTO CceYeHns W JAHHON MIMHEL) IEKTPU-
gecKoe COOPOTMBIAEHHWE BaBHCHT OT TeM-
meparypst  uposofgHuxa. llpmw kaxmom
3HadeHunm TeMuoeparypsl 7 IPOBOJHHUK
HMeeT oupelefeHHOe COUPOTHBIeHHMe R,
Tak TTO MOMUIO TOBOPHTH O TOM, 9TO
couporusienne K ecrb Pydrmua TeMmie-
parypu T. IlpoBoms m3MepeHmsi, MOKHO
gafire sHadenusa R opu pasamuamx T
® TaguM o0pa3oM HAlTH BaBUHCEMOCTh
R (T); mpm »TOM pe3ylIbTaToM OIKITOB
ABAAeTCA Tabamia, B Koropoll maHH
sgadenus R upm pasamuEHx I, Haopm-

Mep, cIeRyIolmasn:
T (8 °C) 0 l 25 l 50 I 75 ’100
R (8 0x) | 112,0 ! 118 4 { 124,6 , 130,3 * 135,2
Eeau mac nnrepecyror smavenus R

npu TeMIepaTypax, He BXONAMUX B Tab-
JHIY, TO B UPHHIMIE HYKHH TOUOJHH-
TeJbHLIE W3MEDeHus, TaK Kak ToyHad
dopmyna, Jaromaa sasmcuMmocTh R or T,
Hem3secTHA. OOHAKO MPAKTAYECKH Beerja
Mo:KHO uomobpars upmbrmuenuyio ¢op-
MYJaY, XOPOINO COIMIACYIOMYIOCH ¢ OHEITOM
O TeX TeMIeparyp, IPH KOTOPHX Ipo-
BefeHH maMmepeHus. BospmeMm, mampmmep,
COOTHOIIEGHHTE

R =112,0-40,272T — 0,00047%  (1.1.5)

U COCTABUM L0 3TO¥ (opMyse cienyomyio
rabanmy:

T (s °C)’ 0 l 25 50 75 100

124,6 | 130,15 | 135,2

R (8 Om) ‘ 112,0 ‘ 118,55

IIpr 1ex remmeparypax, Ipu KOTOPHX
Ipomenansl #3MepeHns, gopmyaa (5) maer
sHadenmsa [, odenb Giamskme ® HabIdI0-
maeMuM Ha omsire. IlosroMy BakoHHO
OPENUOJOKeENe, 970 U OPH IPOMEKYTOY-
HEIX TeMmmeparypax (manpmmep, nmpu =
=10, 80 mam 90° C) sra Ppopmyaa rar:xe
NPaBWJIBHO OHMCHIBAET YyHKOMOHAIBIYIO
sapucumocte R (7). Maremarmrm ¢op-
MyJUPYIOT TOCTeNHee YTBEDIKIEHHmE, To-
BOpA, 910 Haligewnasa sasmeumocTs R (1)
He maer Ooabmux OoMImMGOK Upu URMEpPNO-
AAYUU, T. €. IPH HEPexofie OT M3BECTHHIX
3HadeHmim J& K HOBHIM, IPOMEXKYTOTHBIM
MEKLY ViKe wumeomuMmuca (aTUHCKOE
c0BO interpolare o3ravaer «HORHOBIATEY).
IIpu sToM saBumcumocts (5) coupoTmBie-
mna R or temmeparyps I maswBaooT
IMOMPUYECKH HAlJIEHHBEIM 3aKOHOM, WJIH
amnupuneckoli gopmyaol. (llpmaararenn-
HOe «(AMOUPUIECKUIY (0T IPEUECKOTO CI0BA
empeiria — OOHT) 03HaYaeT (OIBITHHTY,
«IOJIYUYeHHBIA OUBITHEIM IyTem».) Ommaxo
sMOupudYecKaa QopMmyla HY:KEaercds, pa-
syMeeTcs, B IpOBEPKe: NIOTPEIHOCTH, MO-
nydaeMas IIPU ee HUCIOJb30BAHHM, MOJKET
0Ka3arbCsA MW [HOBOJBHO 3HAYUTENBHOH
(gcHO, UTO HAUEKHOCTH SMINPUICCKOR
¢opmyan Oymer TeM Brlme, ueMm 6GoJee
Tycroit aBaserca ceTka TeX HaGXImaeMEIX
3HadeHH NepeMeHHOIl, mCXOMA U3 KO-
TOPHX Mbl Toa0mpanyu JaHuyio GopMyay).
M cosceM y:x mesKemaTedbHO HCIOIB30-
BaHME SMONPUYECKOR (OPMYJNE 3a mpe-
JeXaMu WCCIeOBAHHOTO MHTepBaxa BHa-
YeHWE HesaBuCcEMMON TepeMeHHON (Takoe
Oponod:KeHne (GOPMYIK Ha3HBAETCA IK-
empanoasyuell — OT  JATHHCKOH  da-
CTANEL €X, T. €. «BHE»): BTO MOKeT npu-
BecTH K Oonpmmm ommbGram. Taw, Ha-
apuMep, MH He MOMKeM NPHMEHATH Gop-
myny (5) mpm T=-200°C umm npum
T=500° C, OoCKoJIbKY y HAC HeT HH-
KaKAX OCHOBaHWU O)KEOATh, dTO TPH
Bcex T sasmcumocrs R (T) wnmeer
sux  (5), T. e. ApmaercA Keadpamui-
Hol (BBIpasKaeTcd KBAXpaTHRIM Tpexwie-
HOM).
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§ 2. Kooppuunarei. Paccrossna m yrasi,
BBIPA;KEHHBIE B KOOPAMHATAX

Jusg warnsguoro wusobpameHums QYyHK-
NHOHAJIBHOH 8aBHCHMOCTH ¢ IOMOINBIO
pucyuka (rpaduxa) moap3yworca (Ops-
MOYTOJBHKIME [€KAPTOBLIME) K0OPOUHQ-
manu. IlpopefieM Ha IJIOCKOCTH [Be
B3AHMIO MEePHeTINKYIAPHBe TPAMBIE: 0Ch
Z, mIm ocb abeyuce, KoTopas OORYHO pac-
mojlaraeTcs TOPUBOHTAIBHO, W OCh ¥,
Wi oce opduram, KOTOPYIO LPOBOAAT
BePTHKAIbHO; TouKa O mepecedenus: oceil
HasplBaeTCA Haudaom kooplunam. OGHIHO
opepncrapasior cebe, UTO INIOCKOCTH, Ha
KOTOPOH NPOBeJeHH Ocu & H Y, HOCTAB-
aeHa wTepen BauMm  BepTHRAIBHO, Kak
¢reHa, LPoOTHB KOTopoir Bwl  cummre.
IIpm s10M 0CH X OKaHuUMBaeICs CTPEIKOIL,
HampaBIeHHONW cjeBa HaOpaBo, a oOCb
Yy — CTpenKoii, HaUOpaBleHHOH  CHU3Y
BBepX. OITH CTPeJRU YKA3HBAT, YTO
orpesor OP ocm z cYmTaeTcA IOJIOMKU-
TeJbuBIM, ecan on mper or O k P ciuesa
HANpaBo, W OTPULATEIBHEIM, Korga P
aeut aepee O; aHagoruano, orpesox 0OQ
ocu y Oymer momoskurenen, ecin ( JTeKHUT
peilne O, ®m orpmpatesen B o6paTHOM
caydae.

Kakpolt mape snadenuii £ n y, crRajykeM
=2, y=4, orTBeYaeT HA KOODAHHATHOMN
WI0CKOCTH OfHa Touka. iasa 1oro 9roOH
ee HOCTPOMTh, JOCTATOYHO OTIOKUTH HO
ocaMm aGemumee m opgmuaT oTpeskn OB =2

4
+ |+
/4 /
- +
= 7 i
/4 Vig
Pre. 1.2.1 Pue. 1.2.2

u OC=4 (npuveMm »TH OTpPe3KM HaNpaB-
JeHH BIOPaBO H BBEPX COOTBEICTBEHHO,
60 ¥ Hac u & ¥ y MONA0KUTEIbHE (puc. 1)).
Boccrasme B Toukax B m € nepuesgu-
KylIsapel K ocaM koopmmaatr Oz m Oy,
MH TOXYyYdNM B OePeceYeHnH 3HTUX oceil
rouky A (x=2, y=—4), umu, Kopoue,
toury A (2, 4) (puc. 1). Obparno, 4T06H
HAHTH KOODAMHATH LPOM3BOABHON TOUKHI
A miockocTH, MOCTATOTHO MBICIAEHHO OIY-
ctath n3 A mepuermurynspu AB m AC
Ha OCH KOOP[AHHAT U (IPOYecTL) 3HAUe-

HEA T B Y, orBedalomme TodKam B u C
(3TH 3HAYEHUA DPABHE JJIHHAM OTPE3KOB
OB n OC, B3ATHIM C COOTBETCTBYIONAME
snaxamn). Ilpm aTom B weThHipex weTBep-
TAX (mmm «xBappantax») I, II, I1I, IV,

4 1247
b—---- ©
VP i
L |
| !
] |
‘ |
e ! K14/
Puc. 1.2.3 ! “ari
it e R S L
L0700 V2 7 ) r
b !
Fr7) i
———————— )
172

Ha KOTOPHE OCH KOOPJMHAT NeNAT IIo-
CKOCTH (puc. 2), 3HAKM RoOpAmHAT Oy-
oyT TakoBH: (—+, =) (T. e. HOXOKHETEIb-
Hag a0COECCA & M HOJSOMRHTeNbHAA OPJII-
HaTa y)v (_—"7 +)7 (_"7 —) n (+7 "—)
coorsercteenno. Ocm aGemmee Ox oTBe-
gaer sHavemme y=0, a ocH opamHAT —
sHadernme z=0; uadamo xooppmpar O
mmeer koopgmuartst (0, 0). Ha pme. 3
r200paskensl HECKOJAbKO TOYeK W BHIH-
camsl WX KOOpPZHHATHL.

Ilonesso nayumthea OHICTPO oLpefe-
JSATh HA IMa3 NpUOGAHKeHIbe 3HavYeHns
KOOpIMHAT B3aflaHIbIX HA PHCYHKAX TO-
9eK W JIeTKO HAaXOAHTh TOUKH, OTBEYAIO-
mpe TeM WM WHHM H3BECTHEM HaM
3HaYeHUAM Roopamuar. Ilpaxrmyeckn
yno0HO HAXOMUTH TOYKH M CTPOUTH Ipa-
$UKE ¢ TOMOINBI0O MIJLIUMETPOBOH Gymarn,
Ha KOTOPOH yiie BapaHee UpoBejeia
CeTKAa B3AUMHO HEePIeHAHKYIAPHEX JH-
en#t. Tak, manpummep, MH peKOMEHIyeM
IuTaTeN0 Nocraparbes, e npuberag HH
K KaKAM BCIIOMOTATENBHBIM IHOCTPOGHUAM,
Ha3BaTh KOOPJWHATH H300PaKEHHHX Ha
puc. 4 Touer A—N.

3agaHue QNBYX YmECea — 3HaYeHAN I
W Yy — oupeeiser HOJOMKEHHEe TOYKH HA
naockocTu. [losromy m Bce reomerpmdve-
CKHe BeJIWYMHBI, OTHOCAINHECH K B3TOf
TOYKe, MOKHO BHPasuTh dUYepes KOoOpaH-
HaTH TOYKH.

Hatinem, wnanpmmep, paccmoanue r
TOUKH A ¢ KOOpAMHATaMH Z M y OT Ha-
9ajia KOOPAWMHAT, T. €. MIHHY I OTPesKa
OA, coeguHAOIMNEro Havajo KoopgmHAT O
¢ touko#r A (pmc. 5), a Tak:Ke yroa a
Mesxay npsmoit OA u ockio alcmuce.

Onycrum ms A mneponempurynsapu AB
u AC Ba ocu Koopaunar. J{imHa oTpeska
OB pasua | z |, nanaa otpeska AB pasHa
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pamue OC, 1. e. |y |. U3 mpaMoyroas-
goro tpeyrosbamra OAB 1mo 1Teopene
IIndaropa Haxommm

(OA) =r>= (OB 4 (ABy =1+ 42

4/

Pue. 1.2.4

TaruM odpason,
r =z y* (1.2.1)

Haaee. mo ompegelenuio TaHreHca yria,
mMeeM

AB _y 5
tg’/-:W:?. (1.2.2)
Tax, wmampmmep, uycTh z=2, y=3

(car. pue. 9). Torma
r=y13~3,6, a=arc tg%—%56°.

SaMenm, TO Yroa o OTCUYATBIBAETCHA
OT DOJOMUTEeJIBbHOTO HaIOpas-
JeéHns OCH X B HaupabJieHnu, I P O T HU-
BOODOITOHOM JIBIKEIIAO qacoBOK

4
41227

-

Pue. 1.2.6 81227

(Al

crpeaku. [looromy, manpumep, ecan y=2,
=—2 (cM. Toury 4 ma pumc. 6), To yrox

o —rynoit, tga=—5=-—1, a=135"

Korga 1touka m;esmur mmme ocu z, TO
YroJ o oOKaseBaerca Oomblmimm  180°:
TaK, Aas rouek B (2, —2) m C (—3, —3)
(cM. pumc. 6) mmeem a=315° (roura B)
n a=225° (rouxka (). Tax Kar cTOIb
60 1bIINe YTIAB HHOTHA OKABHBAIOTCA He-
YROGHBIMII, TO B 9THX CIYYadX MOKHO

OTCUYHTHIBATh YTAB OT HOJOMKHETEIBHOIO
HAOPABIEHHSA OCH & B HANDPaBICHNOH,
coOBUOAZAIMEM ¢ HATPABICHHEM
OBEKEHUSA YacoBOl CTPENKH, HO cUMTas
UX OIPH 9TOM O TP HUIMATEJ bHBEM I,
IpuM TAKOM COTJAMeHHMHd gJId TOYKH B
nmMeeM a=—45°, a gaa rourkm C momy-
Jaem a=—135°, J[IpyrumMu cmoBamm, MH
MOSKeM CIUTaTh, YTO YIOJ o H3MeHAeTcd
anbo B mpefenax or 0 mo 360° (mpuuem
s3Hadenns 360° om me npummmaer, ubo
Tytr yraobGHee cuumrtars o=0°), ambo or
—180 mo 180°, nupmueM BHAYeHHA o=
=—180° u a==180° oTBevwarT TOUKAM,
OPUHAAJIEKAIINM OTPHIATETbHONR IOy~
ocm» ocm x (IpUIeM 3]IeCh 3aKOHHH 00a
DTN BHAYEHUA a).

®opvyna (2) B 2TOM OTHOIIEHUH He
mOJIIIa: OHA He MO3BOIAET YCTAHOBHUTh,
pacIoNosKeHa I paccMaTpuBaeMas TOYKa
B I mau B 1Il wersepru roopmmmaTHOi
MIOCKOCTH (MM MOmajgaeT Jm oHa BO 11
mian B 1V dermeprTh), MOCKOJIBLKY B 3THX
9eTBOPTAX TAHTEHC IIMEET ONHH H TOT 3Ke
sgak. Jas toro 9ro0sl momHoOCThIO Ompe-
OeJUTh BEIWIMHY o, HAKO0 elle ydecThb
BHAKI Z U Y, IO3BOJIAIONIIC OIPCReTnTh
4eTBEpPTh, B KOTOPOA HaXOZUTCA TOUKA,
W  BOCHOJB30BAaThcH Golee TOJIHBIMA,

geMm (2), HO u Goiee CIOKHBIME (OPMY-
JaMH:

cosa=—, sina=-=,

(1.2.2a)
rae r=yz* -y

Jlerko pemurs u ofpartHylo 3agady:
oycTh AaHO, 9ro Touka A HaxommTes Ha
3aJaHHOM pAacCTOSHEHM I' 0T Hadaja Ko-
opauaar O u orpesok OA oGpasyer yroa
o ¢ OCchI0 Z (HOEpasyMeBaeTca — ¢ II0-
JOKUTENbHON, TPaBOd WACTHIO OCH ).
Tpebyerca Haiirm kooppmuatel Toukm A.
W3 puc. 5 momydaem:

r=rcosa, y=—rsina. (1.2.3)

Ita GOPMYIBI BePHH Ge3 BCAKRUX HCHIIO-
YeHnil, mIa J00KIX MOJOKUTEABHEX I
OTPUIATENbHBIX YIJIOB o OHM NPaBHIBHO
VKa3elBaOT 3HAKK & W y B JI1000H det-
BEPTH.

fAcno, wro momoskemme Toukm A Ha
OJIOCKOCTH MOKHO (PMKCHDPOBAThH, YKa3aBb
gBa THCNA T U Y, & MOKHO BMECTO 3TOTO
3agaTh paccroanme r m yroa «. Ymena r
U o HaBBIBAKT NOAADHBLML KEOOpOunamamny
T0YKE A; mpm stoM Touky O HaB3HBAOT
nOA0COM TOIAPHOI CHCTEMEI ROOPIHWHAT,
a ayas Oz — noaspnoii ocvio (ock Oy
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B OUPEICHCHHH HOJIAPHON CHCTeMLI KO-
opiAmHAT He ydactByer). Takmua oGpasom,
dopmyns (2a) u (3) ykaswBanT npaBmia
mepexofia OT HAEKaPTOBHX NPAMOYTONb-
HHIX KOOPAMHAT TOYKH K COOTBETCTBYIO-
MAM UM TOJIAPHEIM B HaobOpoOT.

Ilepeiimem K B3agauaM, CBA3AHHBIM
¢ aByMa toukavu A; m A,; KoopamHATH
nepBOH ToOYKE obosmaunm z;, Y, KOODIH-
HATEL BTOPON TOYKH — Z,, Y, (pmc. 7).
Halinem paccmoanue 1y, MesRny BTHMHE
TOYKAMI H YTOX oy MEJRIY OTPE3KOM
444, m ockio z 1,

¥YgobHno mposecTH depes TOURYy A,
OpAMYIo, TMapaljJelbHYI0 OCH I, a 4Yepe3
TouRy A, — IPAMYI0, DapadIeAbHYI0 OCH
y (Ha pme. 7 oHu TPOBENEHH MYLUKTUPOM,
a ToUKa HUX Oepecedenns 0003HaYeHA
Oyrsoir B). llpu »10M B Tpeyroabumke
A4,4,8 orpesox A;B pasen |z,—z, |,
@ orpesor A,B pasen | y,—y; |. llo-
ctpoerne AAA,B nogo6HO mMOCTPOCIINIO
A OAB wa puc. 5.

&

VPHC. 1.2.7

7 z

o rTeopeme Ilmdaropa

- 2 2 1
ra = V(@ — 2))* - (g, — y)* (1.2.4)
¥roll oy, HAXORUTCA W3 YCIOBIH
V2 — 1 -
L A S ¢
tg oy, P (1.2,5)
mIu (cp. (2a)) us
Ty — T Ta — T
CO8 dpp =2 no_ S ,
12 \/(IZ_II)-‘,—(!/'Z—.’/I)Z
(1.2.5a)
. o —= 1 Yo — 1
Sin g = Y2 : Yi_ Ye—1U1 _.
Tz V{zs — 21)* = (3 — y1)°

* 3maukil cundy OYKB NasbBawTCH undercany
(0O-IaTHIHII «HIJEKCY BHAYHT «YKA3aTelby), Up-
TaeTCa TAROe BHIDAKEHIIE: Ty — HKC-OAmI, Ay —
a-18a. OmunaroBile GYyKBH ¢ pa3sHBIMII ITHIEK-
CaMI TPUMEHSIIOT BMECTO PAasHHX OYKB I TOTO,
9TOOM TOKA3aTh, YTO pedb MAeT O IOXOIKHX
(2O B TO ie Bpevs pasHeix) Bexndmaax. Tak, ma-
OPUMEP, BEJMYHHK Iy I Zy 00e ABIATCA «UK-
caym» — alCHUCCaMIl, HO OTHOCATCA K PAasIibIM
Touxanm. Benmunus, ofosmavaeyeic pasmbvi
{yKkBaMi, HO € ONIHAKOBEIM MIJEKCOM, OTLO-
CATCA K OANOIl II TOii sKe Toure: 4; — 000o3HaTe-

Ynratens pommen yGemmrbes, uTo
dopmynnt (4), (5) u (5a) npasmabust Tpu
AI00BIX BHAKAX BCEX YeTHPEX BeINYmH
Ty, Y, Ty, Yo W Opu O106HX COOTHOIIE-
HEAX ME/KAY KOOPIWHATAMHI: MOKeT OBITH

/ /Z/jﬂ
[
!

7 g

&

74 / Z

Pue. 1.2.8

Ty >y WL Ty < Ty, Yy > Yo WIH Yy < Y,-
Taxr, mampumep, pmc. HIAICTPUPYeT

caysair z; <0, x, >0. 3mecs A,=
=4,(—2,1)m 4,=4,(3, 3). B arox cay-
4ae gimHa orpeska A;B pasHa cymme
aGeomoTHEIX Beamunn | z, |=2, | z, |=3,
HO 3T0 KaK pa3 H COOTBETCTBYeT obmei
dopmyie

A B=z,—x, =73 —(—2)=35.

AHaTOTHYHO TPABMILHLL W BHPAKEHIIS
oadg ry, u 1g a.

Ynpasenenusn
1.2.1. M306pasute Tourn
(—1, —1); (1, —1).

1.2.2. Uaobpasmre tourm (1, 5); (5, 1);
(—1, 5); (=5, 1); (—1,—5); (—5,—1); (1, —5);
B, —1).

1.2.3. UsoGpasire Tourum (0, 4);
(4, 0); (—4, 0).

1.2.4. HaiinuTe paccrosnme oT Hauama Ko-
OpAUHAT 1 yrox o muda Todex (1, 1); (2, —2);
(—3, —3); (—4, 4).

1.2.5. Haiimute paccrosmme Mesmy ma pamMu
Tower: Ay (1, 1) m 4, (1, —1); A; (1, 1) u
Az (—1,—1); 4, (2,9 ud, (4, 2); 4, (—2,—4)
u Ay (—4, —2).

1.2.6. Bummmure KOOP/IHATH BEPIINH KB
paTa €o CTOPOHOI @, eciui JHATOHAN KBAaJpaTa
COBIIAMIAIOT C OCAMH & U J.

1.2.7. BunupmuTe XOODAMHATH BepLINH opa-
BIIBILOTO TMECTHYTOMBOUKA CO CTOPONOit a,
€CJit 0JlHa U3 €TI0 AMATOHAJeH COBIMALAEeT C 0CHIO
z, a UEUTD JeKUT B 1IAYAJe KOOPAHHAT.

1.2.8. a) Brmnmmmre KoOpAUHATEH BepIIni
PABIOCTOPOHIETO TPEYTOJBIIKA CO CTOPOHOH a,

O, —4);

>

e HCKOTOPOH Tourm, 2; — ee abcmueca, y; —
opimmata, Mmorga upu Oykse craBaT m fga
IH7IEKCA: TAK, UATIPUMED, ry, (YUTACTCH: 3P-OLMH-
AB&, a HE 3p-IBEHANTATL) — 3TO PACCTOSHME
MERAY TePBOi (4;) m BTOPoil (4,) Toumamu.
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OCHOBAHWEM, TIPUHAJIEKAIMM OCH z, W Bepin-
HOU IPOTUBOIEIKAIETO YIia Ha ocH y. 6) Pemmre
Ty 3Ke 3a/la7y ANA CIydasg, KOTJa OCHOBARHME 1P~
HAZJEKAT O0CH z, a BepIIHHA OFHOTO U3 YIJOB
COBIAJaeT C HAYAJIOM KOODHAMHAT.

1.2.9. Jaua rouxa 4y ¢ KOOPAUHATAMI Xy, Yy.
BemmmuTe wrooppumHaTH TOUeR A,, A; n Ay,
CHMMEeTPHIHEX A OTHOCUTEIBHO COOTBETCTBEHHO
oceil * M ¥ M OTHOCHUTEJBHO Hawaxa koopmuuar O,

§ 3. I'pagmuecroe n306paskenne PyHRImiL
YpaBuenme upsMoii

Kax M1 3maem m3 § 2, KayKol mape 3Ha-
YeHWM BEJNHYMH & O Y COOTBETCTBYET
oupepeienHas T0IKa miockoctu. Ecam y
ecTh (QYHKIUA OT X, TO KaKIOMY 3Hade-
HOIO Z 0TBEUAET OlIpelleIeHHOe 3HAUCHHE Jf.
CrenoBaTenbno, 3a7aBagch MHOTHMHA Das-
JUYHEIME 3HaUeHumAME &, MB naiiem
pas3iInMvHKE COOTBETCTBYIOIHE HM Y, II
TN mape 3HavYeAWil (z, y) HAgyT MHOTO
TOYER HA MWIOoCcKOCcTH. Keam yselmimparh
Yp@ea0 OTAEABHBIX BHadeHmit z, Oeps mXx
Bee Gonee OamskmMm Mexmy coloil, To
B KOHIIE KOHIIOB TOTKM CJIUBAKTCA B CILIOM-
HYI0 KpHBYI. JTa KpHBad HA3HBAETCA
epadukom QyHRONH.

O6baH0 moCTATOYHO HaHeCTH HA TPpa-
(UK HECKOJIBKO TOUYEK, TOCIe JYero Ipo-
MeKYTOUHERE TOUYKH H Bech rpadur Qyuk-
OHE MOKHO IOJYYNTh, COENHMHAA ILIaB-
Hoif nmHmell maHeceHmste ToUKH. OmHAKO

4 &
o]
Ay
o
© 1
i
Pl W NG W,
7
7| 7 z J z
Pne. 1.3.1 Puc. 1.3.2

Iaa Ttoro 9roGbi He Cesarh OPH DTOM
rpyOnx omunboxr, HY:KHO uUMETh oOHee
npeficraBlenne O BHje KPUBHX, m3obpa-
JRAOIMEX pasnuinabie yHKnuE. Mo mag-
HEM ¢ MBYYeHHUS HECKOJIbBKHX THINYHHIX K
Hamboaee BasEEX yHROU.

Pacemorpmm  Tak  HasmEBaeMyo  au-
HeUNYI0 3aBHCHMOCTH
y=rkz--b. (1.3.1)

Ilycrs, mampmmMep,
Y= 2z —'— 1.

{IocTpouM HECKONBKO TOYCK rpadmea Jam-
HeWHON 3aBWMCMMOCTHU; COOTBETCTBYIOINIE
3HAYEHNA & U Y OpUBEleHbl HHKe:

!
{
|
i
i
|
|
1

I
JnDaE

W3o6pasum »TH TOYEM Ha NJIOCKoCTR
(puc. 1). bpocaercas B Twmasa, 9r0 Bee
HaW® TOYKH JIe}RAT HA OfHOH WP,
B raroM caydae, HmpoBOgA 5Ty OPsMVIG
AEHAK (0TCIONA HAB3BAHHE WINMeHHas 3a-
BHCHMOCTBY, «JIHWHEUWHAS QYHRIUA®), U0-
Ay9uM HONUHN Ipaduy (yHRImM: 05
a1060T0 Z COOTBETCTBYIOMIAHA TOUKA (X, y)
UDPHHAICAUT OPAMOU, COeqMHAIOMEe Ka-
Kpe-1mb0 gBe TOUKM rpadura.

Rar gorasars, 4ro mis mwoboil Gynx-
nun BEAa y=kxr-+b (upm awbeix & un b)
BCE TOUKH ee TPaguKa OPHIaIesKaT OqH 0k
apsmoit? IlocrasmM caemywmmit Bonpoc:
KakK, 3Hasd KOODPAWHATH Tpex Todek .4,.
A, m Ag, BHAcunTs (6e3 wocTpoeHn#,
ImyTeM BHYMCIEHUS), JeKAT JIH DTN TOUKH
Ha onmoll mpamoii mam Her? OdeBmpmo,
49T eCJN YTOd oy, OTpesra A4, ¢ ochbio
T paBes yIay oy oTpe3ka 4,4, ¢ ocuio z,
To oTpesku A4, u A;A; npunapie;rar
ONHOYW TPAMOHA, a eciam 1o HE Tak, TO
He mnpuHagmesxkaT. Ha puc. 2 moxasan
CIydall, KOTAA oy3 > oy M TOUK2 A,
JI€KUT BEIIE OPOTONsKeHn T IPAMOI A, 4,;
H3 5TOT0 Ke DPHCYHKa BHIHO, 9TO eCim
OB o3 OBHIIO PAaBHO a4y, TO TOUKa A, Je-
Acama OBl HA TpAMON, TPoFOMKAOMeR
oTpe3ok A.A,.

W3 wopaskenma (2.5) mas  ranreHca
yria o clemgyeT, 9TO TPH op=d;; KO-
opgmHaTtl Toder A;, A, m A, csaszanu
COOTHOTIEITHEeM

Yo — 111
Ty — I

__Ys—h
T3 —ay "

(1.3.2)

He ofpamaschk ¥ TPUTOHOMETPHH, MOKHO
CKa3aTh, Y70 yciaoBme (2) — 3T0 yCaoBme
momo6ua ABYX OPAMOYTONBIBX TPeyTodb-
akos A;A,B u A;A,C (cMm., pme. 2).
Ilomobue TPeyToNbEIKOB I HPUBONUT K Pa-
BEHCTBY YTJIOB IpH Beplimne A;.
Coormommenwe (2) MPEMEEEMO W B TOM
crydJae, KOTAa TOIKA A; JeHHT MeHIy
Toukamn A, m A; (puc. 3): ecam Tpm
TOYKM JIeKaT Ha OJHOI OpsaMoil, To m3



§ 3. Tpadmuecroe msobpaskenme Gymrnmil. ¥Ypasaenne npaMoit

23

nogobua A A A,B u A A AC caegyer
npouoprnsa (2). B upmmepe, m3ofpaiker-
HOM Ha pme. 3, 23—z, < 0, ys—y; <0,
HO OTHOMICHHE HX ITOJOKHTENbHO M PaBHO
OTHOMMEHNUIO ABYX MOJORUTEABHKX BEJIHM-
IHH Zy—; U Yp—Yq.

v

J z

Pue. 1.3.3

Tenepr wposepmy, UTo ycaosme (2)
BHIHONHACTCH TIA JI000H TpPOAKM TOYeK
rpadura ammeitnoit ¢yurmmm (1). Pac-
cyorpmyM fBe 109K A (T, ¥yy) 1 B (25, Y),
KOODIMHATE KOTOPBHIX  YZOBIETBOPSIOT
ypapmenuic (1). B »roM caywae y;=
=kz,+b, a y,=kzy+b ®m yy—y, =k, +
Ab—(kz, 0=k (z,—2,), oTRYRA

Ya— U —k
Iy —2y

OTHOIIEHNE 0Ka3aJ0Ch HE 3ABUCALNIUM OT
2, u z,. CuemoBarenbrHo, u Ajs a000H
ApYyro# mapsl ToYeK TpaduKa, B 9aCTHO-
crn g napst Toger 4 (zy, yy) v C (z3, Ys),
[OJNIYYUM TaK;Ke

ys—yl_k__yz—!ll
Zq—x2p Ty — T °

3uaunT, miasA AOOHX TpeX TOYEK TIpa-
dura A (21, y1), B (2 yo) u C (25, Ys)
uMeeT MecTo cooTHomemme (2), T. e.
ao0ple TpW TOYKHU Je;KAT HA ONIOH TpsA-
MoOi#, a, CIeNOBATENBHO, ONHOH NPAMON
OpMHAIe;KaT B € € TOUKM Tpaduia Jd-
HeitHo#t ¢yurumn y==kz-+b. 3naunr, rpa-
dmroM yErmuu y=kzx-+b Asaserca
npaMad JHEHUA; 3Ty JAXHEK MH 9acTo
SymeM KpaTKO HASHBAThE «IPAMOA Y=
=kx-by» (B HallleM caydae ee TaKKe
MO/KHO HA3BATh WIMHAWeH (Wim LPsaMOil)
(1),

Ypasuenne y=Fkzr-+-b Ha3HBAOT Ypas-
Henuem npamoti. Rosgdumment k£ oumpe-
AenseT yTod MesKAy HpAMOdl B OChI0 Z.
IMopcrasasa B ypasaenue z==0, noayuum
y==>b. 3Ha4nr, ofHA W3 TOYCK NPAMON —
atro touka (0, b); 9Ta TOYRA JEKHT Ha

ocH y Ha BHcOTe b HaJ HavaJioM KOODOH-
mar (eciu b <0, To TOUKA JeKHUT IIOX
navajoMm KooppuHat). TakmMm ofpasoMm,
b — 570 opgEmHATA TOUYKMW NepecedeHus
upaMoit ¢ ocbio y (WHOTHA BeJWUARy b
HAa3HBAWT «HadanbHON opAmHaTOd» HpA-
Moit), |b | — mnuEa oOTpesxa, oTceKae-
MOTO IPAMOI Ha ocu oppmHAT (B ciaydase,
naobpaskennom Ha pme. 1, b=1).

Ias toro 4roOH DOCTPOHTE UPAMYIO,
COOTBETCTBYIOIIYI0 MAaHHOMY YDPaBHEHHIO,
e HYKHO BHMIUCIATH KOOPAWHATH 60Jb-
Moro dYmeja TOYEK W HAHOCHTH WX Ha
rpaguk: SCHO, UTO €CJIE HOCTPOEHH [BE
TOYKH, TO TEM CaMHM HOJHOCTHIO OIpe-
JeleHa UpAMasg, OPOXOAAmMAA Uepes3 3TH
roukn. MomHo, Haupumep, Bcerga Oparh
ase tourn (=0, y==>b) u (x=1, y=>b-+k)
I NIPOBOJUTH HPAMYI0 IO DTHM TOUKAM.
Mosxro B KavYecTBe BTOPOH TOYKH B3ATH
TOYKY LepeceueHns HNPAMOR € OCBI0 &
(t. e. TouRy =2, y=0). s ycrosus
y =kxy, 0=0 maitzem 3;0:—-%,

Ilonesmo Tak DOYNpa)KHATHCA B UTO-
CTPOCHNH TPaduKOB, 4TOGH ¢pasy, ¢ Of-
more B3JIAHA HA YpPaBHEHHE, OPHEMEPHO
upegcraBuTh cebe o0mumir BEHE COOTBET-

CTBYIOINEH JIMAAM, Tak CKa3ath, «XOMm»
nHTEpecyome# mac QyHKIHN.
Hasa nunefinoft ¢ymrmum, rpaduxom

KOTOPOM sABJsAETCA OpAMas JAWHUA, 37O
cOBCEM JieTKo. Beab Ha caMoM fjexe Xof
OpAMON BaBHCHT TOJNBKO OT OBYX BeJU-
qun k& m b, BXOQAIIMX B ypaBsHeHne Hps-
moii. Taxkmm ofpasom, Hy:KHO pasobparhb
He TaK YK MHOTO BAPHAHTOB: K MOKET
OBITh TOJMOKUTENBHO WIAH OTPHUIATENbHO;
k mosker OHTh GOABIIAM HIAM MAJHEM [0
abcomoraoit seamumme (Goabime 1 mam
meusblne 1); b MoykeT OHTH NOJOKUTENb-
HBIM WJIH OTPHUIATE]bIEIM.

ITokasxeM, Kak HPOBOAUTCA TaKOe HC-
caemoBaHMe.

Hagnem co cayuas b=0, 1. e. ¢ ypas-
nenua y=*kx. CoorsercTByomas npdamMad,
OYeBHUIHO, OPOXOMHT dYepes Hadalo Ko-
opgmHaT, T. €. depesd toury r=0, y=0.
Ha pume. 4 nokasano HeCKONbKO IPAMEIX
¢ PasIMYHHKME 3HAYCHUAME %, 0003HaYeH-
HBEIME Ha 000UX KOHIAX Ka)KToH IpaMoi.
IIpoBepbre 1NpaBEIABHOCTH NPOBEHEHUA
Ka:kpo¥ npsamoi, m torfa B yGemmrech
B IOPaBHJIBHOCTA CJAEYIOMUX OOIMEX BHI-
BOMOB:

1) ecam £ > 0, 10 npamaa newur B 1
n III werseprsix; ccom %k <0 — Bo II
u IV uerseprax;
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2) npu k=1 wpasmas aesmmr B I n 111
d9eTBEPTAX, NUpHYeM JyY, UPUHAFIesKA-
muit I werseptn, obpasyer yrom o=45°
¢ OChI0 Z, T. €. JeIHT LOMOJaM YTOJI
MERIY OChI0 Z W OChbI0 Y (HAIOMEHM, 9UTO
OJl CJOBAMH «YTOJ C OChI0 Z» IOLPasy-
MEBAeTCA YToJM ¢ UONOKUTEIbHHM Ha-
upapjieHueM OCH Z, IOKa3auHHM CTpel-
koit). Ilpomosmmenme npsamoii, memaimee

&

w= #=7

Punc. 1.3.4

w=n

K=Y

B II1 werseptn, oOpasyer ¢ 0¢bio Z yroa
o=—135" — B »rOM ciydae IpaAMan
apasgerca 6uccekmpucoi 1 u 111 woopdu-
HAMHBT Y2408,

3) mpu k=—1 acrTs OpaAMOH, JeKamas
Bo I1 werBeptu, obpasyer yrom a=135°
¢ OCBhIO X, a NpofoisKeHne npsamoi B IV ger-
BEPTH ~— yrol oa=—4D°; nmpaMasg ABIA-
erca 6uccekmpucor 11 u IV roopdunam-
HBLL Y208,

4) ecim | k| <1, npsmas mper mo-
J0TO, T. €. OAMIKE K OCH X, 9eM K OCH V,
n TeM OoJee LOJOTO, deM MeHbIne |k|.
Eenmm k| > 1, wnpamas mnger =xpyro:
fumske K OCH Y, 9eM K ocu & (TeM Kpyue,
gem Goabime |k|).

Ugcno k, xapaKkTepusyoinee «KpyTH3HY»
opaMo#, 3ajjaBaeMyl yrioMm o, ofpaso-
BAHHBIM IIPSAMOH € OChK &, HA3BIBAETCH
Yyeao06um KOIPPuyUenmom, Nin HAKAOHOM,
upamoii; MBI damie OymeM ynoTpelaATh
KpaTKOil TePMUH «HaKIOHM.

Tenmeps, KOTA 5TO YCBOEGHO, MBI MOKEM
mepeliTe K obmiemy caydaio: b=£40. Ilycrs
IMeIOTCA [Be INpAMBe: npsaMas y=Akz
(manpmmep, y=0,5z; pumc. 5), B ypasue-
auw (1) xotopoit b=0, m npsamas ¢ TeM >Ke
HarjioHoM k, HO ¢ b=£0 (wanpummep, mpsa-
mMasgs y=0,0z-}2). Haz ypobersa mMul
Gymem nmcarb i y,=0,5z, y,=0,5z--2.

1 3xech MH ONB3yeMCS NHJICKCAMHA HECKOTBKO
uHave, HYeM paHbIIe. Beanumua y, OTHOCHUTCA
K IIeJ0i NPAMOM, 5T0 He OpPAMHATA OIpeJeseH-
HOl TOYKM, a OPAMHATA IPOM3BOABHON TOURH
OlpefieleHHOH NpsAMoil — Toil, KoTOpofl oTBe-
vaeT 3Havenue b=0; TOYHO TAK 3KE€ 3aTHCH Y

Ilpn xra/k;moOM pamEOM Z BesmuTHAa Y,
Ha [Be efmHMNB Ooxbuie ¥, JHaduT,
TOYKH OPAMOH Yy, IOAYYAIOTCA 13 TOUEK
OpAMOR Y, ¢ TeM Ke X CHBHIOM Ha JBe
equHAOH BBepx. [losromMy npsamas y,
napajijaelibHa OpPAMOIl Y, U JIEKAT B BI-
me HeEe Ha pgBe emuHmmel. OueBmIHO,
9TO TaKOe IPaBWIO CIPABeIJINBO IIDPH
aoboM b (ecnm b < 0, To mpAMag JIeRHET

=4 =4Iz +7
t ‘;/"//7:/"7‘2-
e
|
Pue. 1.3.5 //_
.
7| 7 7
Iou ke Hadada KOOpamHAT, HUKE CO-~

oTBeTCTBYIOmel mpsimolr y=Fkx).

YcBomB, Kak HAYT LPSAMBE ¢ ypaBhe-
NUAMUE Y==Kz OpHU pasidmdHblX K, MBI Te-
nepnb Jerxo npegacrasuM cebe obmmi xox
upavoit y=*kz--b c¢ nwodema A u b.
YupasHeHnus [Uisi  TPEHHPOBKH  JAHEL
B KOHIe maparpaga. DB uacrtaoM cayuae
k=0 Domyduaerca ypaBHeHme y==06 (mof-
pasyMmenaercda, 4T0 y=—b Opm 710 6 B X
BHAYENUHAX &), UeMy COOTBETCTBYET TIo-
PUBOHTAIBHAA OPAMag, HARJIOH KOTOPOIf
pasen myaio (pmc. 6).

Mosxno mnpeacraBurh cefe Demlexofa,
UAymieTo WO OPAMOH cieBa HAIpPaso,

4
f/mj

JI z

Puc. 1.3.6

B CTOPOHY BO3pacTaiONuX SHaYeHUN z.
Ecan k& >0, to pemexox mogammaercs
B ropy (HaKJIOH TONOMKATENICH); eclH
k <0, memexonm umer wmom ropy (oTpu-
maTeJbHBI Ha®IOH); eciam k=0 (cayuvait
HYJEeBOTO HaKJOHA), TO OYTh NeUIexofa
OPOXOAAT IO POBHOM MECTHOCTH — OH
rOPU30OHTAJICH.

Harmon %k yrassipaer oTHOIIEHEWE M3-
MeHeHHS (YHKIUH K COOTBETCTBYIOMEMY
W3MeHEHUI0 aprymenta ¢ymkumm. B ca-
MOM pene, HAA JA00KX ABYX TOYER

OTHOCHTCA K LPSAMOH ¢ HAYaJIbHOH OpPAHHATOHR
b=2. Taxum oOpasom, 37iecb Yy, H Yy — 3TO
ue dnema, a QyERIEE; Yo=Y (z) T ys=y; (z).
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A (z;. y;) u B (z,, y,) rpadura sumeinoi
QVHROIU  1mMeeM

viw) —y(@m)  Fm4b—(hm4b)

Lo — Iy Lo — T

Taroe ortHOUTIEHNE MBI YiKe BHYRCIAIN
BbIIIe. KOTHA [OKA3BBAIMN, 9T0 JHHeHRnas
QyHEIMA Ha rpagure usobpakaercs nps-
aoit auHneii. B oGinem ciaydae npousBoib-

g

y:ﬁl‘ +0
(253 f

_PHC. 1.3.7

Holt ¢yHrmmm y () aHamoruvoas BeJH-
Y (Z2) — ¥ (7))
Ty — X1
MEARIY OTPESKOM, COeAWHSIOMUM TOUKH
(1, y(z)) m (2o, y (%)), m ockio abe-

muce (pme. 7, a).

Juneftnag QyHROUA OTIAHMUTAETCA TEM,
UT0 IS Hee HTa BeAWYAHA OfIHAKOBA JIA
Jq1000If Lapsl TOUYEK: OHA He 3aBHCAT I
0T 1y, Uit ot z; (puc. 7, 6). Hosromy u
IOTYYaeTCs, UTO BCe TOUKH rpa@uKa jH-

4rHa paBHa TaHTeHCY Vyria

4
X
JA
Pue. 1.3.8
Slwl) 7 Z
geilnoil (QYyHRINM TPHHAAIEKAT OO
LPAMOM.
Jameriy ewe, 9ro PsSMas, liapai-

nelbHag ocu y (Taas IpsaMad e AB-
JAeTcA TIPadUKOM HHKaKoil JyHKmuu),
3anuchblBaeTcss ypaBmenmeM x=a (I0f-
pasvMeBaeTcs, 910 T=a, a y MOsKeT OBIThb
KarUM yrogmo; ci. puc. 8, rme a < 0).
Yrzosoit roadunuent b TaKoil mpamoi
YMECTHO cunTath Oeckoneunvim {(k=co):
Beib B 3TOM CcJIydae OTHOMeEHHmEe k=
==Yy (x,—z;) THE (ZT1,41) B (Ty,Y)
— TOUKM Hammed npsmoir, OGymer mmerb
B ¢/0 (npamas z=a — upsamaa Oec-
KOHEIHOr0 HaKIOHA).

Tenepp sierxko Hailtw ypaBHeHue nps-

MOH, npoxodsiyeri uepes OAHHYI0O TMOUKY
M (x4, y,) ¥ umerwyeli usgecmuulii Hakaow k.
Takroe ypasmenme Oymer mmers supy (1)
(rme k£ wam wusBecTHO, a b — moKa meT),
OprIeM eMy JOJGKHEL YIOBIETBOPATH 3HA-
qeHusl r=1z,, Yy—Yy, (pmc. 9). It0o yixe

K4
4

“p0 5/

Puc. 1.3.9

——

Va 7 z

HofCcKasbBaeT, Kak OyHeT BHTIAALETh TpPe-
OyeMoe ypapneHme — ero BHJ TaKOB:

y—y,=—=kx—ua,), (1.3.3)
I
y=kx -+ (y, — kz,). (1.3.3a)

B camoMm peme, markmom upsamoii (3a),
wru (3), paBer k; ¢ [ApPYTOH CTOPOIIEL,
noacTaHOBKAa B o0e dactm (J) 3HadeHmIl
z=zy U Y=Y, oGpam@aer sT0 PABEHCTBO
B rosrgectso O=0.

Y npanenernusn

1.3.1. Beracuwre, 7eKaT I HA OZHON HpHA-
Mmoil nan per Tpoitkm Towew: 4; (0, 0), 4, (2, 3),
Ag (4, 6); Ay (0, 0), A5 (2, 3), 4, (—2, —3);
Ay (2, —3), 4, (&, —6), 45 (=2, 3).

1.3.2. Tloctpoiite mpsimble: y=3z; y=3x-2;

y=3z—1;, y=2—z; y=2—0,5z; y=z—3.
1.3.3. Haiinure ypaBuenme mpaMmoli: a) mpo-
xogAameir depe3 Toary A (1, —1) u mMeromeit

HawiIox —1; 6) npoxopsmell wepes Toury B(2,3)
I UMewIeld nariod 2.

_11.3.4. HoramiTe, UTO YpaBneHume RayKIok
OPSAMOil 1eHYAeBOro (1 He OECKOHEYIHOro) Ha-
RIOHA (OpAMOHU, Ile TIapayeIsHod OCAM KOOpAu-~

z v

HaAT) MOKeT OBITH 3aMUCAHO B Bujle - Tb_ =1
(ypaBuenuwe IpAMOH B OTpPe3kax HA OCAX).
Hagoit reormerpudeckmii CMEICA HMeIOT (QHIYDH-
pPymlilue B 3TOM ypaBHEHHMU BeJWYOHH ¢ u b’

§ 4. OdpaTHas NPOIOPUIOHANBHOCTD
u runepdona. Ilapadona

HanoMurM Ipeskne Bcero nousTue npamol
RPONOPYUOHAILHOCMY IBYX BEIHYWH. 3a-
BHCHMOCTD

y—=kz (1.4.1)
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(reoMeTpmuecKH OHa, KaK MB 3HaeM,
BHpaykaercd IpAMOI JnmHmEed) o3Hadaer,
9T0 Y U3MEHSAeTCA RPONOPYUOHAABHO X:
BO CKONBKO pa3 yBeawdmBaeTca Z, BO
CTOJAbKO 3Ke pas ysedmumres m Y. Ipy-
rUMH  ¢jIoBaMM, IisA  aA00HX  TOUeK
A (z, y) v B (25, y,), KOOpDRUHATE KO-

Pue. 1.4.1

TOPHIX YAOBIETBODPsIOT 3aBmcumoctm (1),
BCerja

Ja_ 22
v &

(puc. 1, a). I'oBopsr eme, uro Gopmyuna (1)
BHPasKAET NPAMYI0 NPONOPYUGHAALHOCM
MeXTY y H z (¢ xoaggfuyuenmonm nponop-
yuonaavocmu k). Bomaee obmee ypas-
HeHme

XaparTepusyer IPOIOPOUOHAABHOCTE
(IpsSMO IPOHNOPMEOHAIBHYIO BABHCHMOCTD)
MEKIY LPpHUPAMEHUAME I—
He3aBUCHMOM IepeMeHHOIi W OTBEYaro-
muMA uM NpApaImMeHETAMH
Yo—Yy, PymErmunm: mas dwobHX ABYX OpH-
pamenm#t z,—2; W Z,—T3 AapPTyMeHTa
¢yaxmumu (1a) orBevaomue WM IPUpAIne-
HEA camoil ¢yHrmmm 6ymyT Lpomopimo-
HaJbHH  OPHPANICHUAM  apPryMeHTOB
(pme. 1, 6):

I/z—yl__!/4—ys_k
Ly — Ty _I4—$3_

(1.4.1a)

HApyroil wacTo BeTpevaloluiAcA BUN 3a-
BACHMOCTA MEKIY Y W & ONHCHBAETCH
dopmymoi

k

Y= = (1.4.2)

Tarkaa saBECEMOCTH Ha3HBaeTCs 00-
PamHuoll nponopyLoHaabHocmbvio (¢ Koah-
guyuenmom k) MRy Y ¥ 2 8[leCh ecau

toukn A (z;, y;) n B (z,, y,) yHnosierso-
pator ypasmesuio (2), T0 Z, BO CTOJIBKO

paa Goaxpme x;, BO CKOIBKO Y,
MeHbIIEe ¥y

I YN

z Y2

4 . k . k .
(I/IOO yz.y1=};.z—1=x1.m2).

3aMeTuM eme, YTO OTHOHDIEHHH NpAMOUH
u obparHOE LPONOPHHUOHAIBHOCTH [BYX
BeNIMIMH 63qumHbl: ecam [ npamo (ob-
PaTtHO) NPOMOPIUOHANBHO Z, TO U &
upsamo (05paTHO) NUPONOPHHMOHANBHO .
Oppako B TO BpeMA Kak KodP@umuenT
npsMo¥  NPONMOPHUOHANBHOCTH, CBASH-
parome#t x ¢ y, o6paTten xoshdu-
nmeHTy (OpaAMOR Ke) NPONOPIHOHAb-

HOCTH MERAY Yy W 2 (ecnn y=kz, TO

1 .
T ==+ y) , B cayuae obparmoff 1pomop-

OHOBATBHOCTH BeMWINH §y U T Koadpdu-
muenTs (oOparHoil) mpomopmUOHANEHOCTH,
CBABEIBAOINEE § C £ MW T C J, ONMHA-
k k

- Tom m:—).

KOBH (ech y= 7
,q

|

3

{

r

|

|

|

1

5/://‘2’

Puc. 1.4.2 /

V4

Jlwbus, ypaBHeHWe KOTODOH HMeeT BHA
(2), masuBaercsa eunepboaoti 1. Ha puc. 2
n3obpakena «eAUHNYHAA TEOepGoiay

1
y=

T b

(1.4.2a)

a Hup}{e NpUBEeHbl 3HaUYCeHHUA Y OpH He-
KOTOPBIX 3HaYeHHAX Z:

—0,1| —0,01

[

z{—1

_0,001] 0,001

0,01 i 0,1

(=N

y|—t _10|—100 _1000| 1000 ‘ 100 [ 10

1} Nan pasnobounoli 2unep604otl, NOCKOILRY
«rumepbojiaMa» MATEeMATHKE HA3HBAT INHEH,
HECKOJBbKO Gomee ofmme, yem kpmead (2). Mi,
OlHAKO, HHUT/E HE BCTPETHMCH € DTHME «O0IMMME
rumepfoJaMny U HOTOMY HPHJIATATENbHOE «PaB-
HoGounas» Oymem orGpacHBaTh.
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Qcobennocth TUnepb0JBE COCTOHT B TOM,
970 OPH &£ MAJIOM TOJOKHTEAbHOM Y
OUYeHb BeJIMKO, & [OPW MAJIBX OTPHIA-
TeJIBHHX Z BHAYEHHS ¥ TaKKe OTPHIa-
TeNbHH W T0 abCONOTHON BeamdmHe (IO
MOIYAI0) OYeHDb BEJIHKM.

91y ocobennocTb KpuBoit (2a) (mam
obmeit kpmsoi (2)) wWHOTHa BHpasKaloT,
roBopsA, 410 npu x=0 MH nMeeM 3HaYeHUEe
y= +o0, TAe BHAK «1» WM «—» 3aBUHCHAT
0T TOTO, ¢ KaKOH CTOPOHBI MBI IMOAXONHM
g sHaueHmio x=0. Tounmii cmbelcaT B3a-
mpen «y= oo unpm z=0» Baradaercsd
B TOM, 9T0 OPH [HOCTATOUYHO MAaJIOM &
BeIMUNHA Y CTAHOBHTCH CKOAb Y2000
6oavwioli Mo abcosrioTHOR BeAWYHHE, NpH-
geM B 3aBHCHMOCTE OT 3HaKa I OHa MO-
sxeT OBITh NOJNOKUTENBHOM WM OTpHIA-
TesbHOH (CHMBOJN co dHTaeTCA Kak «bec-
KOHETHOCTDY; PasyMeercsd, 9T0 He UHCIO).
Ilpm sroM dYeM MeHbIIee IO abCOMIOTHON
BeJnunHe 3HaYeHue £ MH BHOmpaeM, TeM
pumie (mam upm z < 0 TeM HmKe) pac-
MoJIaTaeTcA COOTBETCTBYIOMAS TOYKA TH-
mepGoabr: 00e Bersm rumepbomer  (2a)
«yXoAAT B 0ECKOHEUHOCTHY (IOMOKUTENb-
HY0 NI OTPUOATENBIYI0) B HAllPaBIeHUH
ocm OpAMHAT, HEOIPAHWUIEHHO NPHOIHE-
masgch K oroif ocm (megp abcmmcca T
MO)KeT OHTh CKONb YTOJHO MAJIOW II0
abconoTHOH Benmumme!), HO HEKOTHA €e
He pmocTHTag. AHajloTm9HO HpH Heorpa-
HpdeHHOM pocte r mo abcomorHOll BEAM-
qmHe (KOTga & «CTPeMHUTCA K -+ ooy WIH
«CTPEMHTCH K —oo%; elle pas ManoMn-
HaeM, YTO CEMBOJ CO HE OTBeYaeT HHUKa-

\ 1
KOMY UmCIy !) BeuunEa j = — CTaHOBUICA

CKOJb YTOZHO MaJoi mo abconoTHO# Be-
amumHe: rmmep6oia «crpemurca K Gec-
KOHEYHOCTH B HampaBjieHm:m OCH Z», He-
orpaHmvYeHto OpubamKaach K 3TOH OCH 1
HEKOTJA ee He mocturas (IpUdeM ABe BeTBU
runep0ois TpuGINKAIOTCA K OCH Z ¢ pas-
HEIX CTOPOH). 9T0 cBOHCTBO TImHepGOIE
BHP/KAIOT, ToBopA, 9ro npamele z=0
(ocs opmmmar) m y=0 (ock abcmmec)
ABNAITCA acumnmomany runepGoas (oT
rpedeckoro  ciaoa  asymptotos — He-
coBOagaONmit).

Kax summo n3 puc. 2, rmoepbona (2a)
cocTONT W3 ABYX dacrell, mIH «BeTBE,
orsevdaomux sHavenmsaM z >0 u 3Ha-
germAM z < 0; 9TH dYacTH pasbeluHeHH,
He CBH3aHH MEEITy coboi.

IIponssonbHas JUHUA (2) HONTYIAeTCS
u3 auanE (2a) ipocTM HpeoGpa3oBanmeM.
Mycts A, (x,, Y,) — HeKOTOpas TOUKA

guEnn (2a), T. e. yozmi (cm. pme. 3,
0

Ha KOTOpOM JHMEEA (2a) m300pakeHa MTpH-
xamn). B TakoM ciydae ToMy 3ke 3HAYEHHIO
z=1x, oTBedaer Ha Jjuamun (2), TAe MH
cumraeM, uto k>0, mouka A ¢ woopnm-

kgt
HATaMI Iy 11 y——‘z—o——— —Z—o, T, €. T — Iy,

y = ky,.

5

Ik
Pue. 1.4.3 \\
|

Jra TOUKA IOdXydaeTca u3 TOUKm A,
«pacTsKeHHeM» BIOIb OCH Y (WIHN «PacTs-
eHmeM» OT ocu Z) C KodpdmmuenToM
pactaskerma k (T. e. A-KPaTHEIM yBeinde-
HEGM BCEX BEDTHKANBHEIX DasMepoB) —
oHa B %k pas Ooxplie yfjalema OT OCH Z,
gem TOouKa A,.

Bpech MB cumraeM, 41o k& >1; npm
% M0J0KITeIBHOM, HO MEHBIIeM eIWHHINHI
auEEs (2) 6ymer momydaThed U3 JIMHHU
(2a) «c;KaTmeM» BZOMb OcH Y (WIH «CiKa-
THeM» K OocH z), ubo Kaykgas Touka Gyner
Gouske K OCH Z, UeM COOTBETCTBYIOIIAA
rouka nmEmd (2a) (Begb OTHOIIEHWE
yy,=AP : AJP=Fk B srom ciydae Oy-
et MeHbINe eIHHWIE) 2.

. 1
Ha pme. 3 m3o0parkeHsl JHHAE J = —

«

2
(mrTpuxoBadg) W ¥y = (cwrorngas). Tou-

KaME Ta TOM 7K€ YepTerke M300pasKeH Ipa-

—1
$ur  PymERUHE Y= z/Z ,
OTPHIATEIHLHOMY 3Hau4eHUIO k= —!/,; aTa
dyHRIEA OTPHIATENBHA NP LOJOKATENB-
HOM T ¥ TIONOKHTENbHA MpA OTPHUNATENb-
HOM Z.

oTBeuaroImen

2 [lo ToBOAY CBA3H MERLY Jaunaama (2)
u (2a) eM. TaKe ymp. 3.
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IIpavas m obparHasg HPONOPIUOHANB-
HOCTH OY€Hb YacTO BCTPEYawTCH B Pusn-
geckux BakoHax. Taxr, szakon Oma (1.3)
03Hadgaer, 4T0 CHJIA TOKA { WBMEHIeTCH
IPAMO NPODOPOHOHAIBIIO PABHOCTH I10-
TEHIHAIOB U U 00PATHO NPONOPIHOHAIBHO
comnporusiernio R. llpm samamsoM R
cuia TOKA [ DpomoprmoHambHa U (¢ KO3g-

R
TMpOTHB, IpH B3aJAHHEOM ( BeJHYmHEA i
00paTHO OPONOPIUOHBJILHA R: 3mech {=—
k

1
(HIMEHTOM TIPOIOPIHOHAILEOCTI ——); Ha-

= TAe pois roadpunmerTa £ urpaer

HallpszkeRHe 4. AHATOTAYHO 3TOMY NPOCTas
3aBHCHMOCTh S—0vf MERAY IyTeM s,

CKHOPOCTBIO U DPABHOMEPHOIO [IBUMKEHUA U

S
BpeMeHeM { IOKasBIBaeT, uTO BpeMd t:7

HPAMO TPOIOPIHOBANBHO UYTH S K 00PATHO
MPONOPHUOHAIBHO CKOPOCTH V] [ABICHIE
rasa B cuily 3akoHa bBoitna—Mapuorra
00paTHO NPOHOPIMOHANBHO ero 00beMy

E S
nr. 1. Ipr stoM gopmyasr s = vi u t=—

VKashlBAIOT, YTO IIPU PABHOMEPHOM [IBU;KE-

HUG OyTh S8 OpoIIOpIIOnA/IeH BpPeMeHn
| k4 ]
| N‘\; 1
‘ u | QL/
\ %/ ’
\ |
\ 1.z, 2,
\ | !
\ o
\ // /Lz[‘], z/
\ VA
\ / ;
A
J, K|
i
; |
2: ; ‘{/J/,,—/’:Zf‘/
N :
' '
- ; I :
Pue. 1.4.4 : 1 !

IBUSKEHMS ¢ ¢ KoapUOHeHTOM ITpOIOp-
IHAOHAJIBHOCTH U, B TO BpeMA KAaK BpeMd !
MPONOPIMOBEAJIBEO NyTH S ¢ Ko3ddumuen-

1
ToM —: ecnm v=20 Mfc, TO Koapdu-
HUEeHTH PacCMATPHBAEMHX IIPOIOPIHOHATE-
socreit pasEn 20 mfc u 0,05 c/M.
Wnaue oGeront memo, ckaskeM, B ciaydae
saxoma bBoina—Mapuorra: PV=const.

Ecan Temneparypa pasma 0° C, a o6pem V

n fnasjaenne P mamepsaioTes B eumHENax M3
u [la (mackaab, miam HBIOTOH Ha KBagpat-
uerit merp: 1 [Ta=1 H/m?=0,00098 xrc/cm?),
to PV==0,8737 H.m (ubloToHO-MeTp); TA-
knM  ofbpasom, P obpatHo npomoprmo-
vaxbiro V, a V o6paTHO NPODOPIHOHANBHO
P, npuuem B ofomx caydasx MBI mMeeM
OJHH ® TOT Ke Ko3ppunueHT
nponoprmonaabuoctn 0,8737 H. .

ITH LPEMEPH XOPOIIO0 HOACHAKT Pas-
HEY MEXKAY KodgduumeHTaMum IPAMOIl
OpPONOPIEOHANBHOCTH Y=hZ m obparHoil

k
MIPOTIOP IUOHANBHOCTH Y =— —i— Ecau z ns-

MepAeTcs B eMHHUIAX €, & J-— B eJnHI-
[

to k HmMeeT pasMepHOCTH e—z, 1
1

[09TOMY K HHKAK He MOMKeT CIYIKUTD

KoagpunuerToM k£’ IPONOPIHOHATIBHOCTIL

z=Fk'y, ubo mnociaemEUN HOIKEH WU3Me-

1ax e,

€1 H I
pATECA B eNHHHI[aX e—z. allpoTus, 1

nMeeT PAsMEPHOCTH €,6,, OTKYIA BHITEKAET,

I70 HTA BEIMUMHA MOKET COBHIANATH (i1

Ha caMoM Jlene COBIAzaeT) ¢ Koadduumen-
x4

TOM /; OPONOPHHOHATIHHOCTH & == 71

Pacemorpum  Temepsn neadparﬁwmym
¢yurmmo y=ax’+bzr-+c. Haumex ¢ npo-

creimero ciaydvas: OycThb
y = az?, (1.4.3)

rae Kos(ppumenRT a MOKeT OHITh MI0GRIM.

HpI/IMeM cHavYajia JOJad NOpOCTOTIHRL, YTO
a:1, T. €. pacCMOTPpUM JIMHHAXO 8
y - :1;2, (1.4.3&)

Kaxroset 0buiue cBoiicTBa atoit ¢pymrirum?

1. Beerpa y >0, wax npn z >0,
rak w opm z < 0; amms npu =0 M
nmeem y=0. 3HaumT, BCA KPHUBaA pac-
DOJNO/KeHAa B BLII € OCH &, TOJIBKO B Ha-
JaJe KOODAWHAT OHA KAacaercs OocH I.

2. Hanvenvmee soavenue (Munumym)
y mocturaerca unpu x==0; ou pasea O
(Ha Tpadure MUAMMYM m300paskaeTca ca-
MOl HUBKOH TOYKOH KPHUBOI).

3. IByM ommmakoBHM 10 abCOmIOTHOR
BOAMINHE U IPOTUBOIOJIOKHEM HO 3HAKY
3HAYEHHAM Z OTBEYAIOT OlHHAKOBHE (Kak
110 BHAKY, TaK # 110 abcoMOTHON BeanInHe)
BHAYCNUS Y. OHAUYNT, KPHUBAA CUMMEN-
PUNHA OMHOCUMEAbHO OCU Y.

Kpmpas (3a) msofpaskena wa pmc. 4
CIUIONIHOW JuHme#H. ITa KpuBas HABH-
Baerca napaboaoil, — U Ha3BaH@E Oa-

3 9ToT caydail B oIpeeIeHHOM CMEICIE MOMKHO
caprars obmum (cMm. § 8).



§ 4. O6parnasa npomopnuoRanbHOCTs A rmoepdona. IlapaGoma 29

pafosia» COXPaHAETCA 3a BCEMH JIMHHESAMIH
(3), orBevaromumMm a0 GoMYy BHaUe-
ano ¢ (w pgaske 3a OGosee o0muM Kiac-
COM JWHEN, KaK Mbl TOACHEM HHKe).
Ipr Ka)KEOM NOJOKUTENBHOM ¢ JIHWHUA
(3) obmamaer Temu e cBoitctBamm 1-—3,
ar0 u amaug (3a). B camom peme, mepe-
X0of OoT ypasHeHms (3a) K ypaBmeHuio (3)
BO BCEM AHAJOTHYEH IIePexofy OT «egd-
gpnoil rumepGonbry (2a) K «oOmeit ru-

& y=lz-3F

1
|
I
|
!
+
i
|
|
|
|
H

N4

z

nepGoie» (2) (¢ TOJOKHTEADBHHEM K03d-
¢unuentom k): nmEua (3) momydaercs us
(3a) pacrsikeHmeM B @ pas BHOJIb OCH Y
(cM. pmc. 4, Ha KOTOPOM H300PasKeHBI
napaboabl y=2z* n y=22?2).

Hax Gymer sniriamers dapabolda npm
a < 0? Pacemorpum npmmep a=—2, 1. e,
KpuByio y=—2z2. Kpusas wusobpaskena
TOYKAMHU Ha TOM sKe puc. 4. CpoiicTBa 9T0il
KPUBOM TAKOBHL:

1. y << 0 npn awbex z=£0, T. e. Kpu-
Bag BCS JEKHT HH K € OCH & W Kaca-
eTcsi OCH £ B Havale KOODIUHAT.

2. Oyurnua y pgocturaer HanGodb-
mero 3HAYCHUA — MAKCUMYMA — TIPH
z=0. 9ror makcmmym pasex (. (Ha rpa-
¢nre MakcmmMyMm unsofpaskaercs BepxHel
TOYKOH KpUBOIi.)

3. Tak e Hax m B cJIydYae MOJOKH-
TeNbHOTO @, KpuBasg CHMMETPHYHA OTHO-
CHTENBHO OCHU .

Pacemorpnm Tenepd eme Gomee obmee
ypaBHeHHE

y=a{z—n) (1.4.4)

Ilycrs, manmpmmep, a=1, n=3. Coor-
BeTCTBYIONIas KpuBaa wu3o0paskeHa Ha
puc. 5. Ito Ta me mapaboaa y=z?%, Ho
COBUHYTAA BIPABO BHOJb OCH X Ha TPHU
SIUHMIIH .

Jro mpocroe 06CTOATENBCTBO OOBIIHO
ycBamBaetca ¢ TpynoM. Ecan mama dymk-
Husa y=f(r) m ME cpaBHEBaeM C Heil
¢dyrrnuio y=f (x—n), 10 TpaduK BTOPOI
OYHROUU CMeImeH OTHOCHUTEIBHO LEPBOTO
rpaduka Ha 7 eQEHUIl B IO P a B O.
IIpu sTom moppasymesaercd, uro B obomx
cayqgaax [ — 370 ofHa ¥ Ta jKe QYHKMuUA;

TaK, B HamieM npmmepe, OykBa f o3madaer
omepamuio BO3BENEHHUS B KBagpaT apry-
MenTa (QYHKIUH, T. €.

f@=2q f(—e)=(—2)=d
f(l’-'—z):(w—-,?‘)z, f(g;—n):—.(g;_n)z'
f@)=(2?*=a' 1 1. 1.

Ilouemy sxe rpaduk cmemaercsa Brpago?
ITosacaum at0 mogpobmee. {lycrh ma rpa-
¢nre ¢yERmEE y=f (r) ecrb Karag-TO
XapaKTepHas TOUKa X=z, (cBOEro pona
«3apybra») — B »r10fl TOUKe TrpadHE
PYHKIME MOYKeT MMETh W3JI0M, Il PYHEK-
A MOKET JIOCTUTATh CBOETO MAKCHMYMa,
WIn OPOCTO NPUHUMATL KaKoe-TO (HKCH-
poBanHOe 3HaveHme Y, (puc. 6). Torma
Ha Tpaduke HOBOH Qyurimm y,=f (z—n)
TO jKe 3HA4YeHWe WIW TOT K€ WM3JI0M IO-
ABNAETCH, KOTOA apPryMeHT QyHKmumir |
paBeH TOMY 3Ke BHAYCHUIO Xy, UTO U paiee,
T. e. OpH r—n=z, Ho »sro smaumr, 410
KOODAUHATH «3apyOKm» Termepb TAKOBHL
z=xy+n, y,=7 (z,). Orcroga Bugro, UTO
nobasg «3apyOra» BMecte co BceM rpadu-
KOM DepeMellaeTcs BOPABO: TOUKe (Z,, Yo)
mepBoro  rpagmKa  OTBEYaeT  TOUKA
(zo-+n, y,) BrOpOro rpadura (cm. puc. 6,
a TaKsKe CIJIOINHYIO M NIYHKTHPHYIO Iapa-
foxst HA puc. 5, rue B KavecTBe «3apyOxmy
ymobuo Bubparbs TOuRy x,=0, y,=
= (2,)=0=0).

Xorsa 9T coo0pasKeHns M OYEHb die-
MEHTapPHBEl, HO BechbMa BAJKHO TBEPAO IX
YCBOUTH, HE IPOCTO BEIYYHUTH, 4 OCO3HATH.

4 =rlz/ y=rlz-n)

(eaay 74

Pme. 1.4.6

[Tepsoe moGysrmeHME, KOTOPOE BO3HUKAET
y MHOTUX YYaIQUXCs, — OTBETUTH, YTO
npd 1epexofe OT ypaBHeHHWS y==x°
K ypaBHeHWIO y=(r—3)? KpuBasg cie-
CTHTCA BIEBO: Belb H3 BENUYUHH
Mut Brwan 3. Hamo we moskamerb BpemeHu
Ha pas3bop IpuMeposB, JeMOHCTPUPYIOMHAX
omu60IHOCTH 3TOTO.

Teneps MOKHO CcHOPMYIAHPOBATH 06-
mye IpaBmia.
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1. Kpuasan y=a (z—n)?> mmeer Bep-
THKaNbHYI0 OChb CHMMeTpHUm, KOTOpPOH
ABNAeTCA NpAMad T=n.

2. 9ta wpusBag npm a >0 Jgemdar
BHIIIe ocu Z u mocturaer mmEmmyma y==0
npa r=n; ecam ke a < 0, To KpuBas
JeKUT HUKe OCH Z W HOCTHTAaeT MakKcH-
mMyma y=0 mopm z=n.

k4
AN Y
\:/
7 7 : ,
7
g
7 .
/'> .
7 N R ;
< \ /:\
B AV I ¢
i T/,/ : \\
IR
| /I.& : \\

Puc. 1.4.7 A
swe. 1A / \
i NS \

Haxonen, ects eme ogHo BmmoumaMe-
HeHNe ypaBHeHHsI, KOTOPOe He MeHAeT
dopmMu Kpmsoii. PaccMoTpmM QYHKIUIO
y=a(x —n)24+m. (1.4.5)
OueBHAHO, YTO COOTBETCTBYIONAS KPUBAS
(aro rToske mapaboaal!) orTamdaercs oOF
OpegeyyIneit (B ypaBHeHWH KOTODOE OT-
CYTCTBOBAJIO M) TOJBKO CJABHIOM Ha m
B BeprurambHoM wanpasienmu. Iloso-
JKeHHEe JKe OCH CHMMETDHE KpPWBOH He
Menserca: npm a >0 ¢yaxkoma Jocth-
raeT MUHEMYyMa P I=n, UpHYeM 3HA-
genne QYHKIUN B TOYKE MOHIMYMa PaBHO
y=m (Bemb BMeCTe CO Bcell KpUBOE cMe-
crunca Ha m m mumummyM). [lpan ¢ <0
TOYKA =N, =M €CThb TOIKA MAKCHMYyMa
Kpusoil.

Ipuseger npBa npummepa (puc. 7):
=(z—3)?+2, y=—(x—3)*+2. Ocu cum-
MeTpunr napaboa ma pme. 7 msobparKeHH
TOYKAMH; TOYKA MUHHMYyMa Ha puc. 7, a
U TOYKA MaKcmMyMa Ha puc. 7, 0 JesKar
Ha IepeceueHNH KPUBOX M ee OCH CHM-
MeTpuu.

PackpHsas B  BHpasKeHAH Y=
=a (z—n)?+m crobxu, sanumeMm
y = az® — 2anz + an® 4 m. (1.4.5a)

B mpasofi wactm (5a) cromtT MHOToUIeH
BTOPOil cremeHn. MBorowien Bropoil cte-
meHd B 0o0meM Buje B3aMHUCHIBAGTCS TakK:

y=ax*+br-c. (1.4.6)

Tlocnemuioio gopmyny mMo:xHO npeobpa-
30BaTh TaK:

y:a(mz—{——b—a;—{—i):
i) Fa(ia)=
He—1)-
CrepoBarenbHO,
a$2—}—bm—{—c:a<w+%>z—|—<c—- Z:),

OTKYZa W BHTeKaer, 4T0 JumHusA (6) —
3TO TO;e Napabosiia ¢ OCBI CHMMETPHUN

a(wz—{—%w—}—
ae+5) +

b o
€r—==— o n TOYKOM MUHIMyMa HJN Mak-

b b?
b © )

C nmomompio rpadura mapabossl MOKHO
paszofparbea W B pelieHWE K6adpammozo
ypasnerus [N DPasAAYHHX CAY4Yaes,
KoTopule IIpW 3TOM BO3HHKalkT. H peme-
HAI0 KBaJPATHOTO YpaBHEHUS

az® 4 bx -t c=0

MOKHO IOOATH TaK: PacCMOTPHUM JIMHUIO
b\2 b?

y:ax2+bm+c:a(m—l—2—a) +(c——5/
§ HalileM TOYKHN NepeceueHusI 3TOR JuHuN
¢ ocblo z. B »max rourax y=0, mostomy
3HAUEHHA Z, COOTBETICTBYIOIHE TOYKAM
nepecevenusd, n 6yAyT KOPHAMHA KBajpar-
HOTO YDABHEHHA.

Ho mu 8HaemM, uro KpusBas y=ax’-br-+
¢ ecrb mapaGoama. Ham msBectno, d9ro
y 5Toit mapafoas eCTh OCh CEMMETDHN —

CHMyMa (—

b
BepTUKalb &= — 5-, 9TI0 IpH a >0 mapa-

foia mMeeT TOYKY MHHUMyMa HA OcH CUM-
METpHH, OpAuEATAa KOTOPOIO paBHA Y —

b2
=C— - (MH cMOTPEM HA BTOPYIO 9aCTh

HociefEel GOPMyIH, MMEIINYI0 IPHBEHU-
wait Bug a(z— n)® 4 m). «Pora» mapa-
Oonm mpu @ > () ofpameHH BBepx.

flcHO, YTO €CaM MUHHMYM JIGSKUT BHIIE
ocu r, To mapabosia He mepeceKaer och T
(puc. 8, xpumsas I). 3HawuT, Npm

b2
a>0, C-—E>O
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KBaf[paTHOe ypABHeHHe He HMeeT KOp-
meii ¢. Ecam jie MummMyM JejKHT HHEKE
ocE Z, a «pora» 1apaboJas HOTHEMMAIOTCA
BBepX, To mapaGoma ofs3aTenbHO mepe-
cedeT och I B JBYX TOUKAax, KOTOpSIe
CHUMMeTPUYHE OTHOCHTeNbHO npamolt =

b
= n_-—— -27-—001/1 CHMMeTpUAN napa(’)onm

(puc. 8, xpuBag 2). 3HaumT, UPH
bZ
a> O, C——E<O

ypaBHeHHme uMeeT fBAa KOPHA I; H I,
n306paskeHHbIX Ha pHmc. 8.

Hakomen, B03MOMKeH H IPOMEKYTOU-
HBIf chrydaii, Korma mapabosa KacaeTcs
ocm z (pme. 8, KpmBag J). JTOT ciaydai
HOCTHTAeTCA HpH

b2
C — —4; fomend O.
Ecanm mocTenerno HepexofuTh 0T KPHBOH &
K KpmBod &, mopmmMas mapaGoxy, To
IBa KOPHA Z; B Z, OyAayT cOamkarbed,
TOKAa B MOMEHT KacaHUsA HapaboJisl ¢ 0ChI0

aﬁcmacc OHHM HE COJBIOTCA B OJHY TOUKY.
2

b
Hoatomy B cirydae ¢— - == 0 rosopar me

00 OJROM KOpHe, a 0 OIBYX DPaBHHX
(cnuBmMMXCcA) KOPEAX ypaBHEHHA.

TarpMm e cmoco6oM paccMaTpHBaeTcd
u caydair a <0, xorma KpmBas mMeeT
MaKCEMYM, a «pora» ee OGpAINeHH BHH3.
IIpepsaraemM YATATENI0 CAMOMY HAPHCO-

BaTh KpUBHE W OPOBEPUTH, uTo mpn a <0,
b2
- < 0 ypaBmemme He HUMeeT KopHeii;

b2
opu a < 0, c——4—a->0 OHO HMeeT JBA

2
roprs; wpu ¢< 0, c— 'Z—a_—_ 0 Mm mpu-

XOIMM K CIyuYal0 KACAHUA, KOTAA ypaBHe-
Hye WMeeT JBA OJMHAKOBHX KODHS.
O6panan ¢opmysia AJid KopHe#l KBaj-

PATHOTO YPAaBHEHUs TaKOBA:
_ —b+ Vb —dac
Ty = o .

Ypapmenme m©mMeeT [Ba BeleCTBEHHBX
KODHA B TOM cjydae, KOT/la CyIIecTBYeT
KODeHb KBaJpaTHH U3 dUmciaa b*—sac,

4 3nech MO CJIOBOM «KOPEHBY MOHUMAETCA
seyecmeer Rl KOPEHD YPABEEHHS; O TAK HA3HIBA-
eMHX KOMRAEKCHHI YHCIAX, KOTOPHM HOCBA-
menn riasur 14, 15 TpeTheil 4acTH KHHUTH, ME
moKa mpocTo 3alhBaeM.

T. e. Korpa b®*—4ac > 0. 3anmmumem mHo-
cheHee BHPAajKeHMe TakK:

2
bz-—4ac—_—-—4a(c—2—),

a

Orciofa BugHO, uTo yehopue bi—4ac >0
BHIOJHAETCA B JABYX CJydasx:

b* b?
1) a>0, c—=<0; 2) a<0,c—->0.
910 ® eCTH Te (BA CAyIad CYMEeCcTBOBAHHA
IBYX KOpHeH, KOTOpHE MH NOIyYHIH
BHIIle W3 DACCMOTPEHHA KDPUBHIX.
K pompocy o pelleHEHM KBafpaTHHEIX ypaBHe-

HUl MOKHO HONONTH TAaKIKE U HECKOJAbBKO HO-
mpyromy. PaspennmM Bce UJeHH YpPaBHEHASA

4 7 ;
J

Pue. 1.4.8

7 z A

az®+bz-+c=0 (rme, pasymeercs, a % 0) Ha a;
MH OpHJIEM TOTfa K DPaBEHCTBY

2?2+ pr+¢=0, wmu z*=—pz—ygq, (1.47)
rie p=—l;— R q=%. N306pasuM Ha PHCYHK®
rpadury [BYX QyEROuIL:

Yy = a2 (1.4.7a)
(eT0 «emmmmanas» mapaboxa (3a)) m

Yo = —pT — g (1.4.76)

(upsMas aurua). ficHo, 9TO HpH TeX 3HAYEHHAX
Zz, KOTOpHE YAOBIETBODPAIOT ypasmHenuio (7),
MEI EMEEM yy=Y,, T. €. 9TH 3HAUEHHA X OTBEYAIOT
TouraM mepecedenma napaboxsl (7a) @ IpAMOR
(76)! Ho mapaboxy (7a) ME MoOyKeM HAPHCOBATb
(cramem, pHa MuAAEMETpoBoi Oymare) ¢ Goib-
mof TOYHOCTHIO, TOTHA GJA permenus X0boro
KBaJIpaTHOTO ypaBHeHHs focrarouno Gymer mpo-
BeCTH Ha TOM jKe xmcte Oymarm mpsamylo (76)
(craxeM, Haifa J[Be wKaxme-IuG0 TOUKU BTOH
HpPAMOA M BOCHOJH30BABIIAChL 3aTEM IuHEHKOMH),

TOCJIe 9ero MEL CMOKEM «IIPOUMTaTh» Ha depTerke
3HAYEHNsA KOPHEH KBaJPaTHOTO ypaBHeHus. Iipm

oroM mpsamasa (76) Mosker mwiIm Tepecedh mapa-
Goiy (7a) B pgByx Toukax (kar npavasa I mHa
puc. 9), HIAH KOCHYTbCS €e B e/IHECTBEHHOK
Toure (mMeThb ¢ mapabosioit (7a) /iBe copmafaro-
mpe TOYKE Hepeceuenms (mpamas 2 Ha pumc. 9)),
HAM ke MOJKET BOBCE He HMeTh OOIMuX TOYeR
¢ (7a) (upamas 3 Ha puc. 9). IToMy OTBeYalT
cayvam, Korfia ypaBuenue (7) nMeer aBa (pasind-
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HEIX) KODHA, [Ba COBHAJAIOIMX KOPHA (T. e.
OJHH KOPeHb), HH OIHOTO KOPHA COOTBETCTBEHHO.

U3 CKABAaHHOTO0 MOKHO CHEJATh TAKKe Cle-
Iylomee 3aRJd0IeHne. M 3HAeM, 9T0 YpaBHEHNE
az?4-bax--c=0 nMeer eIWHCTBEHHHI KOPeHb

bZ

B TOM ¥ TO:ILKO B TOM CIydae, KOrjga ¢ — 7 = 0;
moaToMy ypasHeHme x%--pz-}-¢=0 (caydair a=1)

z

4 y=z
5y

Ky A

4 A
v/ o

\s”&

Pue. 1.4.9

/, 74 /Z (; z

HMeeT eNUHCTBEeHHEI! KOPDeHb TOT/I@ U TOJbKO
Torja, KoTja
p2
1= =0
Taxnm o0pasoM, (8) ecTh ycAoB;mEe KacaHUA
upsavoit (76) u mapaboxusr (7a), T. e. mpamasa

(1.4.8)

y=kz--b wacaerca mapabossl y==z2 B TOM
¥ TOJBKO B TOM ciydae, Korga ®
k? - 4b =0, (1.4.8a)

B ri. 2 ME BHBejeM TO ke ycaosue (8a) kacanms
upaMoit u mapaboust ppyrum cmocoGoM.

3aMeTuM, HAKOHeI, YTO B 3aBHCUMOCTH
0T 3Haka KoapuumeHTa @ Hpm z® mapa-
Goaa (6) Gymer ofpameHa BBITYRIOCTHIO
BHES (caydyait ¢ > () maum BHIOYRIOCTHIO
BBepx (caydait ¢ < 0). 910 CBOICTBO He
B3aBHCHT OT BHAUeHHH M 3HaKOB b m ¢
B ypasuennu (6) mapaGomur.

&

Ppne. 1.4.10

7

Tounoe olpenielicHue BHIYKJIOCTH
TaK0BO: BHOEpeM Ha KpmBOH Kakme-iubo
nee touxku A (xy, y;) 1 B (z,, y,) u mpo-
pefeM dYepe3 Hux npamyio (pumc. 10).
Ecam dwactp ®puBoil, paciojioikeHHas
ME/KAY STUMM TOUKAMHM, JIEJKHT HEKE CO-
OTBETCTBYIOMEro OTPe3Ka IpaAMoOil (HHKe
xopabt AB KpuUBOH), TO TOBOPAT, 4TO

5 flemo, wro ycuaosme (8) mepexogut B (8a),
ecan 3aMeHnTh B (8) —p HA & m —¢ HA b.

KpuBasg o0pammeHa 6unYKAI0CMbI0 GHU3.
Ecam wacte xpumsoif, pacmomoskenmas
MEKY TOUKAME, JE/RHT BHIIe XOPAH
AB, 10 KpuBag o0pamena 6uNYKAOCTNGIO
66epz.

XapakTep  BHOYRJIOCTH  HapaGoJinl
JIeTKO yCMOTPeTh M3 dePTeska, HO MOMKHO
ycTaHOBUTE U anreGpamuecku. Hus aroro
BHOepeM nmBa (kaxue yrommo!) smaueHms
;) u T, abCOUCCH T; UM OTBEYAOT TOYKH
A (z, y1) u B (x,, y,) napaboxm, rae
y=ax?+bx;-t-c, y,=axi-+bx,+-c.

&

(&7, 4,)

Pue. 1.4.11

Haiigem rterepb KOOPAMHATHL cepeIUHEL
M xopmet AB napaGoast (cm. pmc. 10).
MoxHO 1IOKa3aTH TEOMeTPHYECKH, dTO
ecirt AM=MDB, 10 KOOpAEHATH TOIKU
M (z,, y,) cyts cpepmme apudmermie-
ckme KooppmuaT A u B:

Nty

T3
=T " Y=g

Ty
(9o caexyer ms Toro, uro ma pmec. 10
cpepuaa amama Mz, tpanenun ABz,x,
paBHa moxycymMme ocHoBaHmit Ax, m B,
Tpadenuu.) BerumcamMm pmamee Koopam-
Hatel toukm N (X, Y) mapaGousl, oTse-
wapmeid ToMy ke 3HaueHHI0O X == Lp—
e
- 2

Y=aX*+0X +c=

:a<x142—xzﬁ>2_!_bzlgzz 4
UwuraTeadb aderko ybemmres, 9TO
Y—y,=a (381—-2&>2~(a%%— -+ a%—):
= (257

(w60 umemm ¢ KoapdummeHtTamm b
E ¢ B3aUMHO yHm4ro)kaworca). Ho sesnm-

aGemuccH., 3aech
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z — &3 \? [ 7
YUHAa —2—— I[O.'IO)KPITGJII)HEI&-.&HPH JAIOOBIX

z;, Z,. Cnemosarensuo, npu a > ( mmeem
Y <y, — Toura ma uapabome JIeRHUT
HUK€ COOTBETCTBYIOUEH (MMeroledl Ty xe
abcuuecy X) TOUKEM mpAMOM, T. e. mapa-
6ona ofpameHa BHIYKJIOCTHIO BHU3; IPH
a <0, namporus, y, <Y, T. e. mapa-
Gona ofpameHa BHEIYRJIOCTHIO BBepX.

- L k
IM'nnepdona y=— (rme Mm cunTaeM,

k >0) cocromr w3 paByx 4dacreit, miam
«serseil». Herpynmo Bupmerb, uT0 YacTh
(«BeTBBY) rumep6oiBI, OTBEUAOMAA HOJO-
JKUTENBHHM 3HAUeHMAM &, o0pameHa
BBITYKIIOCTBIO BHW3, 4 BTOPad BeTBbL I'H-
1nep6oasl o6pamena BBHITYKIOCTHIO BBEPX
(puc. 11; cM. Takske ymp. 4).

Vnpaowenenusn

1.4.1. WNsoGpasure frpadusu QyHKOuil y =
3 0,5 1
=T V=T =g s

1.4.2. Wszobpasute rpaduru PyHKHHUIA y =
=z — 2z} 2, y = 2z% - 4z.

1.4.3.
rae k>0, momer Ouirhinonyuena uas THTep-

k
MMoramure, ~uro runepbona y = )

6oaur y =z
a) pacTakeHHeM oOT Havaja woopgumar O
(romorerueit) ¢ kospdumuentom Vi (mpu k<< 1
VMeCTHee FOBOPHTb He O PACT:KEeHHUM, a O ciKa-
THM); 3TO BHAYMUT, 49TO eciau M’ u M — coor-
k 1

BETCTBEHHO TOYKH JIHHHIL y=_1 y=—

’
JIeKaNHe Ha OTHOH NpAMOW ¢ HAYANOM KOOp-
guuart O, 10 OM' ; OM —=Vk;

0) pacTS)KeHHeM B HANPABICHUE OCH I (nau
PacTaMKeHMeM 0T ocH y) ¢ wodpduipmentom k
(m TyT mpu k < 1 ymecrree ropopuTh HE 0 «pac-
TAKEHNN?», & 0 (CKATHUY).

1.4.4. Horaskure anreSpamueckm, uro npu

k
k>0 runep6omna y = = upu z>0 obpamena

BBIUYKIOCTBIO BHUS,
JIOCTHIO BBEPX.

a npu z<{0— BEnyk-

§ 5. MapaGorsr m rHnmepGonnt BHICHIAX
nopaakos. Iloryky6ongeckas mapa-
ooma

Kpusywo, aprsomyoca rpagurom OyHK-

num

y—=—az" (1.5.1)

(tme n — HaTypaabHOe UMCJIO), UACTO Ha-
BBIBAIOT Rnapaboaoli nopadka n. Tak, ma

puc. { msobpaskemm napaboaa 3-z20 no-
padka (xybmueckass mapa6osa)

y=2zx° (1.5.2)
B napabora 4-20 nopadra
y =zt (1.5.3)

Mp Bmpum, wro mapaGoma 4-ro mopsmxa
(3) mo Bumy HanmommHaer o6HUHYIO (KBa-

a

bzgy!

Pue. 1.5.1

Iparuuayio) mapaboly: oHa uMeeT OCh
CHMMETDPHUH, KOTOPO# CIYJKAT 0Ch ;
B TouRe T==() IMeeT MUEHMYM; KaK T napa-
fona y=x2, oHA RacaeTcs B HAYAJIe KOOD-
IWHAT OCH Z, He IiepeceKas ee.
Hapa6oaa 3-ro mopaara y=a® obGaagaer
IPYyTEMU CBOHCTBaMm. JTa KPUBAs HE HMe-
T HH MaKCEMyMa, HM MEHUMYMa: 3/1ech
yBeJinUeHue T B ¢ € T 1 a BJaedeT 3a coboit
¥ yBeJjuUeHWe Y, T. €. OPH [BUReHNH
TOUKM IO JUHUHU CIeBa HATPABO OHA BCE
BpeMsa mogmumaercsa. I'oBopsar, uto GymK-
nusa (2) Opu Bcex x sospacmaem (31ech
EMeeTCH B BHAY POCT YHHIUH IPH YBe-
IMYeHWH ee aprymeHTa). Hpmeas (2)
He HMeeT OCH CHMMOTDHH: 3HAYCHHA J
B 3TOM CJIydYae OTPUIATEJbHE IPH OTPH-
HaTeAbHHX £ ¥ HOMOKUTENBHE DU MOJNO-
JKATEJIBHEIX Z. 3aTo y Hee ecTb YEeHmp
CUMMEMPUU, KOTODHM CHYIKHT HAYAJNO0
roopmumuat O (0, 0). B camom gedse, B cay-
yae ¢yERumm (3) paBEEIM mo aGcoiroT-
HOI BeJWYWHEe, HO IPOTHUBOMOJOKHEIM ITO
BHAKY BHAUEHHAM L, U —I, APTyMeHTa
OTBEYAlOT O XM H 4 K O BBl ¢ 3HAYCHHA
Yo==25 camoit PyHKUmEM, T. e. KaKAOH
Touke A4 (%, Y,) nAmEEm (3) oTBeJaeT
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CUMMEMPUYHASL  OMHOCUMEALHO OCU Y
Toura A, (—2y, Yo) (pme. 1, 6). B cuy-
4ae ke GpyHKmun (2) paBusM o abcoxror-
HOH BeJWYMHE W OPOTUBOLOJOKHEIM IIO
3HARY BHAUEeHHAM T, M —I, APTYMeHTa

0TBeYaroT HOPOTHBONOIOMHES®
P2 B
\\"’ 4 y=z%r
7 i 454
~if -458 4 VS
Pme. 1.5.2 Pue. 1.5.3

BHAYEHEA Yo=I§ ¥ —Y,=—a3 PpyEKuum,
TAK ITO 3Mech Rammoil Toure B (24, Yo)
napaGoasl 0TBEUAET CUMMEMPUYHAS OTHO-
cutenpHo Touku O 109Ka B, (—z4 —Yo),
rakag, 4uro O sBasgeTcAa cCepegmHOM
orpeska BB, (pmc. 1, a).

Ha pmc. 2 msobpamena xpmsasg

y=x*+4z.

JTa KPEBAs TAK:Ke XaPaKTEPH3YeTCHA TeM,
9T0 Ha 1000M ee ydUacTRe IpH yBeaude-
HAHM T yBeJIRYuBaercss ¥ y: Gpyurnma (4),
momo6Ho GpynKImE y=23, pacTeT IPU Bcex
z. KpmBasa (4) me mMeeT HE MaKCEMyMOB,
HA MuEEMYMOB. flcHO, 90 MOmOGHAS KpH-
Basg mepeceraeT 0Ch abCIUCC TOJNBKO ONHH
pas, a mMmerHO mpum z=0. °* .
Ha pmc. 3 mokasana xpmsas

(1.5.4)

y=2a°—u. (1.5.5)

Kax Bmpmo u3 rpaguka, Ha 5TO#f KpUBOi
ecTh JIBA YYacTRa, TIAe Y  BO3pacTaer
¢ YBeJINUYeHUeM . UOPH OTPUIATEIBHEBIX
z<—0,08 uw upm mDoONOKATETBHHIX
z > 0,08. Mexgy mmMu — ma oOTpeske
—0,58 < z < 40,58 — ¢pymxnua sapaa-
erca yOHBaIIeil: ¢ POCTOM T BeJMIMHA Y
yGuiBaer.

Qyuxnps (5) umeer Mmarcumym TUpH
r~—0,58, y~0,38* Opgmako cioso

1 Hwxe, B § 2.6, MH HAyYnMCs BEIYHCIATDH
TOYKM MAKCHMyMa KPHBOH, 3ajjaEHON ABHOU
gopmynoii. B wacrrocTH, B cxydae (opMyIsl (5)
ORAKETCH, ITO Lpax=—1/V3 = 0,57735, ypux=
=2/(3V3) = 0,3849. (Mmzexc max mpm z —
COKpaimmenne JAaTHECKOTO CJ0BAa mMaximum —
MEECUMYM, YUTACTCA: WKC-MAKCHUMYM; HHIEKC
min pacmudpoBHBaeTCA Kax minimum — amu-
HUMYM.)

«MAKCUMYyM» BOBCE H¢ ©3HaYaeT B JAHHOM
caydae, aro y~0,38 eers BoOOUmE Ham-
GoJibillee BO3MOJKHOE 3HMAYeHHe Y, 3ajaH-
HOTO BHPpasKeHHeM (D); Befb fCHO, YTO
npu GOMBIINX MOJOKUTETBHBIX 3HATCHUAX
T BeMMYUHA Y OPHHUMAaeT C K 0 J b
yroauo Goxabmlue 3HaueHHA. Tak
4eM Ke BBIJEASeTCH TOIKA MaKCUMyMa
(x~—0,58, y~0,38) ¢yurmam (5)

Hax Bugpo us rpaguka, B aToif Touke y
fonbme, 4eM B cOC e H K X TOUKAX.
Toura MakcuMyMma OTAedseT yIaCTOK, T/e
$yHKIUA ABXsACTCA pacTyiie#l (caeBa oT
MaKCHUMyMa), OT yd4acTka, Ine (QyHKIu
y6siBaer (cnpapa oT Makcmmyma). Taxoit
MAaKCAMYM HABEIBAIOT J0KAABHHIM (MECT-
HBIM), IIOTOMY 9TO BeJHYMHA J B 5TOf
To9Ke 6oJbIle 3HAYEHUH Yy B APYTUX TOU-
Kax JUOb JJIs T, COCEHNX CO BHATCHUEM
T (B HalleM ciiydae — CO 3HATICHHEM

z~~—0,58), He caMmMKOM [dAJEKHX OT
3TOTO BSHaUeHHA. AHAJOTMYHO B TOUKE
2z~+0,58 ¢ynruus uMeeT JMOKAIBLHEIN
muHEMYM y~—0,38.

Ha puc. 4 npusefent eme gBa npumepa
KDHBHIX, u300payKalOIUX MHOTOWIOHHE
TpeTheit cremenm. HyGuueckoe ypaBHe-
HHEe, HO0JIyIeHHOe NPUPaBHEBAHHEM HYII®

&
y=&%b6rorir-4

Y

VN
/Z\/J 4

Puec. 1.5.4

g=zbrl+/lr-4

MHOTOUYJEHa, B caydae BepxHell KpuBoR
mMeeT OHHO (BeIeCTBEHHOEe) pellleHne
(omma wopens): z~ 0,48, a B cayuae
HWKHEH KDHBO# — Tpu KopHA: 2;=1,
z,=2, 3=3. Jlerro ybeguThbesa, 9r0 KyOm-
JeCKOe YPABHEHHE BCETNIa HMEeET He MEeHee
001020 (BEIECTBEHHOI0) KOPHA; I dTOTO
YATATENIO TIpeJiaraeTcd HOAYMaTh O XOfe
KpuBoil y=ax3+ba?--cx-+d upm oveHH
Goxpmux Ho abcosoTHOR BenwumHe IO-
JOKUTENbHKX ¥ OTPHUIATEJBHEIX B3HAaUe-
HUAX Z.
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I'pagur wryOudeckoit mapaGoasl (2) Momer
'OHTb HCHOAH30BAH MIA (ONPEOIMMKEHHOTO) peme-
Husa TO0HX ypaswenut 3-i cmeneny. 3ammmeM

ofimee ypasmenme 3-i cremenn (KyOmdeckoe
ypaBHEHUE) Tak:
z3 4 3ax? L bz +c=0 (1.5.6)

{uamM Gynmer ypoGuo o6osHavats xoaddmImenT
Tpu z2 geped 3a, a He mpocto gepes a). Ipecbpa-
3yeM ypasHenme (6) caemyromum oGpasom:

(2% + 3ax® + 3oz -+ %) - (b — 3a%) z +

- (¢c—a?) =0,

uan )

(@ + a)® — (32> — b) (z + a) —

— [(a® —¢) —a (32> —b)] =0,

4114, HAKOHeIl,

X3 _— KX —B =0, (1.5.6a)

tae X =z -+ a, K=3a2—b, B=0ab—c — 2a%.

flcmo, d4ro pemmTh ypaBreHme (6) — 3TO
TO ;Ke CaMoe, YTO PemuTh ypaBHeHnme (6a), KOTO-
Poe MOKHO MEPeIncaTh eimme TaK:

X3 =KX 4 B. (1.5.7)

TloaTOMY €ciim MBI MMeeM BHINOJHEHHHHA ¢ X0po-
Imefi TOYHOCTBIO (CKA)KeM, HA MHIIUMETDPOBOH
Gymare) rpagmr KyOuueckoit mapabomm y—= X3,
TO HAM [OCTATOYHO IMIIb MOCTPOMTHL HA TOM JKe
gepreke Opamylo y,==KX--B # HaiTH TOUKnN
(mIu OAHY TOYKY) mepecedenms KyOMIECKOM
napabolEl m OPAMOt — TAaR MH CYMeeM Ompe-
MelluTb OPUMEPHYI BeInUWHY KOPHEH ypaBHe-
aug (6a) (a smadmT, 1 ypasEenus (6)).

Pue. 1.5.5

Hampuvep, B cayuae ypasmenma z3— 62—+
+11z—4=0 (cMm. pmc. 4) MH uMeeMm a=_—2,
b=11, ¢=-4, orryma
K=3a—b=3.4—11=1,

B=ab—c—243=—2.11 4 —2. (—8) = —2.
Taxum ofpasom, s pemeHna mamero ypasHe-
HEA JOCTATOYHO HAHTH TOUKE NEpeceveHHs ma-
pabomst y=X3 n mpamoit y;=X—2, U3 pme. 5
MEL moXydaem mpubamsenHoe pemepme; X a
&= —1,5, otkya z=X—a= —15+-2 0,5.

AHANOINYHO B CiyYae ypasHeHus z%— 6z2--
+112—6=0 (cM. puc. 4) mmeem a=--2, b=11,

c=—6, K=3a>—b=1, B=gb—c—2a®=0.
3nech, OUEBMANO, TOUKM LepecedeHms KyOu-
geckoit mapaboast y=X3 n mpamoii y,==X orse-
garor 3mavennsM X, paBEkiMm —1, 0 u -1,
OTKyZa ciaefyer, 4ro Kopam z=X—a=X-2
HACXOJHOTO YpaBHenus pasEH 1, 21 3 (cM. puc. 5).

&
z
g ¥4
y=//:Z‘.J
7 z
Pue. 1.5.6
Kpupyro, sapagomytoca  rpagmeoM
QyHRIIT
k . .
y:—ﬁ (:k{b ), (1.{).8)

Ifle » — HATyPaJabHO® THUCI0, HHOTHA Ha-
3RIBAIOT 2unepboaoll (n-+1)-20 nopadka,
unm eunepboaoti n-ii cmenenu. Tawr, Ha
puc. 6 m3obpaskensl 2unepbosa 2-E cre-
meHy

Yy == (1.5.9)
m eunepbosa 3-U cmeneHu

1
y=. (1.5.10)

Jlerko momarh, uro kpmeax (10) mo xa-
paxTepy HamoMmEHaeT OGHKHOBEHHYIO

runepbo1y —: ofe 3TH KpUBEHE COCTOAT

H3 [ABYX (CHEMMETPHYHHX OTHOCHTEIHHO
mauaga O Kooppmpar) serseil: mpm z=0
BeJIHUMHA [/ 3iech HPWHEMAET SHAYCHHE
+co (Cp. cO CKasaHHEIM B § 4 O HOBORXY
runepGoner).  Hamporme,  rmmepGoxa
2-ii cremerm (9) mo BEAY OTIAMYHA OT
0GHIRHOBEHHONW runepGoisl, MOCKOABKY
3MeCh Yy IOJOMUTEIBPHO HPE BCe X
(ONOMUTONBHEIX ¥ OTPUIATENBHEIX) 3HA-
YeHMAX Z. JTA JWHUA TAK}Ke COCTOHT M3
JBYX BeTBed, HO CUMMETPHUHHIX YKe HE
OTHOCHTeJIBHO TOYKM — HAdala KOOpAH-
HaT, a OTHOCHTEJIBHO LpAMOM — ocHm Y.
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1
Hua ysrmonm Y= 7 MOXHO CHMBOIHYe-

CKE 3ammcarb, 910 y=-+oco npm x=0
(oT0 03HAUAET, ITO MPH MOCTATOYHO MATHIX

Pue. 1.5.7

Z BeJWYMHA Y CTAHOBHTCA CKOIB YILOZHO
Oombnioi).

Tpadmx ¢yrrumm

y=+a'h= 425, (1.5.11)
TOYHEe, KPHBYIO C yPaBHEHHEM

=273 (1.5.11a)
HABHBAIT nNoAYKYbudeckoil napaboaoi

(pmc. 7). Tak wak orpmmaTeabHSHIM BHA-
YeHHAM I 3JeCh He OTBEYAlT H U K a-
K ¥ e 3HAYeHMA J (UPH OTPHUNATEJAbHHX I
mpaBas uacts (11a) orpmmartennma, 9TO
HEBOBMO;KHO, U060 y° He OTPHIATEIBHO
HE IPH KaKHX Y), TO BCA JHMHHS pPaclo-
JIoikeHA B IpaBod mogyniaocrocTm. Tax
KaK KajkAoMYy 3HAUeHWIO X OTBEYAIOT JBA
OPOTHBOIOJIOKHKEX II0 3HAKY SHAYCHNA
y (a mmenmo -J2® m —y2%), To mama
AMHAA CHEMMET)P M 9 H a OTHOCH-
TeJILHO OCH Z: KasRmoi# ee Toure A (z,y, Yo)
OTBeUaeT CHMMETPHYHAS OTHOCHTEIBHO
ocm abemmee Toura A; (T4,—Yy,). (Huswe,
B § 2.5, MH CTPOTO [OKa)keM, 9TO HOJY-
ryOmaecras mapaboiia B Havajde KOODHHI-
rar 0 KacaeTcs OCH Z.)

PaccMoTpennile MPUMEDH HITIOCTPAPYIOT XON
BCeX cmenennor PynEyuil

y=z",

(1.5.12)

rje NOKa3areib CTEHEHH 7 MOJKET OHTh MHOJIOKH-
TeJbHEIM B HEUOJOKUTEeJNBHEIM, 10 abcomoTnol
Bejyuunne OONBIIAM WMAH MEHBIMM 1, IejnM
wim  JpoOHEIM.

Ecaa n > 1, 1o xpusme (12) (koTOpHie MBI
OynmeM paccmMaTpEBaTh JHINH OPH HEOTPHIATEHLb-

BHX z, n00 OpPH HENEIOM n CaMo OIpefieeHue
BesimauBEEL 2", TAe x < 0, BH3HIBaeT U3BECTHLIE
TPYAHOCTH; Tag, HAUPEMep, Beamuiuna z'*=Vz
npr = <. 0 me cymectByer) BegyTr cefa Kak
(vBagparmyHasg) mapaGosa (4.3a). Bce onm xa-
CaTCA OCH r B Hadajde Koopamuat O m OPOXOJAT
wepes Toury Q (1,1), mpuguem, uem OGoxbime r,
TeM TecHee IpuMHIKaeT KpmBas (12) k ocm Oz
B OKPECTHOCTH Hadaja KOOPJIuWHAT I TeM Kpyde
ycTpeMiIsAeTCsA OHA BBEPX HA HOLXOAe K Toure Q.
TIpu 0 << n <1 kpuBue (12), samporus, B ma-
gaze goopAmHaT O KACAWTICA OCH Yy, LPWKN-
Magch K Hell TeM CuibHee, WeM MEHbINE n; OHU
TOHe OPOXOAAT depes ToUry Q (1, 1), mpmuem,
ueM MeHbIE n, TeM pe3de HOBOPATUBAKT OHU
K 9TO# TOoUKe, OTXONA OT Hadaka Koopamuatr O
(cM. pme. 8, a, HA KOTOPOM n300parKentl KpUBLIE
(12), oTBeyalomue Pas3JINYHBEIM 3HAYEHUAM 12 > 0,
a TaxKe OpAMad y==z, OTBEUAIOMANA 3HAYCHHAI
n=1 u oTgenslomas APYT OT Apyra aumum (12)
cn>1nmc n<l).

CoBcem mo-mIpyromy BenyT cebs wpushe (12)
mpr n < 0. 9ru auHEEM
rue m >0,

—_—p M e ———
y=a"= "7,

(1.5.12a)

TaKKe INPoXoJAT depes Toury Q (1, 1); omuaxo,
B IPOTHBOMOJIOMHOCTL cjaydalw n > 0, oHn

.9‘ V4
ﬂ:/y/a"j/ B4
y=z7
V4 Yz
’ /4
VA
V4
s %
VA
i
|
I
I
|
4
A z
Sy T, :
0 -0y j;/ﬂ 7
=4
Vg Y
/24
2.
-/
-z
- J
Pue. 1.5.8 &
—_—_— z

BOBCE He 3aXofAT B kBanpar OAQB c¢ pguaro-
Hadblo OQ, pacmonarasch NEIHKOM BHE ero,
Ocu z m y CJyHAT acEMOTOTAMU THX KPUBHLX,
npudeM deM Gonbimte n 1o aGcomoTHON BeImUHHE
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(deM GoJIbIle IOJOKUTEbHOE UHCIO m=-—n),
TeM ObICTpEe CTPEMATCA OHH K (TaK HAKOTJA M HE
HACTYIAIIMEMY) CIUSHAK C OChI0 Z I TeM Mej-
nepree npmGIMIKAOICA K ocu ¥ (cM. puc. 8, 6,
rme un3o6paskenil KpmBHe (12), oTBevarolmme
spauenmaM n=—1/10; —1/3; —1/2; —1; —2;
—3; —10; 1. e. 3navenmamM m=1/10; 1/3; 1/2;
1; 2; 3; 10 B ypasreruu (12a), a TamKe «IIpeaeiib-
pas» JmEEA y=z°=1, oTBedaromas 3HAYEHHIO
n=0).

OrmernM eme, 9TO dYepes KKIYI TOUKY
M (z, y) mepBOil UeTBepTM KOOPAMHATHOH ILIO-
croctn (Toury M (z, y), toe z, y > 0), maa
KOTOpOi =z # 1, TPOXOMHT €A MHCTBe H-
nasa awausa (12): srofl ImEUm oTBewaeT 3mave-
nne n > 0, ecin pasgoctu z—1 m y—1 mMemwrT
OfMHAKOBHE 3HAKH (T. @. ecam x> 1 mw y > 1
nim z <1 m y <1), n spavenue n < 0, ecaum
pasmoctn z—1 m y—1 wmMelOT pasmHe 3IHAKH
(eci ofmo n3 uncex z, y Goabme 1, a BTOpoE —
menbrme 1). Uro ke xacaerca Touex N (1, y),
e y > 0, To wepes oramuaHy® 0T Q TOYRY N
Re IPOXOMUT H I o /I H a KpmsaaA (12), a wepes Q
HPOXOANT OECKOHEUHO MHOTO TAKHEX KPHBHIX
(B Ce).

Ilo moBopy mosemenrs Junuii (12) mpm Goab-
mux 1m0 aGCoNIOTHOH BeJUIMHE SHAUEHHEAX n
(mo mosony «acummroTmKm» ynknmii (12) npm
n—> o HIH n->—om, Kak T'OBOPAT MaTeMma-
TuKd %) cM. ymop. 3.

Ynpascnenusn

1.5.1. H=zo6pasure rpadurum GyHRUu@iL:
a) y=uatt1; 6)y=—a*t 4 1; B) y =2a* 22
1,5.2, Hsobpasure rpaduxkd  QyHKIUAR:
1 1
y="7m+L 6 y=—77-+4

1.5.3. Kaxofi Bug umeior rpadurn GynKiuil:

a) y=a¥; 6) y=2a", B) y=_z 1) y=

1
= a1 [pH 04eHb O60JBMMX (HATYPaJbHEIX) n?

§ 6.00parnaa ¢ysrmma. ['paduxm B3a-
HMHO-00paTHHIX (DyHROMIA

3apanme y Kak QYHKOHH Z 03HAYAET, YTO
RQ)KIOMY & COOTBETCTBYET OIIpefiejieHHOe
snadenue y. Ho ary saBmcumocTs MOKHO
m o6paTuTh: 3aaBaTh ¥ U 0O HEMY HAXO-
IUTh COOTBETCTBYIOMmEe 3HaueHme z. Tax,
HAaODHMeP, B3aKOH [BHIKCHHS 9JEKTPO-

2 CIIOBO «aCHMOTOTHKA» UAET OT YiKe BHAKO-
MOI0 HAM TePMHUHA «aCHMITOTA»; BeIb YTBEPH-
fenme 0 ToM, 4To ¢yERuuMA y—=1/r mMeer acuM-
urorsl y=0 nam =0, Kar pas m XapaxKTrepmsyer
Baf 9TON (YHKIME IPH MaislX (1 Opr GoAbmmMX)
1m0 aGCoNIOTHOH BeJmYrpe .

moesga OT ONHOTO NYHKTa [0 APYroro
YCTAaHABIUBACTCH 3aBHCUMOCTHIO LOJOKe-
HEUA NM0e3/la Z 0T BPeMeHH ¢, TZie 3a KOOp-
AMHATY Z MOKHO HIPHWHSATH, HALDHEMED,
PaccTosiHMe II0€371a 0T HAYAJbHOTO HYHKTA
OBUKEHUs. OJTOT 3aKOH MMeeT BUA
¢yEKOIUOEANBHOR 3aBmcuMoctm 2=f (t);
BEMEHHO 3TOH B3aBHCHMOCTBIO z OT I, 3a-
JaHHOH B BUJe PACIUCAHHA JBHKCHUS
1noesna, PYKOBOJACTBYOTCH €ro BOTUTENb.

P
'z R4
y=Flz) S
/i
{1
4 / !
_ 7
Pue. 1.6.1 S z ¥
- .'.- //
J Z=gly)

Ho pas maccaskupa 3maeKTpomoesfga 00jib-
mui WHTepeC MOKET HPeJCTaBUTH HHASA
dopMa 3aBHCHMOCTE MeKAY HTPOMIEHHHIM
oyTeM Z M BpemeHeM f, a HMEHRO 3a-
BUCHMOCTh BPEMEHH OT IYTH, YKABHBAIO-
mas, B Kakoe BpeMsa I, upuOypmer moesq
B TOT KM MHOW TYHKT, OUDPeHeaseMEId
KoopAuHaTOt 2Z;.  IJTa 3aBHCAMOCTD
t==g (z) masuoBaeTca 06p aTHOHE IO
OTHOIEHHUIO K 3aBmcuMoctu z=f (t); mpy-
THMU cjoBaMu, g ecmb gyHkyus, obpam-
nas f. Tosopar raxike, uro QyEKDOH f
B g SABIAOTCH B3aHMHO-00DATHBIMI.

ITpuBeneM HECKOJNBKO HPHEMEPOB (CiIena
naga ¢yExomsa y (x), a copaBa — ofpar-
Hag el ¢YHKOMOHAJILHAA 3aBHCHMOCTH
z (y), TAe Temephb, BONPEeKU TPAJUIUAM,
OykBoli y 00603HaYeH apryMeHT QYHKIHHU,
a 6ykBoit * — cama QYHRIU):

y=z-+a, T=y—a;
=3z + 2, a::—;—y—%;
y=1—z=, z=1—y; (1.6.1)
y=1, z=+\y;
y=o+1, z={y—1.
Herpypmo coof6pasmTh, Hak CBA3aHH

TpPaguEd B3aMMHO-00PATHHIX (QYHROUEA f
u g. Ilycrs mbt mmeeM rpadur GyHKIEH
y=/ (z) (puc. 1). das Toro 4T06H 3T0T i€
9epTesk MOT CJAYKUTh TIpaduKoM 3aBH-
cumoctm =g (y), HAZO HOCMOTPEeTh Ha
Hero WHayYe: OPHHATH 0Ch J 3a 0Ch He3a-
BHCHMBIX HepevenHHX (och abcmuce),
a ock £ — 3a och opAamuar. Ecianm senars,
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aro0B" 0Ch HE3aBUCAMHYX NepeMeHHHIX
(abcomee) mo-mpesspeMy OblIa TOPU30H-
TAJBHOHA, a4 OCh 3HAYEHHH (QYHRKIOUH Bep-
THKAJABHOH, TO 3TOI'0 MOKHO ROOHThHCA,
MOBepHYB depresk (HAall rPaduK, a TAKKe
ocn koopmmEat) Ha 180° BOKpYr Guccek-
Tpuct ! I w IIl roopmmmartaBIX yINOB.

s A2 g=Ffz g\ T

. L .
-2 2,8
) |
~ 4 E
i
[}
— L
Vi z 7 i/ 8 <z
'
-7 y=9z

Pue. 1.6.2

Ilocsie Takoro moBopoTa 0Ch ¥y CTaHeT
ropu3oHTaJIbHOH, a 0Ch T — BePTHKAIb-
poii. Peayabprat Takoro mosopoTa Ha puc. 1
u300paykeH DYHKTHPOM; OYHKTHPOM Ke
npogoirensl ocu Oz m Oy, 9700H yKa-
3aTh, YT0 OHM HOMEHAIOTCS MECTaAMH.

Ha pmc. 2 gse wactm puc. 1 — cuomi-
HAS U OMyHEKTUDHASA — PasdbeJuHeHH; IPH
9TOM Ha puc. 2, 6 MEH no-upe:xkEeMy 000-
BHavaeM abcrucCH Yepes &, & OPJUHATHL —
gepe3 y. W3 aTux OByX uepreskeli BHIHO,
9T0 ecilm Ha puc. 2, a 3Havenmio a=0A4
HE32aBHCUMON IlePeMEHHOH OTEeYaeT 3HA-

y=Iz+2 L

Puc. 1.6.3

wenue b=O0B ¢yrenuu (rpe b=f (a)),
TO Ha Puc. 2, 6, msobpakaomem rpaguk
¢yrrnmm g, mmeem a=g (b). Iomopor
BORDYT Guccextpucsl I ma 180° mepeBomur
orpeskr OA=a m OB=b pme. 2, a
B orpesknm OA,=a u OB;=b pumc. 2, 6.
Taxmm o6pasom, epaguru e3aumHo-06-
PaAMuux GYHEYUL cCUMMEMPULHEL OTHOCU-
meavro Guccekmpucet, 1 I u II1 roopdu-
Hammuor yeaos. Taw, ma pme. 3 m3obpa-
#eHbl TPa@uKN B3aUMMHO-0GDATHHX (PYHK-
uui y:3x—{—2ny=—§x—-§—,
HOCTH, ecid IpagumKk QyHROUA CHMMETpPH-
9eH OTHOCHTEeNhHO OuccexTpucs [, To pyak-
QuA coBNAafaeT co cBoell obparnoii. TakoBH,

CKreM, gyERmugm y=1-—z win y— %

B uaet-

(cM. pume. 4.2). U B camom pmeme, usy—
=1 —=z caegyer, yto z—=1—y, a u3

y:i BHTEKAET, UT0 &= —.

z y
OGparumcsa tedepb K puc. 4, m3obpa-
maroniemy rpapurum  PyERmuE  y=a?
(ciuromEAs THHWA) W y=\/z (UyHKTHD).

4 g=zZ

Pue. 1.6.4 \\\i/\a,—/a—/

y=-\1/5

N3 proro pucynka BHZHO, 9T0 QyHKOHA

y=++\/z, obpaTHas KBajpaTHIHON GYHK-
omm  y=z%, ABIACTCA JIBY3HAYHOI:
RasKJ0My HOJIOKHTEJIPHOMY 3HAUEHHIO I
He3aBHCHMO# mTepeMeHHO# 3Hech OTBe-
4ajoT JBa 3HaYeHHS QYHKOUN, a MMEHHO

y=y\z m y=—yz. [Ina Bcex ke oTpm-

4
el

4, == \-T‘ Y=gz
i

Pue. 1.6.5

Vd Vo

[ATEJbHHIX Z OTBEUAIONEE eMy ¥ He Cylme-
creyer, ubo rpaduk QYEKmumm y=4\/x
OeJAHKOM PAacIoNOoyKeH B UPAaBOA moxy-
OXOCKOCTH, OTBEUAOINEH TOJIOKUTEIb-
HHIM z. [ToaToMy B paccMaTpmBaeMOM CiIy-
Yae yTBep;KAeHHTe, 9TO U0 3aJAHHOMY 3HA-
YeHHIO I MOMKHO CPasy jKe YKasaTh OTBe-
Yaplee eMy 3HadeHme y obparHo# QyHK-
num, OyneT HeBePHBIM: IS HEKOTOPHX T
(mas = < 0) orpeuarinee eMy y He
cymecTByerT, IIAd APYTUX Ke X
(nng z > 0) MH mMeeMm, Tokanyi, pake
COAMIIKOM MHOTO OTBEYAIIHX 3TOMY I
3HaUYeHMH Y — cpa3y [nasa.

Eme ciosxuee obcTouT Aeno B ciydae
¢yarumn f (x), n3o06paskeEHOR Ha puc.
(ma TOM Ke pHCYHKe IyHKTUDPOM m300pa-
sena ofpatHas pymrmusa g). B arom cay-
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4ae, CKaKeM, 3HAUEHHWI0 £=a OTBEYAIOT
cpasy W e T H p e 3Havenus g (),
a mmenHO b, by, b, m b;. BopoueMm, camo
1o cefe 3TO HAKAK He MO’KeT HAC YAUBATH:
KOHEUHO, (YHKINA, OIPefeleHHas Kak
obpartras 3afanHo# f (), BoBCEe He 00s-
Bana OHTH ogro3Haunoi. Tak, B mpuMepe,
¢ KOTOPOT0 MH HA9aIX Haparpag, DyHKTH,
KOTOPHEe IPOe3;KaeT AJIeKTponoesy (OHH
OIPENEeNATCS PACCTOAHNEM 2 OT HAYalb-
HOTO myHKTa (), pasymeercs, OGHO3HATHO
ONIPeNledA0TCS M0 BPEMEHH f: MMEHHO 3Ta
3aBECHMOCTh 2z=2 ({) maeTcA pacnuca-
HueM ABmEKeHHs nNoe3ga. Ho ecam maH-
HEIll TPUTOPOIHHI I0e3]] coBepiIaeT B Te-
JeHWe CYTOK PsfA PelicoB, TO Yepes ompe-
JOeJIEHHEH IYHKT CBOEro MapHpyTa OH
B Te4eHHe 3THX CYTOK OyJeT HPOXONUTH
MEOrOKpatHo. Tammm obGpasom, obpar-
Hasd BaBHCHMOCTH BPeMEHH OT PAaCCTOA-
HEA =1 (2) Oygoer mrozozHauHoll: OMHOMY
H TOMY K€ PACCTOAHUIO Z OT HAYAIBHOIO
OYHKTA [ABIKEHNSA OTBeUYaeT PAN MOMEH-
TOB BpeMeH#, KOTJA JJIeKTpOmoe3d yhaa-
jaer o1 O EMEeHHO Ha BHIGDAHHOE PACCTOS-
HEE Z.

Tax B 9eM ke IPUYMHA PABIHIHA MEKIY
¢yuknuama y=3z-+2 (eM. puc. 3; smech
obpatHasg  QYHKOUA  ONHO3HAYHA) H
y=x% (cM. puc. 4 — obpatnas JyHROUMA
IBy3HAUHA) HAM, TeM Oojee, m3o6parkeH-
Ho#l Ha pmc. S dyErnmeit f (z) (o6paTHas
¢yuarnusa MmHoro3mavsa)? Herpymao mo-
HATH, B weM TyT feno. Ilpomecc «oGpa-
meHUAY (YHRIUA — HAXOKICHHA (YHK-
wun, ofpaTHOM 3amaHHO’, 3aKIIOUaeTcs
B BOCCTAHOBJGHHHN 3HadeHmE abclimee 1o
OTBEYAIOIIIM HM ODPJMHATAM — CKAayKeM,
BpeMenn § 10 HOPOXOAUMOMY 3IEKTPO-
HOe3I0M LyTH Z. XOPOIIO, eciau IPH 3TOM
KOKAOMY 3HAUEHHMIO (pYHKIUHU Y OTBeUaeT
eflHHCTBEeHHOE B3HAYEHWE apry-
MeHTa Z, T. €. ecau obpaTHasa QyHRUEA
OMHO3HAYHA; OAHAKO 9TOT «XOPONImID
cIydail mMeeT MECTO [aJeRO He Beerja.
Ho ofpatoasgs ¢yaRousa Bcerga ofHo-
3HAUHA, €CIH HCXOMHAS OJHO3HAUYHAI
oyrruna y=f (r) MoHOMOKHHaE, T. €. eciu
OHa BCe BpeMdA PacTeT WU BCe BpeMsA yObi-
BaeT. 37iech B IPOIECCe M3MEHEHHs apry-
MeaTa r QyHKmusa Oymer mpobGerath Bce
HOBHI® 3HAYeHWS Yy M KasKmoMmy y Oymer
OTBEUATh cBOe 3HaueHume Z. MMenuo mo-
aTOMYy B ciaydae ¢yHKmum y=3z-2 ompe-
nererue 00paTHO¥M (GyHKIUN He BEIBBATIO
Y Ha¢ HUKaKuX 3aTPyAHeHHMHA — BeNb 3Ta
(MuHeiinas) GYHKOMA MOHOTOHHO PacTeT.
Tax sxe obcromT fesio B ciryuae 3aBHCH-

MOCTH TPOXOJMMOTO I0e3[0M IyTH OT BPe-
Mern (z=f (t)), eciau MoesJ JBHEKETCA
B omEoM manpasieHun (6e3 OCTAHOBOK).
Ho ecau manpaBieHue m3MeHeHUA QYHK-
nmn  (cKajkeM, HANPaBJeHHe IBHKEHHA
moe3fa) MeHAeTCA Ha o6parHoe, HAIPHMED
dyrKIUA cHauasa yOEHBaeT, Kak QyHKIuAs
y=a% a 3areM, Hepelifig depes TOURY
MUHEMyMa, HaYWHAET BO3PacTaTh, TO,
Bospacrad, (Qymrmus cHOBa npoberaer
ysKe BCTPedaBUIMeCs PaHee B3HAYCHUA, —
E I03TOMY MBI HE MOM<eM ¢ IIOJHOH ompe-
JeJIeHHOCTRIO CKa3aTh, KAKOMY HMEHHO
OTBeYaeT JaHHOE ¥, m06O TAKAX T OKAa3H-
BaeTcA HeCKOJBKO (B ciaydae (PyHEIUR
y=x* — gBa). I y® coBceM He HOAXOAMT
Ias  ompefieleHma o6parHOR (yERIAR
nocrosHAAsA Gynknua y=a (cM. puc. 3.6);
Bellb 37eChb [ COBCeM He MEHSAET CBOETo
3HAUEHHS K ONpPEJeJUTh WO HEMY X He-
BOBMOJKHO: (YHKIHS YJ=a COBCEM He
nmeer obGpaTHOM.

B caywae ke HHHX OGQYHKIUA [elXo
o6¢TouT BoBCe He Tak YK muaoxo. Eciu mu
XOTEM CKOHCTPYHPOBATH  ONHO3HAUHYIO
$ymrEIMO, 06paTHYIO, CKa)keM, QYHKIHH
y=a?, HaM HAmO JdANb OrPAHHIATHECH
MOHOTOHHOM YACTHIO 3T0H (YHKOWHE, Ha-
npuMep, paccMaTpEBAaTh ee IIPH OJHHX
JHIIb IMOJNOKATEJIbHEX 3HAUEHHAX apry-
MeHTa  (COOTBETCTBYIOIIAS dacTh Tpa-
¢umra ¢yErRumu y=2z° m300pakeHa Ha
puc. 4 Gonee ;RUPHOH JamWHHMei). IToMy
MOHOTOHHOMY YYacTRy ¢yErnmm Oygmer
0TBeYaTh OfHO3HA4YHaA ob6paTHas GyHK-
nus. I'padmx Taxodl ofHO3HAYHOHE BeTBR
pyrEmEE y=\z usobpakeR Ha puc. 4
foJiee TOJNCTHIM TYHKTHPOM; MMEHHO 3Ty
¢yrrouio o6kuHO u 0003HAYANT depes

yZ (EmHOTHA ee HasHBAlOT apugmemune-
cKUM 3HaueHuem ! KODHA RBAIPATHOIO
u3 ). AFaJIOTUYHO 3TOMY, €CAH TOJBKO
namHag touka M (z,, Yy,) rpadmra GyHEK-
omn y=f (z) He ABIAETCS TOIROH MaKcm-
MyMa HIM MHHAMYMa, DOXOOHO, Hampm-
Mep, Touke M ma puc. 5, TO B OKPECTHOCTH
paccmaTpuBaemoil Toukm M MOKHO BHI-
[eINTh YYACTOK MOHOTOHHOCTH ? (HyHK-

1 CnegyeT TONHKO MMETb B BUAY, UTO Bejm-
appa + Ve, Ife WOl KOPHEM KBAADATHEIM MO-
HAMaeTca aprdMeTHYeCcKOe ero 3HaYeHHue, BCe ke
He ABJAETCA NOAHOCThIO 00paTHOH QYHKIEH
y=2%: B TOUROCTH o0OpaTHa »dToH QYHKINM
LIBYB8HAaTHAA QYRKOHA y ==+ V.

2 B COOTBETCTBHHE C 9THM FOBOPAT 0 A0KAAbHOLE
Mmonomonroemu QOYHEIEH y=f () B Touke M,
T. €. 0 MOHOTOHHOCTH (YHKINA B HEKOTOPOi
oxpecTaoCTH TOUKE M.
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umm f. 9TOMy yYacTKy OTBeYaeT HEeKOTO-
Pasd ONHOBHAYHAA BeTBh 06paTHOH (yHK-
mua g (cM. YYacTRE IPagQEKOB (PYHRIHU
f(x) m g(z), BEgeneHHBe HA PpHC. D
Gomee kupHEIMEH Jmamsamm). Boobme
MHOTO3HAUHAasA (GyHEROUS Bpofe wusobpa-
JREHHOM MYHKTHPOM HA pHUC. O QYHKRIUH g
00BIIHO ©CTECTBEHHO  paciagaercsi Ha
OIHO3HATHEIC BeTBH (YHKIUE — B HameM
cIyuyae Takme BeTBH  m306pasKaioTcs
ayramu OB, BC, CD u DE (cm. puc. 5).
TpyanocTs 3mech MOKET COCTOSATH JHIIb
B TOM, KAKyI0 u3 3THX BerTBed Ieaeco-
06pasHo cunTaTh, TAK CKA3aTh, «TIaBHOMY;
BHOPOYeM ¢ TOUKH B3PeHHH MaTeMaTHKa,
9TO, pasyMeercsi, COBepIIeHHO 0e3pas-
JIMYHO.

Ynpascrenusn

1.6.1. Hakue ¢yarnunm oGparnh PyHKIUAM:
a) y=2z+4; 0) y=2*—-2; B) y=2%-}+32%}3z;
r) y=z%4}+2a2,

1.6.2. Mcnoansosas puc. 5.2, 5.3 u 5.6, a, 6,
Hapucyiite rpadurn ¢yHKumii, oGpaTHEX PYHK-
nuaM: a) y=zxz%+tzx; 6) y=a®—z; B)y=
= % ;T y=a 3= 23 BBIJIBIIHB,

=2 eciu

Tpefyercs, yYaCTKM MOHOTOHHOCTH 3THX (yHK-
nuil, D03BOJNAIOMUe N[pPUATH K OXEO3HAYHOH
obparnoil pyHKIUR.

£1.6.3. Haiinure pyuruuio, o6parayio: a) mpo-
H3BOJBHOH Nunelinoit GynrImu y=az-}b; 0) mpo-
M3BOJbHOA KBagpaTmIHod ¢ynxumm y=az?+4
ar+ b
cx+d°

1.6.4. Ilyctb f (z) m g (z) — B3amMHo-06paT-
wble QyBEKIum, rAe ¢yskiua [ ompejeireHa Ha
yuacTke @ < z < b, a QyHKIHA ¢ — HA yYaCTKe
e<z< B, f(a)=a, f()=Buupn a < <bh
$yHRIAA y=] () MOHOTOHHO BO3pacTaer.

Horamure, uro: a) f (g (z))==z, g (f (z))==;
6) fynkmmm F (1)=f (f (2)) u G (2)=¢ (¢ (2))
B3anMuo-oGparrsl. Karoser obnactm ompenerne-
ama gyrkmmt f (g (), g (f (@); F (2), G ()P

+4- bz -+ c¢; B) QyERIUE Yy —

§ 7. Ilpeo6pasosanna rpadukos GyHRUMiL

BxInte MEI yike HEOMHOKPATHO BCTPEIAIACH
¢ «npeobpasoBaHuAMA IPaduKOB», ¢ Hepe-
X0JaMH OT TIpagmea GYHKOEA K WHOR
JIVHEAW, POJACTBeHHOH IepPBOHAYAJbLHOH.
3meck MBI CHOBA BEDHEMCA K 3TOMY BO-
IIpocy ¢ TeM, 4TOOHI paccMOTPeTh €ero
cucTeMaTHuHee.

IIpome Bcero pemrmTh BOIPOC O CABHTE
(mapasrenpHOM mepeHoce) Kpmeoh. Ilycrs
MH uMeeM rpaduK QyEERUuUE Yy=f (z);
Kak OyjgeT BHIAAAeTh QYHRIUA, Ipadur

KOTOPOH Tosyuaercs M3 HallleTo IpaguKa
cMemenueM Ha b eguaumi seepx? OTser
HAa JTOT BOHPOC HOYTH OUEBUMEH: SICHO,
9T0 eCJE PAaccMoTperh IBe KPHBEHIe
y=f(z) m y=f (z)+b,

10 Kaskmo touke A (¥, Y,) mepBoro
rpaduKa Oymer O0TBEUATH TOUKA
A, (zy, y,) BTOpPOTO TpadmKa, pacmono-
sKeHHAas HaJ TOYKOX A, Beme ee Ha b
(puc. 1, Yumeno b MH 3ech cUATaeM IOJO-

7 AL 7
7 (Zg: s
724
/ | 4 7;/’ riz
/W

Pue. 1.7.1 / ! ///;7/‘[/,17
Vi — T I
//, Z, Z
mureabubiM). Ilo-IpyroMy 3T0 MOKHO

OmmCATh TaK: €CJiM Halllu fABe (QYHRIHHU
HMeIOT BHJ

y=f (xr) m y—b=f (x),

TO BTOpPag pacmogoKeHa Ha b epuEMHD
BEIIe IePBOH, T. e. 3aMeHA B YPaBHOHHH
JMENY BeJMYMHE § Ha Y—b paBHOCHIbHA
CIBUTY JUHNU HA b eJUHUIN, BBEPX.
MosxeT moKa3aThesA, UTO MEl HAIPACHO
TOBTOPMJIM OJJHO H TO jKe YTBeDsxIeHHe
IBYMA NOYTH He OTHHIAIOINEMECS CIO-
cobaMu: TOAHATH KPHBYID — 3TO COBEp-
muTh caegyiomee Ipeo6pa3oBaHue ee
ypaBHEHHUSA: mepeditm ot y=f ()
g y=f (®)+b, nau or y=f (z) K y—b=
=f (z). Opgmaxo Bropas ¢opMYyJIEPOBKA

¢ samemoif y ma y—b ymobma pasa
caydas, KOIJla KDHBasg 33/laHA (HedAB-
ueM» ofpasoMm, T. e. YPaBHeHHeM BHA

F (z, y)=0, He paspemleHHHIM OTHOCH-
tenbHO y. Tak, HaopuMep, ypaBHeHue
orpy:;kEOCTH S pagmyca 1 ¢ meHTpoM
B Hauale KOOPAMHAT yHo6HO 3ammcarhk
TaR:

224-y*=1, nam
F (z, y)y=2*+y*—1=0 (1.7.1)
(cp. ¢ dopmyioi (2.1) mus paccroArmA

OA, tne A=A (z, y)). 3amerus 37ech Y
HA y—0b, MH IpHIeM K yPaBHEHHIO

2 (y—by—1=0

eIUMHUYHON OKDYKHOCTH ¢  HeHETPOM
B toure Q; (0, ) — OKPYKHOCTH, IIOJY-
qegHON M3 S CABHrOM Ha b eJIMHMI BBEPX
(pmc. 2).
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Amranormumo (Msl mogpoGHO obcymmIIm
3170 B § 4) 3amena B ypapHenun F (z, y)
KPMBOH apryMenTa * Ha I—a pPaBHO-
CHIBHA COBUTY KpUBOA Ha a eAWHHT
popaso. Tagr, ypaBHeHme

(x—a)t+y:—1=0

ompefiedaser OKPYKHOCTH ¢ IEHTPOM
B Touke U, (a, 0) — okpymmocTH, HWOJY-
9aeMyI0 U3 IePBOHAYAJNBHON OKPY/RHOCTU
S casuroM BmpaBo Ha a (cM. puc. 2).

N

z % /y—l/z-/=ﬂ

Y7

(zra)feyZr=0 Zhy?-r=0

N~ T
/ Y h
i Gy Fa, ) N oz d)

14

j \ V4 / Z
AN

iy t)r=g L. T2y =0
\,/;3 N
- A
Pue. 1.7.2 L J
Nl

fcHo, uro BenWUWHH @ U b MOTyT OHTH
¥ OTPHIATeJNbHBI, Tak, HANpuUMep, Hepe-
Xof OT ypapHeHus y=/f (z) ¥ ypaBHeHHUIO
y=f ()—b (rme mo-mpeskmemy b >0)
UTH 3aMeHa Y B yDABHOHWNW JIMHWHM Ha
y-+b o3HaUaeT, YTO MH OIyCKaeM Tpaduk

WA i
B Y
P 4 p

Puc. 1.7.3

d

VAR z

JMHAHN Ha b eUHAI B H ¥ 3 (CM. JUHHIO,
u306paskeHHyI0 OyHKTHPOM Ha puc. 1).
Amanoruuno sromy muEusf F (z+a, y)=0
noxnyuaercs us amemu F (r, y)=0 casm-
roM Ha ¢ eauHEN BJ e Bo. Tak, mesm-
tpaMu  OKpy:kHOCTEH 2*-+(y-+b)*—1=0
n (z+a)?+y*—1=0 spasgiores TOYKU
Qs (0, —b) 1 Qg (—a, 0) (cm. puc. 2).
VEasaHHBE CABWIHE MOKHO W KOMOMHMpO-
parb: Hanpumep, Jumus F (z-+1, y—2)=
=0 monyuaerca u3 amumm F (z,y)=0
cupEroM Ha 1 elMHMIY BIeBO M Ha 2 efn-
uups BBEpX (puc. 3).

IIpumep. PaccmMoTpmM TaK Ha3H-
BaeMyI0 OpoOHO-AuHelinylo QyHKIuI0

oz +b rue ¢=~0.

== m y (1.7.2)

Muorue »kcmepuMeHTadLHO Habaromae-
MBle 3aBHCHMOCTH BBIPAKAIOTCH — TOUIHO
miu OpubIIKeHHO — (QYHKOHAMH TAKOTO
CTPOEHH; NO03TOMY BayKHO B3HATH, KaK
MOKHO YIPOCTUTH 3aMUCH 3TOH (QYHKHAM
¥ KaK m300pasuTh ee TpaduK.

flcHO, 4TO ecam UmciamTeNH W 3HAMEHA-
Teqh crofAmedl B mpaBoil wactu (2) npobm
OPONOPHUOHAJBHE, T. e. a:c=b:d,
mau ad=bc, 10 pyEKOUA (2) mocTOAEAE —
oma umeer Bup y ==k, rie k:%(:—g—).
IlosroMy wmHTEpEC NpemcTaBIACT JHIIb
caygail, Korga ad=£bc. Mu yrBep:umaeM,
970 B BTOM cJydae TIpPaUKOM BaBHCH-
MocTH (2) ABAsterci Tumep 6 o xa, u,
CHelloBATENbHO, 3anmeh (2) osHEagaer
06paTHYI0 OPOIOPIHMOHAIBHOCTh ABYX Be-
JIMYUH.

Puec. 1.7.4

Tpepoctasup pasbop oO6mero cxy4das
gpraredo (cM. yop. 6), Mu OTPaHAYAMCA
37leCh YACTHHIM CJiy4aeM, KOTHA

19 —6ax
Y=%—5"

Brimenium u3 croAame#r B OpaBodl dacTu
ApofHu LEedyI0 4acThb:

(1.7.2a)

(15 —6z)+4_ 15—6a 4
_ 2z — b _' 21-—5_‘_21:——5‘
4
=345 5.

Iocaegmee ypaBHeHUe MO;KHO elge mepe-
OHEcaTh TaK:

2
y-+3=5—"5p (1.7.26)
OTKYNa BHKHO, 910 jduHUA (23) (unm (26))
ecTh rpadmr o6paTHOH HPODOPHUOHAIB-

HOH sasmcmMocTE (¢ KoadpummeHToM 2)
pequuuHE y+3 B —5/2 (puc. 4).

BrisicHuM Temeph, Kak Halo M3MEHUTh
ypaBHeHHe KPHBOH Jis TOro, 9To0H pac-
TAHYTH €6 B ¢ Pa3 BAOIb OCH J, T. €. yBe-
JIMYUTH B ¢ Pa3 BCE €€ BEPTHKAJIbHHE Pas-
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mepmi 1. Oueswmpso, npas atoro Heob6Xxo-
OHMO 3aMeHHTh MCXOfHOe yDaBHEHHe
y=f (z) HoBEIM ypaBHenHeM y=cf () (MH
GymeM mmeath: Yo=f (z) u y,=cf (z),
DOCKONBKY 9TO J(Be DAasHble KDPHUBHeE).
Torga mpu TOM ke z BeIMIHmHA Yy, OymeT
B ¢ pa3 GoJablle BeIWYHHE Yy, T. €. HAINA
KpPHBasA PacTAHETCH B BEPTHKAIBHOM Ha-
opapleHUZ B ¢ Pas.

B nauectBe upumepa obparmMcs CHOBa
K ypaBHeHMAM OPAMEIX, OPOXOAAIIHX
Yepes HA4aN0 KOODAMHAT. YPaBHeHme
Ouccextpuest 1| u Il  xoopmumaTHEIX
YITI0B EMeeT BHA Y,==%. Y DaBHeHHEe >Ke

4
J
Y=4(Z!
z
/ =G (T
Puc. 1.7.5
/T

- 7

y,=10z coorsercTByeT HpAMOM, muyulei
Dosiee KpyTo, v ROTOPO# IpH 3afaHHOM I
oprmuaTa Goabme B 10 pas (cM. puc. 3.4).

Ifepexom o1 yo=f(x) = y =cf (2)
MOJKHO OOACATH U TAK: B YPABHEHWH KDPH-

Y1

Boit y,=f(z) Mm samemsem y, ma ~-,

Y1
[
y, (y «momoe») or z xapakrepusyercs
TeM, YTO KpUBAS BHITAHYTA B ¢ Pas IO
BEePTHKAIHE IO CPABHEHHUIO C KPUBOH Y, (Z)
{rne y, — oTO0 y <«cTapoer).

CHoBa He0o6X0mHMOCTH ABYX GOPMYJIH-
POBOK, TORAECTBEHHOCTh KOTOPHIX OYe-
BuHA (Befib SCHO, UTO YDaBHeHHA

y=cf(z)z l—é = f () Be oTnHUATOTCA OHO

T. e. numemM —— f(z). Torma saBucuMOCTH

ot Apyrorol), BEI3BBaHA TeM, 9TO HPaBHIO
A
[
HHM, ecnd TpeGyerTca «pacTAHYTH B C pas
OT ocHu T» KpUBYI0, ypasueune F (z, y)=0
®OTOPOIl He DPa3pemeH0 OTHOCHTEILHO Y.

3aMeHH ¥ Ha — OKasHBaeTcA Gonee ymob-

L PegoMeH[yeM IATATEINIO IS MPOCTOTH 3/eCh
¥ fajee IOKA CUATATh, 4TO ¢ > 1; ma ciaygae
¢ <1 (m gasxe ¢ <{ 0) MH elle cIeNuaJbHO OCTaA-
HOBIMCA HIIKE.

HocraTogno DOACTABUTH B HOBOE YpaB-

HEeHHue % BMECTO [ — M MH IPHIeM K Tpe-

0yeMOMy pesyabTary: F(a:, —c‘(/—):O

O6partumcsa, Hampmmep, CHOBA K M-
HUYHOH OKDY;KHOCTE S ¢ ypaBHEHHEM
2*+y*—1=0. Kax sanmcath ypaBHeHE®
KPHBOH, TONyYaeMO, eCIH BHTAHYTH S
B 3 pasa mo Beprumkamm (pmc. 5; HO-
Bad KpuBasg o6osHauena dwepes y; (z))?
Ilo mpaBmay, kKOoTOpOE MHI TOILKO dUTO
chopMyNIEPOBAIH, IS BTOTO HAKO B yPaB-~
HEHWE OKDY)KHOCTH 3aMeHHUTH J Ha %‘
Ipu arom moayumm

x2+(131)2—1:o

(MBI mRmeM 3ech ¥4, a He ¥, 9TOOH OTIH-
auTh KPEBYIO (3) or OrpyskHOCTE (1)).

HpmBas, KoOTOpag WOJydYaeTCA H3
OKPY/KHOCTH DPacTs;KeHHEM IOCIegHel oT
TOPHBOHTATLHOTO (HAE BEPTHKAJBHOIO)
ee pmmamerpa (cM., BIpodeM, ymp. 5),
HABEBAGTCH I44UNCOM % TAKEM 06pasom
or okpy:;xHOCcTH (1) (Ha puc. 5 a3Ta OKpPYE-
HOCTH 0603HaUeHA KaK Y, (Z)) MH mepemim
E aumammoey (3).

B mammoM caywae ypasmenus (1) u (3)
JerKO0 pPemaloTes:

p=\T—7F p=31"2,

¥ HalJANHO BEJHO, 4TO Y,=3}, OPH OxU-~
HakoBHX r. Ho npasmio, yreepsunaomee,

9TO 3aMeHa Y Ha —'lc—{- HIPUBOANT K BEITATHUBA~

(1.7.3)

HUK KPUBOH B ¢ pa3 0 BePTUKAJIH, CIpa-
BeJJINBO W JIfl KPUBEIX, 3aJJaHHBIX TAKAM
CIOKHEKM ypaBueHueM F (z, y)=0, xoro-
poe HHKAaK HeJIb3A PeNMINTh ajirefpandecKi
OTHOCHTeJIbHO ¥, HAIOPHEMeD ypaBHeHHmeM

z+ylgy=0. (1.7.4)

Jlupma, nomyuaromasca wn3 aummm (4)
YBeJINIGHAEM BCEX BEPTHKAJBHBEIX pas-
MEPOB BTPOE, ONMCHBAGTCH CJEYIONIM
yPaBHeHHEM:

w—}—%y]g(%)zo.

VTBepm,ueHHe O CMEICTIEe 3aMEHH ¥ Ha

(1.7.4a)
A
c
11eTRO HePeHOCHTCA U Ha KOOpARHATY z. [Ipm

? KoadduimenT ¢ pacTH:REHHA MOMKET OHITDH
n pasuEIM 1 (pasyMeeTcsi, TAKOE (TOKAECTBEHHOE
pacTmieHne» KPHBYI He MeHSeT); B COoTBeT-
CTBUH C ITHM OKPY/KHOCTH OOWYHO CUHTAIOT
YaCTHEIM CJIYYaeM 39JUIMICA,
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saMeHe B ypaBEeHHY KpuBoil F (x,, y) =0
F4
apryMenTa T, Ha —, T. e OpH Hepexone

Z
K ypaBEEHHIO F (Tl, y):O, AMEAA pa-
CTATEBAeTCH BJONL OCA T B ¢ pas: IpH
OMHAKOBOM Y 3HAYeHWe Z; B C pa3 Oompire
3HAYEHUS . ,

HaymeM He ¢ JOKa3aTeabcTBa, a ¢ OpPH-

MepoB:

x
y=—=zx, H y:—ﬁl)‘:()’h;l

(cm. pme. 3.4). Tlepsasa mpsmas HpeT TOX
yriaoM 45° K ocm &, Bropas muer Goxee
HOJIOTO.

Bropoit npumep:

22 by —1=0, (z—;)z-}—yz—i:o.

Ileppoe ypaBHeHHe OTMCHIBACT OKPYIK-
"gocTh S paamyca 1, BTOpaA KpUBAasg MOJY-
waercA M3 TePBOM DacTAKeHEHEM BJOJb
ocu z B 2 pasa (puc. 6). flcmo, 910 H 3/KECH
HOBas KPHUBas NPeACTaBIseT co6o# 5 -
Iume.

Jloxa3aTeJbCTBO HAIIETO yTBepPIKAeHUSA
modTm OdYeBHAHO. KCam pemuTh ypaBHE-
HEA nepBoft M BTOPOH KPHBHIX

y=f) n y=1(2), (1.7.5)
OTHOCUTEJABHO &I, TO LHOJYYHUM

zo=9() m 2=¢ (@)

T. €. &, = Cp(Y) = CTps (1.7.5a)

rne ¢ — ¢pymrous, obparEas ¢Qymrgau
f (cm. § 6). 910 COOTBETCTBYeT MCXONHOM

x
gopMynmpoBKe: [pH  3aMeHe & HA —

KpUBas pACTATHBAETCA BAOIAb OCH I
B ¢ pas. IIpu aToM BaskHO, 9TO B (9) f npes-
crasiaser coGoii omEy u Ty e QYHKIUIO
B POPMYIIAX C Zo U C Z;; TODTOMY 1 B (Da)
¢ B opMyJiax ¢ T, 4 C z; — 3TO OJHA U
Ta ke GyHHKIHUA.

Bort enie ofuH nDpuMep: OycTh

Ox1/2.

y=10" u y=1 (1.7.6)

Ho crememno# ¢yEKOE obpaTHa Jora-
pupmMmieckas QGYHKIOHUA, TOITOMY 3Jech

r,—=lgy u zT‘—_—.lgy,
T. e. ¢, =21gy. (1.7.6a)

Taxum o6pasoM, rpaguk ¢QYEROUH
y=10%2 nomyuaerca u3 rpadpmea QyHEK-

nmm y=10" pactsixenueMm B 2 pasa B Ha-
npaBieEnu ocu abemuce.

A 9T0 03HaYaer 3aMeHa & Ha kT B ypas-
weHmA y=/{ (z)? [ag Toro uToGE BOCIOIb-
30BaThCA CHOPMYIMPOBAHHEEM BEHINE Hpa-
BUJIOM, BCIOMHEM, YT0O YMHOKCHHE Ha
k — pT0 TO e caMoe, 4TO [eJeHUE HA

1/k: Benp kx = 3mauur, 1/k urpaer

x
T
POIb BEJWIHEH ¢ B HpeAbyymux GopMy-
Jax, ¥:eécau, Hampumep k=1/2, 10
¢=1/k=2. 3maumr, 3amena z, ma 0,5z,
eCTh 3aMeHa Z, Ha z,;/2: 0OHa OPUBOTAT
K pacTMKeHHI0O KDWBOM BAOAL 0CH T
B 2 pasa. Ecan ke k=3, 10 c=1/k=1/3.

Puec. 1.7.6

=

TarkuM of6pasoM, 3ameHa & Ha 3% — 5TO
xz
TO JKe, UTO M 3AMCHA I HA .
Urto 03HAUAIT 3TH HOJCTAHOBEM T€O-
Merpmueckn? B caygae, worma ¢ > 1,

pesyiabTar GOPMYyIupyercsa Tak: IPH 3a-
MeHe y—>% B yPaBHERUW KPHBOW JUHMA
B ¢ Pa3 DPAcCTATHBAETCA HO BECOTE; OpH
3aMene ke x—>% JUHUA PAacTATHBAETCH

B ¢ Pa3 B TOPU3OHTAJHHOM HAUPABICHUH.

B cayuae, xorga 0 < ¢ < 1, B Hammx
paccy)KmeHHAX, H0 CYINECTBY, HE MEeHA-
eTcA HUYero, OJHAKO CJOBA (YBeJIW-
9uThY M (PACTAHYTHY 3Jech YiKe He
TORXONAT: Belb «(YBeIUIATH B 2 pPasay
KaKyI0-TO BeJIUIWHY — HTO 3HAUAT 3a-
MEeHHTh ee Ha BABOe GOJBIIYIO, & BOT «yBe-
IUYMTRY HAKX «pacTAHyTEY B 1/3 pasa —
3T0 3HAUMT YMHO;UTHb Ha 1/3, T. e. me
VBeIMYHTh, 8 B J Ppasa yMeHbIIHTH,
B 3 pasa cykatb. TaxkuM o6pasoM, 37ech

CHOB& IIpHI 3aMeHe y-—*—'z BePTHAKAJbHLI®

pasMepHI UBMEHAIOTCH B ¢ Pas3, 9TO B KaH-
HOM cJaydae IpejacTaBisieT co00d ¢ ik a-
T KM e KpuBOH: Tak, mpu ¢=0,5 mepexop
oT auEEEM y=f (r) K juEMmR y=cf (1)=
=0,5f () osmauaer ymeHbmIeHWE ee BH-
corsl BABoe. To ke oTmocuTes m K mopm-

0<<e<

NO/ICTAHOBKA PABHOCWJIBHA ¢ K 4T U 10
KpUBOH BHOJL OCH ZI.

T
CTaHOBKe .’E—>?: , IpH 9Ta
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BolgcHuM Temepb CMEICA IOACTAHOBOK
T
y—»% (mm x—»T) mpm  oTPpuUIa-
TedbHOM c¢. Tarylo 3aMeHYy MOKHO
oposectr B pAsa npueMa. O6osmaumm
c=—b=(—1)b, e yme b >0, u cae-
jlaeM [IBe IOCJeJ0BAaTeJdbHEE 3aMEeHE:

y0—>$y—1—->

b
Y2 (Y2 —_
- (—1)b(‘ 5o TaK 9T0 Y, Yy)-

IlepBas omepanmsa — 3aMeHa Yy, Ha Y, /b,
e b >0, ywe pasbupaiack BHIIE, 0HA

8t

Pue. 1.7.7

OPHBOAAT K W3MEHEHHIO BePTHKAMbHEIX
pasmepos B b pas. OcraercA BHIACHATD,
KaKOW CMEICA HMMeeT H3MeHeHHMe 3HAKa Y,
T. e. 3amena y Ha —y. Ho owesmmHO, wTO
COOTBETCTBYIOIUE NPYY APYTy TOUKH Jm-
muit Yo=f (z) 1 y,=—Ff (z) coMMeTpHYHE
orgocuTensE0 ocm z (pmc. 7). Iloaromy
auaEA y,=—f (z) DoxydaercA w3 AWHAK
Yo=T (z) oTpamenuem OT ocm z, W TO e
MORHO CKasaTb o ampmaAx F (z, y,)=0
n F (x,—y,)=0, rme sT10poe ypaBHeHHe
moJyUaeTCH U3 HePBOro W3MeHEeHHEeM 3Ha-
Xa Y.

AHaJOTHIHO 9TOMY, IOCKONBKY TOUKH
(z, y) 2 (—%, y) cAMMeYpHYHE OTHOCH-
TeJIBHO OCH Y, 3aMEHa £ Ha —& B ypas-
HeHHE Kpupoil (Depexol ot JOHUR
F(z, y)=0 & aumma F (—e, y,)=0)
BaMEHACT NEPBOHAYANBHYI0 NEHAI0 CUM-
MeTPHUHOH e¥ OTHOCHTeALHO OCH Y.
Haxomen, mnDepexom oT ypaBHeHHA
F (z, yo)=0 x ypasmesmio F (—z, —y;)=0
CBOJAETCA K HOCHE0BATEABHHM H3Me-
HOHASAM B3HAKA Y (CHMMeTpHE OTHOCH-
TeIBHO OCH &) M K M3MEHEHMIO 3HAKA I
{cuMMeTPUA OTHOCHTENDHO OCH v}. Ho mo-
CIe[l0BATENILHOE OCYIeCTBACHAS IBYX OT-

pasKeHWHE — OT OCH T ¥ OT OCH J — PaBHO-
CHIBHO OTPAKeHMI0 JIWHHK OF Havajaa
rooppunar O (0, 0) (cm. puc. 7). Takmm
o6pasoM, OIHOBPeMeHHAs 3aMeHa B ypaB-
HEHAW JUWHAM I HA —Z W Y HA —Y
PAaBHOCHIBHA CHMMETPHM OTHOCHUTEJIHHO
toukm O.

Kax mm mpocrtsl, «apudMeTHIHE» BCe
9T coobpasxeHus, HaumHatomme (KOTO-
PEIM afipecoBaHa 3Ta KHUTA) B HUX JaCTO
onm6aTe.

Paccemotpum mpmrMep:

F (@, y)=(e— 3P+ (y — 5)* — 4=0.
JT0 ypaBHEHHe OKPY;KHOCTH pajmyca 2
¢ HEHTPOM B TOYKe C KOOPAMHATAMU T=3,
&
Fl-g,y/=0 Flz,yl=0
Pue. 1.7.8 a4

717 z
Flaz,-y!=0 | Flz,-y)=0

y=>5. Ha pmc. 8 msobpareHH TaKiKe
JIMHAN

F (z, —y)=(z—3)*+(—y—5)*—4=0,
F (—z, y)=(—2—3)*4+(y—5)*—4=0,
F(—z, —y)=(—2z—3)"+(—y—92)*—4=0

3nech 6ykBa F Bo BCex caydasx ofosHa-
9aeT OfHY H TY jke (YHRIUIO IBYX Iepe-

Pre. 1.7.9

MeHHHIX. lIpocaenmte, wax Tpamrcdopmu-
pyetca (ma3MeHseTcs) Kpumsas (OKDyH-
HOCTH) HOpPM 3aMeHe & HA —%, WA Y
Ha —Y, HIX OpPA OJHOBPEMEeHHOH 3a-
MeHe T = —I, § — —Y. flcHoe mommMa-
HAE H3NO0KeHHHX IPAaBHJ HO3BOJUT Bam,
TOCTPOUB OJHY KaKYIO-TO KpUBY0 y==f (x)
man F (z, y)=0, upencrasuth cebe, rak
BHIVIANAT Irpaguim BceX QyHKIUH

y—;—bzf(z:a) An F(xza,

y—b
d

¢ TIOGHME 3HAYeHAAMEA NOCTOAHHKEX ¢, b,
e, d.
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Bor eme gBa OpoCTHX, HO OPUHOUIHL-
ansHux opuMepa. Ha puc. 9 m3o6paskeHH
JiBe KPHUBEHIE:

y—sinz m y—sin 3z, (1.7.7)

rme, pasyMeercd, & — pPajfiuaHHAA Mepa
yraa. ¥ BTopoii KpuBod BCe TOPU30HTANb-
HBi¢ pasMepsl B 3 pa3a MeHbIIe, d9eM
y mepBoii.

3apucumocTh Yy=sin x nepuoduuecras:
upu r=27~6,3 (pagmaH, WT0 COOTBET-
creyer yrary 360° B rpagycHoM u3MepeHNR)
CHHyC WMeeT TaKoe jKe 3Ha4eHWe, KAk O
npu z=0 (no6apnenue 27 K n106OMY yray
He MeHgeT 3HadeHudA cuHyca). Taxum 06-
pasoM, rpadmkr mepBodi ua KpmEeEX (7)
nepexouT B ceGd OpU ¢HBUTE BIOJIb OCH X
(8 m000M HaOpaBjieHMH) HA BeJUIUHY
2n — 9T0 u o03Ha"aer, YUTO (YHKOUA
sin z nepuogmdYecKasi, ¢ NOePHOROM 2m.
Dyurmusa y=sin 3z T03Ke mepHOIUYECKAS,
HO y Hee HepHojJ, MeHbHIe B J Pasa;
HOCTATOYHO, 4YTOOH & H3MEHMJIOCH HA
2r
3
CHHYC KOTOPOTO MBI OTKJIAsIBAEM IO
ocH OpAMHAT) MeHAETCH Ha 27 U Sin 3z
BO3BDAmACTCA K TPeKHeMy SHATCHMIO!

sin 3z =sin 3 (a: -+ %) .

~ 2,1 pammama, TOoTHAa 3% (TOT yroOI,

IIpomymaiiTe Ha 3TOM -uUpEMepe obIgee
yTBep;KEEHNE 0 TOM, UTO JJIA IepHOImYe-
CKROM ¢VUKOMM 1P B3aMeHe z HA Kz
B £k pas ymeHnwimmaercsa nepuod m B k pas
VBeIWUMBACTCSA Yacmoma (QYyHKIRH, T. e.
9UCI0 IePHON0B, IPUXOAAMUXCA Ha efu-
HANY [INHEL.

Bropoii npumep cBA3aH ¢ Jorapupmmde-
cknMu (M [OKa3aTeabHBIMH) (QYHKIUAMHE.
Pacemorpum mBe ®puBEHe

y,—log,z n y,=log,z, (1.7.8)
TN, YTO TO 3Ke caMmoe,
rz=—a” u x=1>5b", (1.7.8a)

roe MBL cudTaeM, 4ro a, b >1. Amano-
rAYHO aHaamsy sasAcuMocted (6), (6a)
ycrapasiampaeTcs (cM. § 4.9), 9ro Bropas
kpuBas (8) mosygaeres m3 NepPBOH KPUBOK
pacTSKeNHeM BIOIB OcHM ¥ B c=log, & =

— rae 4YHUcJI0 ¢ HAa3HBaeTcAa

log, b pas,

Mmodyaem nepexoda OT JorapudMoB HPH
OCHOBAHMHE ¢ K JorapupmaM IOpH OCHOBA-
mum b. AmaxormyHo Jgo0ble fBe IOKasa-
TenbHEE QYHRIUH

y=a° u y=>bt°

CBASAHH MeAy o060l NomoOHEHIM e
ofipasoM: BTOpas W3 HAX HOJYJAOTCH W3
mepBOd pacTsikeHHmEM B c=log, @ Dpas
B HAUPABJIEHAE OCH Z.

Co crasaHHEIM BHIIE CBABAHH eIme ABa
TPOCTEIX, HO BA;KHHIX IOHATHA. Kpmsad,
ypasrerme F (z, y)=0 xoropoi coxpa-
HAeT CBO# BH IIpA 3aMeHe I —> —Z
(ckasweM, mapafoma y=az®), cuMMe-~
TPUYHA OTHOCHTeABbHO ocu y. HKpmsas,
yPaBHEHNE KOTOPOil COXPAaHMeT CBOH BHJ
IpHU 3aMeHe & —>» —z I J —> — (CRaxeM,

a

7 z
g 4
lz,y/
///,/’ =T/
s V z
~z,~y/
Puc. 1.7.10

1
runep0ona y— — uam KyOHWuecKas uapa-
p y

Goxa y=2%), cUMMeTPUYHA OTHOCHUTEJIHHO
Havana kooppaumuar. Hakomenm, xkpmead,
ypasrerue F (x, y)=0 roropoii mepexo-
gutr B ce6sg Opu UHOJCTAHOBKE Y —> —Y
(rampumep, moayKybumueckas mapaboia
y?=23 (cM. pme. 5.7 ), cEMMeTpHYIHA OTHO-
cUTeNbHO ocu Z. Bce atm yrBep:KueHm:A
ABTOMATHYECKH CJCJAYIOT M3 TeoMeTpmie-
CKOTO CMEICNIA NOJACTAHOBOK I —> —I;
= —x A Yy —> —Y;, §—>—Y.
Oyeknus  y=f (x), rpagmr Koro-
poil cMMMeTPMYEH OTHOCHTENBHO OCH J
(pme. 10, a), HasKBaeTCA wemmoll; €CiU HKe
rpadur QYHEKOUH CHUMMETPUYEH OTHOCH-
ressHO Touku O (puc. 10, 6), To dyHKRIHA
HA3LIBAGTCH HeyemHol. OTH HA3BAHUA
CBABAHHL ¢ TeM, YTo HIapaGoiml deTHOTo
nopAfKa Yy=ax®™ HABIAIOTCA UYeTHHIMH
¢yHROuUAME, a mapaboJaEH HEYeTHOTO MO-
pagka y=a>""' — meveruriMu (cp. § 5).
Haroren, ocraHoBuMCs eme Ha OHOM
0odedb BakooM o6cTosTedbeTBe. Heo6-
XORAMO HOHUMATH (cooOpaskeHne, Ha KOTO-
poe of6HYHO, K COKATCHNIO, He 06pamaror
TOMKEOTO BHUMAHUSA), YTO B HPUKIATHEIX
sagayax OpoNeAypa H3MEHEHHA B IIO-
CTOAHHOM OTHOIIEHNHM BCeX OPAUHAT y
mam Bcex abenuce z cBAsaHa (BCero Jauib!)
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¢ U3MeHeHHMEeM eIUHUI H3MePeHHS BeJH-
YpH y MIN £, TAR 9T0 NONXyIeHHEE OJMH
W3 APYTOTO TAKUM OyTeM rpaQuxu BHPa-
MAWT OJHY H TY K€ 3aBHCEMOCTD
MeXIY J B £, TaK CKasaTh, «C TOTHOCTHIO
B0 m3MeHeHHS MacmTaboB» (T. €. CHCTEMBI
emuEM, %),

Ilyers, mampumep, mo ocu abemuce Oz
OTKJIABIBAETCA BPeMs, a II0 OCE OPAMHAT
Qy — paccroarme (puc. 11); sasmcuMocTh
y=f (z) (mnm z=f (t), Rar M game Gynem
nmeaTh) 3afaer 3aKoH Aemuenmsa. OgHAKO
OPE 3TOM y B Z W3MEDPATCH B DasHBIX
e[HHUIAX, TAK YTO HAKAKoe CPaBHEHHe

\ & M

[
|
|
|
Pue. 1.7.11 L,
_Pue. 1.7.11 /. 1

2z

7

HX HeBO3MOKHO: Belb HeIb3dA ke NpH-
paBHATH Memkay coboit 1 cm m 1 ¢ mam
CKa3aTh, KAKAA M3 BTHX BeJIWINH GoJbile,
a Karad MeHbIIe. YTBep:K[eHue, HAPH-
Mep, O TOM, YTO A HAHHOH TOYKH
M=M (z, y) orpesok OM cocrasiser
45° ¢ ocwpio aGemuee (pumc. 11), ABaserca
feccolep/KaTeNbHEIM: M3MeHHB, CRayKeM,
eAHNIB PACCTOAHUM (Iepeifa OT CaHTH-
MeTpOB K MeTpaM), MEI 3aMeHHM Toury M
ga HOByIO TOYKy JM’, oTBevuaromymo
TOMY ke MecTy HA TPAMOH W TOMY iKe
MOMEHTY BPeMeHH; OJIHAKO Temeph pa-

BeHCTBO z@=45° y:xe He OydeT uMeThb
MecTa, a Bemb g Hac Touka M’
nosxgocthio pasEonpasHa M. Taxmm 06-
pasoM, B (U3HIECKHX DPAaCCMOTPEHHAX
m306paskeHnble Ha puc. 5 mau 6 snnmnck
HEFdeM He OTIHIAloTCsa OT K300pakeHHOM
Ha TeX ke PHCYHKAaX OKPY/KHOCTH, -—
¥ eCOm 5Ta IWHUA HAc 0co0eHmHO HHTE-
pecyerT, TO eIUHUIE H3MEPEHN, NOKATLYIH,
caenyer BHODaTh TakK, 4To06BI OHA OKAasa-
J1ach ¥MEHHO OXKPYKHOCTBIO.
AmamormaEo 3ToMy Jio0yio mapabony
y=ax®+br+c upemae BCETO MOKHO,
KaK MH BUJeJu BHIIE, CABUTOM (T. €. mepe-
XOIOM OT KOOPJIHHAT Z U J K HOBHIM KOOD-

3 BupoueM, eciiu BeJIHIARH Z I § U3MEPAIOTCA
B OLHUIHX eINHNINAX, TO HOACTAHOBKA Y=cy
n dmamueckn 3HAUEMA: Befb 371ECh 3aBHCHUMOCTH
y=f (z) m y=cf (¥) BMeIOT DPA3HHH CMEICI.

OHHATAM Zy=x-+p # y,=Yy-+q, TOe p
n g Hoo6paHEl HmOAXOAAmMEUM oGpaszoMm)
csecTH K mapabose y;=ax?. Ho sennp
nofoOHEH C¢ABUr (PH3WYECKH O3HAUAeT
He 4TO WHOe, KAK W3MeHEeHHMe HadYaja OT-
cUeTa eNUHHI, CKayKeM HAYalbHOTO MO-
MeHTa BpeMeHHE (MoMeHTa t=0) m madaxa
0TCUeTAa PACCTOAHME (HAYAABHOTO HYHRTA
z=0), uT0 He 3aTparuBaeT WHTepPeCyOmHit
rac ¢usuuecKuit mpomecc. Ilociae aroro
usMeHeHneM MacmrTaba mo ocu y; (BbibO-
poM HOBOH eIHHMHE H3MEeDEeHHA OPIHHAT)
MEL MO3KeM cBecTH Dapabouny y,=ax?
K «euREAYHOd mapaboxe» Y =-+X? (nam
Jaske HEMeHHO K mapabome Y =X2, ecam
MH HAMeeM IPaBO PacmoaaraTh BHGOPOM
«IOJNO;KATeNBHOTO HANPABJCHUS» BHOIbL
0CH ¥ *); HIMEHHO BTOT CMBICJ MMEJIO CAelaH-
Hoe BHIe (cM. CHOCKY 3 B § 4) 3ameua-
HHe 0 TOM, 4T0 mapaboay y=a® MokHO
CIHUTATh «00mer».

Touro Tak me n6y0 APoGHO-TMHElH-
kx 41
mz 4 n
MeHeHHeM Hadaxa orcdyera afcmmee
U OPAMHAT Yy X W3MeHeHHMeM Macmrala mo
OCH J CBeCTH K eJWHNYHON rumepboie

HYI 3aBUCHUMOCTBb lf— MOKHO H3-

1
Y == (cm. ymp. 6); nwbyio xybuueckyio
3aBHCHUMOCTE Y=ax’+bx*--cx+d MOEHO
CBECTH K OJHOH M3 TPeX B3aBUCHMOCTeHR
y=23tz, y=2*—z m y=a°, nanee yme
OPYyT K [PYIy He CBOAWMEIX, W T. [.
OcranoBUMCA Ha [OKa3aTellbCTBe Gojee

CIIO}RHOFO yTBEePIKeHUSA, CBA3AHHOIO ¢ KyCuue-
CKUMH 3aBUCHMOCTAMMI

y=axd4bx*t cx 4 d=
— 0 (a3 + pa? + gz + 1),

b c d
the p="—, q=",T="7" (amecw, pasymeeTcd,.

(1.7.9)

a+0). B §5 MH BHJexH, YTO HOJCTAHOBKA

X=z-+ % mepeBofuT 3asucuMocTh (9) B 3a-
BHCHMOCTD

y=a (X34 PX+Q), wiu Y=aX3{BX=
=a (X3 -+ kX), (1.7.9a)
rie Y=y —aQ, B=aP u k=DBla(=P),

p? 2 1
a P=q—g, Q=57 p®~+r—3pg (cp. dop-

myas (5.6) m (5.6a)). Ilpu k=0 (1. e. ecan

4 B To BpeMsA Kak NJA BPEMEHN { ME HMeeM
«eCTeCTBEHHOe» HATPABIEHME pOCTa, UTO OTBe-
9aeT NPRENNINANEHON HEPABRONPABHOCTH IPOII-
7A0T0 u GYAYyHero, AIsA DACCTOAHHmA z mexo 06-
CTONT BOBCE HE TAK — M TYT MH CBOGONHH B BH-
Gope HampaBieHHA BO3PACTAHAA Z.
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.B =0) sasucmmoctb (9a) mmeer Bup Y = aX3,
M

yl = Z%,

rae zy =X (xoopgumatra X He MeHAeTcA) H

(1.7.10a)

Y
Y1=— . Ecau k>0 (1. e. B m a ogHOTO

X -
BHAKA), TOJOKIM =1, T e X=Vka;

Torpa (9a) obpaTHTcA B
Y=aqa (kslza:i* -+ kS/‘zl) Sy (23 + 1),
T. €. 3eCh MKl HMeeM 3aKOH

y1==a} -+ z1, (1.7.106)

rhe y,= . Haxomen, npu k<0 (B cay-

akVEk
uae, Korjga ¢ u B pasHHX 3HAKOB) aBaJIOTHd-
Hasg HCIOJAL30BAHHOM BHITE IIOJCTAHOBKA =

_X
_\/m, T, €.

X =V[k]|z;, uepesopur pa-
BeHcTBO (Ja) B

Y=a([k" |2} 4 k| [" ),

T. €.

1 =12} —x, (1.7.108)

tiae yy = ——==, Tarum oGpasoM, ansa ¢u-
akV[k

sgKa Jo0ad  eCTeCTBeHHOHAYYHAA B3aBHCH-

MocTh (9) memay (passopasMepreiME ) Besu-
IMHAMH § U z PABHOCHJBHA ONHOMY H3 TpeX
saroHos (10a)—(10B) (cm. pme. 5.1,¢, 5.2 n
5.3; cp. ymp. 8 u 9).

[MosicAmM ckasaHHOe Ha KOHKPETHOM
upuMepe. Xo0pOWIO H3BECTHO, UTO BaBH-
CHAMOCTh OT BPeMeHE [ BEICOTH i KaMHSA,
6pouleHHOT0 BBEPX ¢ Galliu BHICOTH W
C HaYauabHOU CKOPOCTHIO U, BHIPAKAETCA
hopMymoi

h=w+4uvt—Lp, (1.7.11)
rae g~9,8 mM/c? — ycKoperme ¢cBo60oqHOTO
mafeausi. Keanm, ograxo, OpmuaTs 3a ma-
94710 0TcYeTa BHICOT HE YDOBeHL JeMiH,
a camyio 0OJBIIYI0 MOCTHTHYTYIO KaMHEM
BBICOTY /25, a 3a HA49aJ0 OTCYETA BPEeMEHH
OPUHATL MOMEHT I, JOCTHKeHHH KaMHEeM
9TOH BHICOTH, TO B HOBBIX KOODAHMHATAX
hy=h—h,, t,=t—1t, ypasuenue (11) gsu-
JREHMH KaMHM 3aMeTHO YIIPOCTHTCH:

ot
by =—"%5-, (1.7.11a)
Ho m wosdpdunmmenr — % B ypaBHe-

nun (11a) cBA3aH BOoBCe He ¢ CyImEeCTBOM
HabI0aeMOTo mponecca, a BCero JUIIb

¢ suibopom cmcreMut efunnmn! Ilpemxme
BCEro MBI MOKeM ympoctuTh (11a), or6po-
CHB B IIPaBOR 9acTy 9TOH POPMYJNH SHAK
(MHHYCY; [AA 9TOI0 JOCTATOYHO YCIO-
BHTBCS E3MEPATH PACCTOAHHA % OT TOYKE
h=h, Be BBepx, a BEHHW3. [lamee MOKHO
mepeiTH K <«HATYDPAAbHOH CHCTEME em-
HHII», B KOTOPOH ycKOpeHWe CHIH TH-
eCTH PaBHO 2 (CKarKeM, A3MeDPATH BPeMsa
mo-TIPe:REeMY B CeKyHMaX, a 3a eJmHELY
PacCTOAHEA UPEEATE BeTUYRHY, TACIEEHO

pPaBHYIO %, T, e. =~4,9 M) Torga B 110-

BHX  Kooppumatax H — — —z- (h— hy),

T=t,=t—1t, BAKOH (11) (mam (11a))
TIpUMeT «KAHOHWYECKHil» BuU:
H=—=T2

ITogo6abiM 06pasomM BeTpeuammyIOCA
B eCTeCTBEHHOHAYYHHX 8aKoHAX JoTa-
PEOMHUUECKYI0 WIM NOKA3aTedbHYI0 3a-
BHCHMOCTh MBI BCeTZla MOJKeM LepemmcaTh
Tar, 9T06E OCHOBAHME CHCTEMEL JOTAPH(p-
MOB ¥JH OCHOBaHWE CTeNeHH OFJIO Ta-
KHM, Kak HaM ynobro, — Begb Tepexof,
OT OJHOTO OCHOBAHHA K JPYIOMY CBO-
AUTCH JMillb K 3aMeHe e[AHMI, H3MEpPeHH
GATrypPEPYIOINEX B HaUled 3aBHCUMOCTH
BeIWYAH (CP. CO CKA3aHHEIM BEHIIE O JO-
rapudMuUecKEX ¥ NOKAa3aTeAbHHIX KPH-
BEX). IloaTomy wasmeii pa3, Rorma MEL
BCTPEYaeMCA ¢ JOrapuMmIecKoir 3a-
BUCEMOCTBIO y=log,x pBYyXx Benuuum,
MBL CBOGOTTHO MOKeM CYHTATh JOTaPHPME
HECATHYHEIMA, WJIM HATyPajibHHIME (JI0-
rapugmMel 0 OCHOBAHHIO e~v2,272; oM.
§4.9), w1, HaOpHEMep, NBOMYHEIMH °;
IPE PACCMOTPEHHHM TOKA3aTeJbHEX 3a-
BucuMocTell y=d® o6GLYHO cumTalOT OC-
HOBaHWE CTeleHW d PaBHHIM e¢ B T. [.

Ynpascnenun
2 y2

1.7.1. Tlocrpoiite Kpushe Z+g—1=0
E+3?  —5? e M U o)

it =t —
—1=0 (opu 5T0M ecTecTBeHHO BOCIIOIR30-
BaThCA TeM, UTO JuHUA z2 -+ y2 —1=0 npej-
CTaBNAET COOOM e UHHYHYIO OKPYHSHOCTB).

8 Tax, maOpmMep, B meopuu ungopmayuu,
TAe KOAMYECTBO HHPODMALUE BEIPAMKACTCA JO-
rapuQMEIeCKIMN GYHRIM MK e peMeHHHEX, Opu-
HATO CYATATL BCE JTOTapu(PMBL dgouurwmu, UTO,
OIIHAKO, H€ WMeeT HHKAKOr0 NPHHIMOHATBHOTO
CMBICJIA, & CBA3AHO JHIND ¢ IPUHATON CHCTEMOI
U3MEpeHHUs BEIWYIMH (¢ H3MepeineM KOJMIecTs
nEgOPMANM B TaK HA3HBAGMLIX 6umaz). CM.
0 JTOMY WOBOAY, HAUOpuMep, KHATY: Hzaom
A. M., Henom H. M. Bepoarnoers u uuPopMa-~
uaa. M.: Hayka, 1973.
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1.7.2. Toctpoiite rpaduk dysxrunm y=sin z,
B3AB, HAIpEMep, BOCeMb 3HAUCHMWH z B HHTep-
pajle 0T — T J10 -+ 7, PasAAYAKINHXCHA MEKLY
cofoii ma menme kpaTEEe Bejamdmmel 0,25T.
BoCIoAb30BAaBIIMCh 9TMM TpaduKoM, HOCTpoilTe
kpuBHe: a) y=2sin z; 6) y=sin 0,52; B) y=
=3sin3z; T) y=cosz; #) y=cos z-}+sin z (=

=\/§sin(z+l4t-)); e) y = cos?z (=1/24
+ 1/, cos 2z); %) y = sin?  (=1/2 —1/; cos 2z).
[Yxaaanue. Bce oTH JIEHUE MOKHO HO-

CTPOHTh, C/[BHTAs, PpacTATHBasg HJIH CHAMASA
CHHyCOHAY ¥ = Sin z; §a8 pemedus ymup. T),
8), JK) BOCHONB3YyHTECH TOMKAECTBOM COS Z =

=sin(z+—;—).]

1.7.3. Hocrpoiite Kpmeee: a) y=+Va2?—1;
6) y=+Vai+1; B) y=2+V(z—1)>—1; 1) 4*+
+4y—a2?=0. [Yrasanue. Kpupyw a) mo-
cTpoiiTe Mo TouKaM, BHOpPaB B mETepBaje 0oT —3
mo -5 mpajmaTh 3HAYEHHmHA ¥, PasINIAOMNXCHA
ga 0,5 (u kparmsix 0,5). IIpeo6pasosas ypasge-
BnA a) ¥ 6) K supy y*—a22-F1=0, COOTBETCTBEHHNO
22— y24-1=0, samermmM, uro 0) HoaywaeTcA m3
a) mepecTAamOBKOH z u y. JiisA pelleHma T) 3a-
OEMIETe ypaBHEHHe 9TOH KpPmBOH B Bmie 4 (y-+

1\2
-}—7) — 1?2 —1=0 u momyuure ee, cCaBHrasg

u cREMasg KpHBYH 6).]

1.7.4. BonmmuTte ypasHeHue KPHBOMH, ©O-
AyueHsOd u3 KpmBoil y=z°—z (cM. pme. 5.3):
a) cxaTHeM B HampaBileHuH ocH Oy ¢ Koaddn-
nmenToM 1/3 (T. e. yMeHbmenmeM B 3 pasza BCex
BOPTHKAJBERX PpasMepoB); 0) moACTAHOBROR

z

2 ; ¥ ou
z—>73; B) DOACTAHOBKOW y — — 5 - 306pa-

3UTe IOJIYYEHHLIe KPUBLIe HA 4YepTerre.

1.7.5. JoraskuTe, UTO pACTKeHHme (MIH
CKaTHe) eMHEMYHON OKpYyEHOoCTH 22-Fy2—1=0
K M06oi OpAMOl ¢ KAKUM YTOAHO Kod(PPHIHeH-
TOM pacTsKeHns (C)KaTus) TEPEeBONAT ee B -
ammc. [Y kasamme. 9Ty 3a0ady MOMKHO
cdopMyIupoBaTE Tar: PACTMKEHNE MIN CIKATHE
moboik  orpymuOCTH  (2— )2+ (y—b)2—r2=0
K OCH z, T. €, MOACTAHOBKA y —> ky, NepPEeBORMT
BTy OKDY/KHOCTH B BJJIHIC. ]

1.7.6. JlorakuTe uTo rpadumr IpPOM3BOIBLHOI

. azr + b
ApoGHO-TTHHeHHON 3aBHCHMOCTH Yy ="—""""T+
cz + d

MOy NOpEMEHEHMH y M =, Tae ¢ # 0, A=

==ad — be # 0, MoKeT OHTH mOoIyueH H3 rpa-

¢HKa 06GpaTHOH NPOMOPIHOHATLEOCTH Y ==

A
rpe k= — 5, IePeHOCOM IOCHeAHer0 rpaduKa

fd

d
Ha = BIEBO (T. 6. Ipm E<O ePeHocoM Ha

a
BHpaBO) Hn Ha —c‘ BBEpX.

¢

1.7.7. Jloxaxmure, 4UT0 RMKAYO QYHKIMIO
MOKHO HPE/ICTABUThL B BHUE CYMMEHI YeTHOH M He-
9eTHO# ¢yErumA. [Y kasaumwme. Bocmoan-

syfirech TORIECTROM f(Z) = %(f () 4+ F(—=)+

1
+ 5 (f (2) —f(—x))-}

1.7.8. JlokamnTe, uTo HAKAKHE ABE U3 KPH-
BuX (10a)—(108) mHecBogmMEI omma ® [pyToil
TNOACTAHOBKAMHY BHAa x'=ax+p, y'=bz-tq (rxe,
pasymeercsi, a =+ 0, b+ 0), paBHOCHALHHMHE
U3MEHEHHIO HAYaJa OTCUeTA BEJMIUH Z W y (He-
PeHocy HadvaZa KOOP[HHAT), CONMPOBOMAAEMOMY
H3MEHEHHMEM e[JMHMI U3MEePeHHA Z U .

1.7.9. VxamunTe mpasmao, mo3BOJAIOMEee cy-
AaTh 10 koddduumentam a, b, ¢, d 3aBACHMOCT]
(9) o ToM, cBopmTcs nm oma w smay (10a), (106)
man (108).

§ 8. Ilapamerpmueckoe sagamme mmmmii

PaccmoTpuM mpouecc mBmenma wmaTe--
puansuod toukm M=M (z, y). Kasepasn
H3 KOOPJIMHAT &, § TOUKM OyMeT 37ech Me-
HATHCA € TeYeHHEeM BPeMeH: {: IBHUHe-

<z a
7 Z=60SZ

ya

7 , n/z\/;;r/z z
4 4
’ y=sint

4 ‘ P4

”\/ZJ!&'

mme M 3zamagyr pmee ¢yHEumE z (f) ®
y (t) Bpemenm, HampmMmep

Puec. 1.8.1

x—cost, y=sint. (1.8.1)
JTH 3aBHCHMOCTH MOKHO U306DPa3uTh Tpa-
duvecku B Bume ABYX KPHUBBIX, OTKIATbI-
BasA Ha OIHOM uUeDPTeske 110 ocu abemuee ¢,
a [0 OCHM OpAHHAT Z, a HA JAPYrOM dep-
Tee ~— 10 ocu abcuuee ¢, a 10 ocH Op-
muEaT y (puc. 1).

3amaguMcsa Temeph BOIPOCOM O T P & —
eRTopumu Ttouku M. Rampaomy saage-
HHIO ! OTBEYAIOT cBOM 3HaUeHUWA Z (1) m
y (!) wooppmmmar; cupammBaeTcs, KaKyo:
Kpaeylo oanmer Toara M =M (z (£), y (1)) =
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=M (t) opu wusmemenum . [Hua or-
Bera Ha 9TOT BONPOC MOKHO H3 [IBYX
ypasHeRni =2z (1), y=y (f) HCKIOYATH
Beau4uHy f; TOTAA MBI HOJYIHM BREIpasKe-
HHe, B KOTOpoe OyAyT BXOAUTH TOJBKO Y
H T, T. e. ypaBHeHHme BuAa y=yY (Z) uin
F (z, y)=0. Ilocxe s1oT0 GymeM cTpOHUTH
KpHBYI0 Kax 0O0BYHO, 3agaBasgch pas-
AUIHEMEA & B HAXOJA COOTBETCTBYIOINHE Y.

Tax, B UpuBeJleEHOM HpuMepe HaMIeM:

22+ y? = cos?t + sin?t =1,
T. e.
y=— +y1l—2?, mm 2?4 3y®*—1=0,

rak u4ro KpuBas (1) B mixockoctm z, Y
upencraBasger coboit O KPYyHHOCTD
(puc. 2, a).

OnmEaro 9acTo make CPABHETEIABHO IPO-
¢THIe BEIpaskenmsa miag z (1) u y (I) mpm
MOTBITKe MCKIIOUYEHUS W3 HUX { OPUBOJAT
K CTOJb CJHORHEIM (HOPMyjaM, YTO HEKTO
HEe PemuTCH UATH 3TAM OyTeM. Tax, Ha-
mpuMep, ecyu

=z (t)=a,t*-+ bt*+c,t*+d,t+e,
y=y (t)=a,tt+ b3 +c,t*+dyt+e,,

TO [Jd HCKIAOYeHHS ¢ HYKHO DelOIRTh
ypaBHEHHEe 9YeTBeDPTOH CTeIeHHU; ITO IPH-
BOJUT K BHIDA}KEHUSIM, BHIHCHIBATH KO-
TOpElE B CHIY MX TPOMO3JKOCTH IPOCTO
HeBo3MO;kHO. OIHAKO IOCTPOHTH KpH-
BYIO B ILIOCKOCTH X, J MOKHO ¥ He HCKJIIO-
yag [: JOCTATOYHO 3afaThCA PA3HBIMA
spauenugMn ! W HAUTH 3HAYeHUA T W Y,
oTBevallime KasKqoMy m3 Hmx. Bor, Ha-
npuMep, KaK BHIIALAT Tabamma 3Hade-
mui pyHROuA x (f) m y (t), oTBevawmasn
npocromy upumepy (1):

t 0 n/4 /2 | 3nfd | =
r=co0s t 1 0,7 0 —0,71 —1
y=sin ¢ 0 0,7 1 0,7 0

t 5n/4 3x/2 Tn/é4 2n
z=c0s —0,7 0 0,7 1
y=sin ¢ —0,7 —1 —0,7 0

Ouepugno, 6pars ¢ Goxabnie 27 mer Ha-
mobrOCTH: Nasee BHauYeHWs £ X Yy OYAyT
HoBTOPATHCA. Temepp ¢ HOMOMBIO 3TOM
tabanns ctpomM TouKm Kpmpoit. llpm

3TOM MBI HMCIOJB3YeM TOJNBKO BHAYCHUA
z u y. Te 3pavenus !, Ipm KOTOPHX ITH
Z ¥ y BBIYACIEHE, IPH HOCTPOCHHHM TOUYCK
He WCIOJB3YIOTCA — MaBP Cesal cBoe
JeJI0, MaBP MOKeT YHTH».

Taxoit cmoco6 3amanmsa Kpupoi, mim,
49T0 TO Ke camoe, (YHKIMOHAJBHOH 3a-
BUCEMOCTH J (Z), HOByMA QyHKNUAME
z (t) m y (t) HasslBaeTCA naApamempuye-
CKuM, 3 BeJWduHa ! HASHBACTCH RAPA-
mempon . B ¢usmueckmx samadax ma-
paMeTp d9acTO HMeeT BIOJHE OIPeesIeH-
HH# cmbicn. Tax, B ToM mpuMepe, ¢ KoTo-
poro MBI Havaxm S3TOT maparpad, I mo-
KeT HMeTh CMEICH BPEMeHH; B 3TOM Cly-

o
(VA

Puc. 1.8.2

qae z (f) u y (I) cyrs ABe QyHKOUE Bpe-
meHu. IIpu sTOM MOKHO HHTEPECOBATHCH
HCKIIOYUTeIbHO (QopMoll Toli KpuBOI,
ROTOpyIo omumer Touka M (z, y), mHo
MOKHO WHTEPecOBAThCS M TeM, ¢ KaKoi
CRKOPOCTBIO JBHIKETCH 3Ta TOYKA H KaKOe
mosioskeHue OyleT OHa 3aHEMATh B pas-
HHe MOMeHTH BpemeHHu. llasg toro urobm
y3HATHL 3T0, HAM HeOGXONUMMO COXPAHHUTE.
3HAUEHHUs IapaMeTPa u NPH Ka;KIOH TOUKe:
M=M (¢) sBemucate umcio ¢ (paay-
MeeTcHd, TPaKTHYeCKH MBI MOJKEM BHITIH-
caTh Ha UYepTe;Ke JHMIL KOHeYHOe 9HCIO-
3Ha4eHW; cM., HampuMep, puc. 2, 6). Ta-
KoM 00pa3oM, DPHCYHOK «IapaMeTPH30-
BAaHHOH KDHBOM» focTaBisger HaM Goabine
EHPOPMALIMU, UEeM OIHA TONBKO TpaeK—
topus touku M (cp. puc. 2, a u puc. 2, 6).

PaccmorpuMm mns Opumepa claemyiolmue-
KPUBHE:

1) =cost, y-—=sini;
2) z=-cost, y=——sint;
3) £ =cos 3¢, y=sin 3t
4) x=— sin 3¢, = cos 3t.

1 CroBo «mapaMeTp» (IO-DPYCCKE €0 CMBICTR
MOKHO IepefaTh, HaOpuUMep, BEIDAKEHHEM «Me-
puiio») OBUIO CHENUANBHO LA 3TOH Ledm Hpu-
AyMaHO JApEeBHETPEYeCKNMMH MATEMATHKAMHE, TO4-
HOTO IMepeBoJa OHO HE HMEeT.
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Bo Bcex cayuasx, mcriawouag ¢, moay-
yuM OfHY K Ty Ke KPHBYIO — OKDYIH-
HOCTh eHHUYHOTO Pajmyca B IJIOCKOCTH
z, Y, yDaBHeEWe KOTODOH HMeeT BHJ
>yi=1.

B uem ke pasnuune 3THX UeTHIPeX CIy-
9aeB, KaK B KQKIOM U3 HUX IPOUCXOAUT
IBmRenue? B MePBHX TPeX cIy4YadXx B MO-
meHT t=0 TOukKa HaxomuTcsa Ha ocu abe-
muee, B IOCJaedHEM ciaydae — Ha OCH
opmmuar. B caysasx 1) u 3) Touka
(MOKHO TIpeCcTaBAATH 3echk cebe Ma-
TEPUATBHYIO 9YacTHUIy) ABIGKETCH IO KPY-
Iy TPOTHE YacOBOH CTPEJIKH, a B CIY-
yagx 2) M 4) — IO YacoBOH cTpexKe.
ITo abcosiorHO# BeJWUYMHE YRIOBAA CKO-

Puc. 1.8.3

pocTs Bpalenus (a 3HAUMT, W JHHEHHAA
cxopocth |v|, mGo pagmyc Kpyra paseH 1)
B cayuasx 1) m 2) pasua 1 papumau/c
(t. e. |v|=1 m/c, ecru paguyc Kpyra 1 m);
B cayuasx ske 3) m 4) mMeeM [v]|=3 M/c
(yrmoBas cKOpOCTs piBHA 3 pajgumaH/c).
ITpusegeM enie ofimy IpuMep: HOCTPONM
KPHBYK, HO KOTODPOHl [BHKETCS TOYKA
ofofia BeroCHUETHOTO KoJjieca IPH JBUke-
HEE BeJOCHIIEIUCTA B OTHOM HAaIpaBie-
HUUM — TOYKa A OKDY)KHOCTH AUCKA pa-
[myca r Ipu KaYeHHN AUCKA N0 IPAMOIL.
Jra KpuBasi HasmBaeTCH YuKAo0udol 2.
[IpumeM ropu3OHTAZBHYID HPAMYIO,
10 KOTOPOI KAaTUTCA HAII JUCK, 32 0Ch I;
YCIAOBHMCH elme cYuTath, UTO B MOMCHT
Hauajda [BUAKeHHmA LeHTp Q=0, mucka
HAXOMUTCA HA OCH Y, uMes KOOPIAMHATEL
{0, r). BymeM cumTath CKOPOCTH Kadue-
HuUSA JUCKa IIOCTOAHHOH; Hampmmep, II0-
JIOJKNIM, YTO B CIWHHENY BPeMeHH [HNCK
mOBOpaYMBaeTCd HA eJWHWYHHINA yToJ,
B TaKOM ciydae 3a BpeMs ! AUCK CMeINa-
€TCH B UOJIO/RUTENBHOM HATPABJIEHUN OCH
x 1Ha paccrogHme rt (3aMerhbTe, UTO JHCK
KartuTea 0e3 CcKOABKeHHms, TaK 9To, TO-
BePHYBIIMCH Ha yroa £, OH Dpoimer
OoyTh, pasinil gyre BA, ma puc. 3, T. e.
nyTh ). B a10T MoMent meHTp (J, AHCKA

2 Or rpeueckoro caosa kykloeides — pyro-
00pasubil, TOPOKIEHHEIH KPYTOM.

zafiver moxoxkenme Q, (¢, r), a ToUKa

A, — nonoskenme A,; BHam Tpebyercs
gafiTm KOOPHHHATH TOUKE A,.
N3 n0pAMOYTOabHOTO  TPeyTOJBHHEKA

Q,A,P (cM. pmc. 3), B KOTOPOM At/()\,P=
=t u Q,A,=r, uveem:
A,P=rsint, Q,P=rcost.

Orcrona, nmockoabky BO=PT'=rt, Q,B=
=Q,0=r, noiayuaem:
2—=TA,—=TP—A,P=rt—rsint,
y—O0T=BP=Q,B— Q,P=r—rcost.
OxoHYaTeIbHO,

z=r(—sint), y=r(l—cost) (1.8.2)
(upmas aWHAA Ha DPHC. 3 — BTO U €CTh
OUKIOUA).

Ynpascrnenusn

1.8.1. IlocTpoiiTe KpuUBYIO, 3a/lAaHHYI0 YpaB-
HeHHmAMEA: a) z=cos £, y==sin 2¢; 6) x=cos ¢,
y=sin 3t. [Yxasamwe, Tar xax sin 3t
Menserca OHCTpo, TO HYMHO OpaTh AOCTATOYHO
Gnuskue 3navenna ¢, manpmmep ¢=0; 0,1; 0,2,
WIE, eCIM Yy HAC HeT TAGHuLE TPUTOHOMETPU-
vecKux (QymRUMA, apryMeHT KOTOPHIX wu3MepsA-
erca B pammamax, to t=0; 5% 10° 15° ...]

1.8.2. Ilocrpoitte KpuByw z=cos (5t--1),
y==sin (5¢+-1).

1.8.3. [Mocrpoiire

TC

= coS$ <t —+ -4—> .

1.8.4. IlocTpoliTe KPUBYIO £=COS ¢, y==COS ¢.

1.8.5. BrIpasurte mapaMeTpuvecKylo 3aBHCH-
MocTh (2) fABHO — B BuHAe (QYHKOUE T=4¢ (y).

1.8.6. OKpPYKHOCTH s pagmyca r KaTUTCA
(Ges croMbKeHAA) IO OKPYMXHOCTH S panuyca R;
BuIMITETE (IIapaMeTPHUIecKne) YDPaBHEHMSA Kpu-
BOIl, omuCHBaeMoll ToUKO# A [ABIWKYmMelicsa
OKPYKHOCTH s, €Clu s pacmojioskeHa: a) BEe S;
6) Buyrpu S unau (mpm R <7r), ecam S Haxo-
IATCA BHYTDH - S.

[Jlunus yOp. a) HasHBAeTCA INUYUKLOUDOU,
a muEnd yup. 6) — sunoyurioudoi. ]

PaccMoTpute OT,1eJIbHO CIY4YaH: B yOp. &) r =

KPHBYI0 x = COSf, Yy ==

1
=R, r=75R; r=_2R; B ynp. 6) r=5 R;

1 1
r=3g R, r= " R. (Hpn r= R snuuuraouga

HasblBaeTca kapduoudoli (0T IpeveCcKOro CJOBA
cardie — cepane); npu r=-3 Ru r=7 R ramo-
IMUKJIOU/& HaA3LIBAGTCH COOTBETCTBEHHO Hpu,eoﬂ

I metinepa® n acmpoudot (0T JIATHECKOTO CJIOBA
astrum — 3Be31a). A 4To mpegcrasiader coboil

TUIMOUKIION; 1 OPH =3 R?

3 dro6 IMlrTestimep (1826—1863) — Bu-
JAIuiicad HEeMeMKui TeoMeTp.
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§ 9*%. Hexoropbie AONONHHTEIBHBIC CBE-
[NEeHAS W3 aHAAHTHYECKOl reoMeTpuu

Brme (B § 2) MH yie pacCcMOTpeNIH Dsi
TeOMeTPUIECKAX 3a/lad, pellaeMEX ¢ IIPH-
MeHeHmeM -KOODIHMHAT, T. €. MeTONaMu
anaaumuneckoli ezeomempuu. Ilpomomxmm
31ech HTH paCCMOTpeHI/IH

Ilycrs Ay(2y,41), Aa (T2,40) 1 A3(x3,y3)
— TpH TOYKH HA KOOpI[I/IHaTHOE ILIO-

ckoctu (pme. 1). Hark m\aWiTm yrox
PN
A,AjAg=0? B §2 Mo Bumpexu, 4TO
_ Y2—lh _ Ys—ihn
tg“m——z —z, B tg“la——_"—%_xls

THe oy M Oy3 — YTJIB, o6pasyeMmbie OT-
peskamu A4, u A Az ¢ ocbio x (cM. dop-
MYay (2.5)). Ho m3 puc. 1 ¢ 09eBEIHOCTHIO
BHTEKaeT, 49TO

N
a= A4, 43 = o;3— %y5.

A 13K Kak 1o m3BeCTHO# GopMyde TPHIO-
HOMETPUH

tgB—tgy
tg(@—1)= 14tgBtgy’
TO
. - tgagg —tgas
bga=1tg (s — M) = Trigaytgms
Ys— U1 Y2 — Y1
oz —acl—zz—acl
.’/1!/2—!/1
1 g2 J1
+ 3—331 Ty — I

HINx OKOHYaTeJbHO
(ys — y1) (22 — 31) — (yo — 1) (23— 1)

T (@3 — 21) (T2 — 1)+ (ys — v1) (Y2—¥1)°
(1.9.1)

tga=

Takum o6pasomM, 0 KoOpAMHATAM TOUEK
A, A/2\ u A; MOMHO ONpeNeTHTh YTOJ
a=A,4,4,. ;
Hs gopmynu (1) ¢ yueToM H3BECTHHX
o . /T tga
COOTHOLICHU I sma:]/ = B oS =
14 tg2a

1
:V_z— MOYKHO IIONYYHTH TaKMXKe
14-tg2a
popMy b

sin o —
— (2 — %) (Y3 — 31) — (X — 2%,) (Y2 — %)
V(xy — %)+ (¥, — y1)? Vi(x; — )+ (s — ¥)* ’
(1.9.2a)
COSs o ==

_ (s — ) (% — x) -+ (W —41) (W — W)
TV — %) T (g — v VG — %02 + (s — v’
(1.9.26)

Cpasaurenbno caoxEas dopmyxa (1)
(mmm Tem Gomee dopmymm (2a), (26))
NMPUMEHAITCA AOBOABHO penko. Bce 3w
$bOpMYyNBI TOKE CIpaBeAIWBE IPH JIO-
ObIX (10 BJIMYHHE U II0 3HAKY) SHAYCHHAAX
KOOPIMHAT PAacCMATPHBAEMHIX TOYeK U
PasHOCTAX 3THX KOOPJAHMHAT, €CJHU TOABKO
YCAOBATECH, YTO YTOM o OTCIATHIBAETCSH
or A;A4, kK A;A5 n Moer OHTH KakK Io-
JORATENBHEM, TaK U OTPHIATEIbHEIM,

Taxk wak pasesctBo o=90° pasHO-
CHIbHO HECYIIeCTBOBAHUIO BEIHIMHEL tgo
(koTOpas, TaK cKasarh, «obpamaetcs
B GECKOHEYHOCTHY — IIPM 3TOM 3HAMEHA-
TeJb BHpaxkeHUA AJA tg o DONKeH pas-
HATBCS HYNI0), TO m3 PopMyxsl (1) BH-

&

K12y, 5]
! /e Aoz, 40 F
\
,7 A/}ﬂz;«,_y,/
P — // /
Pue. 1.9.1 A NFE
V2 z

TeKaeT Cleflyoliee yciIopue, HeoOxonumoe
A JOCTATOYHOE JJIA TOT0, 9TOOH IpAMEeE
A,A, u AA; 6buim e3aumuo nepnendu-
EYAAPHBL:
(T3 — &) (€, — 21)
+ (s — Y1) (2 — ¥1) = 0.
N3 dopmya (1) m (2a), (26) moxkHO cae-
AaTh M JaJbHEHUUIMe BEBOIH. 3aMETHM,
9T0 BHPAJKEHHA, CTOAN[MEe B 3HAMEHATE-
JAX IpaBeIX gacteit popmyn (2a) m (26),
paeuHl paccrosEusaM A;4, m 445 (cp.
¢ dopmynoi (2.4)):

V@, — 2 4 (s — 41 = 4,4,

V@3 — 2,2 + (s — y1)* = 4,4,

A TaK KaK II0 W3BeCTHOIl GOpMYyTe MKOIb-
HOTO Kypca TeoMeTpma

! A1A2 : A1A3

(1.9.3)

Spa8,=5 - | sin af,

rge  Spa44,4, — IWIOMIANE  TPEYTOIBHUKA
AA,4;, To

SAAlAzA3 —

:%I (T — 1) (Ys — ¥1) —

— (23— 2) (Y2 — ¥1) |- (1.9.4)
Ho, xpome roro, SAA,A,AS‘——%Ay‘lz - h,

rge h— paccrosrne or Tourd A, A0 TpA-
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moit A;A4,. IlostoMy B cmny (4) wumeem

caepyiomyio gopMyny auA paccrogEuEdl

h :hAa’ 4,4, OT As pile] AIAZI

hAsrAIAZZ

. | (22 — x1) (y3 — Y1) — (@3 — =1) (y2 — ¥1) |
Vige — 212+ (y2 — 41)*

(1.9.5)

OrMeTuM ellie, 9T0 BHIGOP CHCTEMBI KO-
OpIUHAT Ha ILIOCKOCTH B F€OMETPHIECKHX
3agadax oOBYHO ABIAETCA JOBOJBHO IIPO-
A3BOJBHBIM: IJIA 3afaHuA KOOPDAMHAT HAMO
yKazaTh Ha IIOCKOCTH Touky O (Hayamo
KOODAMHAT) M JBe IPOXOAsAllue dYepes
3Ty TOUKY (B3aUMHO IepIeHIUKYJISPHEIe)
ocn kKoopmumEaT Oz m Oy, KOoTopHe, Of-
HaKo, MOMKHO BHIOMpPATh IO-DA3HOMY.

Iycts, manpmmep, 20y m 2’0’y —
IBe PasHBIe CHCTeMHl KoopmuHat (pue. 2).
Jas Toro 4ToGH yCTAaHOBATH CBA3DH MEMKIY
«CTAPHIMIY KOODAMHATAMHA (T, ¥Y) H «HO-
BHIMI» Koopammatamu (z', y') opmmH o0
n Tol e Todku M, BBeieM B pac-
CMOTPEHKE eIlle U <IPOMEKYTOUHYIO» CH-
creMy Koopauuat x,;0y;, Ha9aI0 KOTOPOI
COBIIAZae€T € HAYajioM CTapoHd CHCTeMBI
KOOPIMHAT, & OCH IAPALIeJBHH OCAM
poeoii cucreMbl. UrtoOH cBABaThH KOOP-
qunatel (2, y) m (zy, y;) Kakoi-mu6o

. Puec. 1.9.2

TOuKH, yA0OHO paccMOTpPeTh TaKMke [Be
cucTeMbl IMOIAPHBIX KOOPAWMHAT ¢ ONHIM
¥ TeM #e moacoM O i TOJAPDHBIMA OCAMH

SN

Oz u Oz, (cm. pume. 2). Ecam z0x,=a,
10 Touke M (r, ¢) (roure M, mmelomei
B IIEPBOil cumcTeMe HOJAPHEIX KOOPAHMHAT
KOODAMHATHL T, ¢) OTBEIAKT (MOIAPHEI)
KOOPAMHATH 7y, ¢, BO BTOPOil cucTeMe,
Ie, OYeBUIHO, I' =1, ¢ =¢—da. [loaToMy
(em. dopmyasr (2.3))

1 B ¢dopmynax (4) m (5) MOKHO OUYCTATDH
BEepTURAJBHLHE dUePTOuKHM, CdATasd  IIIOmanb
Spa4,4, B Ppacerosmme Bu, a4, «HANPABIEH-
HEIMEY, T. €. IMeIEMHA TOT WIN MHOA 3HAK B
3aBHCAMOCTH OT TOr0, IO KAKYI0 CTOPOHY OpA-
Mot A;A, JMET ToIKA Ay 3fech MH HA 3TOM
ocranapiuBathea me Oynem.

T=rcos ¢, Yy=rsine m I;=r; COS ;=

=reos (¢—a), Yy=rsin (¢—a),

T. €.

Z,=r cos (¢p—a)=7(cos ¢ cos a-|

-} sin ¢sin a) =r cos¢ cosa+-r sing sina=
—zcosatysina,

y,=r sin (p—a)=r (sing cosa—

—c0s ¢ sin a)=—r cos ¢ sin a--

-+r sin ¢ cos a=—ux sin a--y cos a.

C npyroft cropombl, W3 TOTO e pmc. 2
clepyer, 4To

a'=z,+a, y'=y,+b,
rie a=0'P n b=P0 — KoopamHaTH cTa-
poro Hadama O B HOBOH cmcremMe KOOD-
nmaaT z'0'y’.

Taxkum o6pasoM, OKOHYATEAbHO IOJY-
qaem >

' =xcosa+ysina-a,

) (1.9.6)
Yy =-—zxsina-ycosab.

®opmyar (6) wumrpalor B TeoMeTpHd
dynmamMeHTaNbHyl0 poxb. MeTog Ko-
OpAXHAT IO3BOJSET XapaKTepu30BaTh
KaRIyI TOUYKY ILTOCKOCTA NapoOd dm-
cell x, Y — KOOpJMHATAMHA 3TOM TOUKH;
eCIH y Hac ecTh JBe TOIKH, TO WM OT-
BeYalT [Be [aphl IMCed; MHOKECTBO TO-
qeK MOMKHO B3aMeHHTh MHOKeCTBOM IIap
yucen. Haupumep, Tunau oTBedaer 00HO-
napamempuyeckoe MHOMecTBO map z (t),
y (1) 9dcen, 3aBHCAIlEE OT ORHOTO Iapa-
merpa ¢ (cp. §8). Ilpm a3rtom mepexon
K umHOHN cmcTeMe KOOPAMHAT He OTpaKa-
eTcsi Ha TeoMeTpHYECKHX cBoiicrBax ¢u-
ryp; IODTOMY CMBICH B T€OMETDAU AMEIOT

2 MEl 37lech, KaK 3T0 OPWHATO B aHAINTHIEC-
KO TeoMeTpum, OrpaHMYINBAaeMCA ONHUMH JUIIb
M paBHMK CHCTeMAMH KOODAWHAT, T. €. Ta-
KOMH, 9TO TOBOPOT HA 90° MON0KUTEIBHOTO
ayua Oz ocu aGenuce, mepeBoOAAmMuUi ero B mMoJI0-
sKATENbHNHA Ayd Oy ocu OpAMHAT, TIPOMCXOXHT
BOONOMMUTEADbHOM HAaUpaBlIegud, T. €.
B HANpAaBJEHWN, HUPOTHBOUOJOKHOM HAMPAB-
JIeHWI0 BpameHdss 9acoBoil cTpeiku. Herpynso
moxasarb, u9ro ecam z(Oy — mpaBad cucTeMa
Kooppunar, a z'Oy’ — neBas, To

z' ==zcosa-+ysina g,
y'=zsina—ycosa-+b

(KaKoi CMEICI HMEIT 37lech Yroll @ H OTPe3KH
a, b?).
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JIAIb TAaKHE COOTHONMEHHA MERIy Ko-
OpAMHATAME TOYEK, KOTODHE COXDaHSMIOT
cpoto ¢opmy mpm aiobom npeobpasoBanum
(6) — npm mepexojie OT CHCTEMB KOOP-
AmEaT 2Oy K ai060i Apyroil cmcTeMe Ko-
opmupar z'O'y’. VMenHO TaKmMm#, pa-
ByMeeTcsa, ObIHM Bce Teé COOTHOINEHHSH,
KOTODHI® PacCMaTPHUBAINCEH BEIIE.
Ilo-ApyroMy cKasaHHOe MOMKHO IOsC-
HATH TaK. YpaBHeHme y=[(z} wniIm
F (z, y) mexoropoit jguumum I' 3apucHr,
.09eBUJHO, HE TOJBKO OT CcaMOil JMHWH,
#o u or sHOOpa cmCTeMH KOODAMHAT;
OHO omucHBaeT He junuo I (pue. 3, a),
a ropasgo Gosee CAOKHBIA 00pas: JMHMIO

vy 0

“Puc. 1.9.3

I' u tor «woopmmHaTHRIl KpecT» U3 ocH
abcomec W ocH OpAMHAT, K KOTOPOMY OT-
HeCOHa IWHUA (Mase He TOJIBKO «KOOP-
JHMHATHLIL KPecT», HO ellie W eNUHAYHEBIE
TOUKH Ha OCAX, YKasepawoume BHGOD
[MHUL[ H3MEPEeHHS BEJIWYAH X M Y,
oM. puc. 3, 6). Ho reomerpmaecKuii cMbica
(a Hac 37ech HHTEPECyeT HMEHHO TeoMe-
TpAsA, a He Qu3nKa®) UMEIOT AMINL TAaKHe
CcBfI3aHHBle ¢ ypaBHeHHMeM KPHUBOW BEIpa-
JHEHNA, KOTOPHIE COXPAHAKT cBoe 3HAYe-
HHEEe IIPH 3aMeHe [IePeMeHHEIX II0 (GopMy-
aaM (6). Tak, maupmmep, B ypaBHEHHH
oKpyskHOCTH ¢ MeHTpoM Q (a, b) u pagmy-
coMm T

(@—ay -+ (y —bE=r2,

uin
(@ —a)+(y — b —r*=0,

BeIMUMHH ¢ W b XapaKTepu3yIOT (BCETO
aEms!) momokeHHME OKPYMRHOCTHA Ha KO-
OPAMHATHOU IIOCKOCTH, B TO BDeMsi KaK
YHCAO ' CBA3AHO C (TeOMeTpHei» KPHBOM

(1.9.7)

(¢ pasMepaMm OKPYRHOCTH; CM. HIEKe
yap. 6).
Yro6sl MOpogeMOHCTPHPOBATh CKa3ak-

noe, obparumcs K dopmyme (2.4) mis
paccrosiHus Iy, MemRyy Toukamm. Ecan
4, (z;, y,) n A, (z,, y,) — ABE TOUKH, TO
KBafipaT r?, PAaCCTOAHHMS MeRIY HIMH,
B cuiry (2.4) pasen (z,—x;)%+(y,—Y;)?.

3 B ¢uspxe obcromr [en0 me COBceM TaK;
cM. To ?Tomy moBomy § 9.8.

Beemem Temepr HOBHe KooppmEATH z',
y'; Torga cormacmo (6)

T, =z, cos & -+ y, sin & - @,
Yy, = —, sin a -}y, cos a b,

U aHAJOTHMYHO HAaXOJATCA HOBHE KOODAU-
HAaTH Z,, Y, TOUKA A, IO ee CTapPHIM KO-
OPAMHATAM I,, Y, A TelepDb HMeeM

z, — T, == (Ty — T,) €08 & (¥, — yy) sin a,
yf.: - yl’ -— —_(xZ - xl)Sin a +(y2 - yl) cosa
H COOTBETCTBEHHO
(@, — )+ (9, — ¥)* =
=[(zy — z,) cos & + (y, — y,) sin a]> 4
+ [— (@, — z) sina 4 (y, — y;) cos aP =
= (zy— z,)?(cos® a 4~ sin?«) -}
~+ ¥y — yy)* (sin®a - cos®a) =
= (@, — )"+ (Y2 — 11)%
9T0 M [OKa3HBaeT HE3aBHCHMOCTH Be-
JAHIUHHL T, OT BHGOpa CHCTEME KOOpAH-
Har.

Acno, u4ro pBe mpsamme y=k;x+b;
u y=k,x-+b, (puc. 4) mapaniexbHE

B TOM M TOJIBKO TOM CJIy9ae, €CIH UX Ha-
KIOHH COBHNAfalOT, T. €. ecim k=Fk,.

yr\ =Ko ‘27*4
=Ny T+,
= My L
=N,z
!
)
U — 1472-/4'9//.7///
Puc. 1.9.4 ,9/‘?’/7,//,'/(,/
—_—ee - // ]
v i
77 7 -

PaccMoTpuM Temeph IPOXORAIIUE de-
pe3 Hauamo KooppuHar O nNpsaMie y=
=kx B y=k,x, NapajlieTbHble HAIIAM
(BooOme roOBOPA, HE HAPAJIEIBHEIM)
npameM  (cM. OYHKTHPHEE JAHAX HA
puc. 4). [lockoabKy DTEM HOBHM IPSMEIM
npumagieskar touku Ay (1,k) m A, (1,k,),
o B cury (1) yromx o, paBHHE yray
A,04A, mexpy HamuMmn npsMvemp (Ges-
pa3aiudHo, CTapHMu HIN HOBHMH!), ompe-
neixsaeTcsa 0o gopMyiae

 (he—0) (1 —0)— (k, —0) (1 —0)
b8 * == 0y (1 = 0) 1 (ke — 0) (ks —0)

(Bemp Bmeck poab ToueK A, (2, y,),

Ay (x5, Yo) u Ag(z3, Ys) dPopmymnt (1)
mrpator toukm O (0, 0), 4, (1, %) =
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A, (1, k). Tawkmm obpasoM, OKoHYa-
TEJIbHO IIoJIyYaeM

ko — k
tga— 12_—{—k;7% . (1.9.8)

B wacrtHocTm, ABe mpsameie y=rkz+b;
B y=kyx+b, TDepOeHIUKYJIAPHB TOTAA
¥ TONBKO TOTAA, KOTHAA

kky+1=0 mmm Fkky=——1 (1.9.9)

(mogemy?).

Tanee, uycts y=kz+b n y=kz-+b, —
ABe mapajlIeabuble OpsMee [ u [, uMero-
e OfMH U TOT ke HAKIOH kK W Ilepece-
Katonque ochk y B Toukax B(0,b) u B,(0,8,)
(pue. 5). B rTakom cxywae, 09eBHMHO,

Y
P A}
/%ﬂ, 4) z

BB,=|b;—b|; ¢ Apyroi CTODOHHI, Iep-
HeHpuKydsap BiP, ONyImEeHHH #3 TOIKH
B, ma npsamyio [, o6pasyer ¢ ocbio y Ta-
KOii e yTOa a, KaKo# oGpasyer IpAMad l
(m 1) ¢ ocbio z (cum. pue. 5, tne £ BB,P n
Z xQl — yriasl co B3AUMHO HEpIEeHINKY-

N
nspEsivu croporamm). Ho tg 20l =tga =k
IO OLpeeNeR o HAKIOHA IIPAMOM; IO3TOMY
AN
u tg BB,P =k, n, 3HaHI{IT,

N 1
cos BB,P = cos o=

Vitigte VILRE
A rtemeps u3 Tpeyroabrmka BB P (cM.
pme. 5) ToIydaeM

B,P—=BB,cos o=

|61 —b]
VIR’

Mg mamum, 910 paccrosnme d=DBP
MesKTy NApAIeNbHHIMM TpAMbBME [ X
I, pasHO

_ iba—0]
TV AR
Ecnu | — mupAMas ¢ ypaBHeHHeM Y=
=kz+b, a M (z,, Y,) — ILPOH3BONbHAA
TouKka (cM. pmC. D), TO HapayTeIbHAA l
opaMas Iy, TpoxofAmas depes M, nmeer
ypaBHEHHE
y—yo="k (x—x,), mna y=kz+by,
rme  by=Yyo—kx, (cM. BEme ¢opmMyry
(3.3)). Iloaromy B cmay (10) paccroarme
% or Touxm M no mpsMo# ! paBHO

he— |y0——k:zo—b|

Vi &2

. (1.9.10)

(1.9.11)

(3aMeTBTE, UTO B UMCAMTENE MPaBOi TacTH
(11) croutr abcoaroTHAaA BENMIMHA PE3YIb-
TaTa NOACTAHOBKM KOOpHUHAT TOUYKH M
B JIEBYI0 YacTh YPaBHEHHS IPAMOH y—

—kz—b=0).

Vnpawcnenun

1.9.1. Haust Touka M w upsmas l: a) M=
=M (1, —1), l:y=z+1; 6) M=M (0, —1),
I: y=4; B) M=M (—2,0), I: y=—z—2; 1) M=

FN

=M (0, 0) (mauaso woopgumar), I: y=- ¢ —

— % - Hposegure uepes Toury M npamywo p,

TepHeHIUKYJIAPHYI0 HpsaMoit .

1.9.2. Haue Tpu Touku A, 4y, Ag 4, (0, 0),
A2 (4v 3)7 A3 (_61 8); Al (4$ _4)7 A2 (47 O)v
A; (—1, 1); A1 (4, 2), 4,2, 1), 45 (—1, 1).

a) Hadgure L AyA,A,;  6) BHUBCIHTE
SAAIAZAS; B) 4eMy PaBHO hA],AzAg?

1.9.3. Janwm pgBe mapailelbHEIe HOpaAMbe [
m lyra) Lboy=z+2, l;: y=2—2; 6) I: 3z—4y—
—1=0, 1;: —32-+4y=0. Uemy paBHO paccTos-
HEe d MEXTY 9THMM HPAMBIME?

1.9.4. Ina roi me Touku M u To# ke mpAMOM
1, 9o u B yup. 1, Haligure paccrosame h or M
mo 1.

1.9.5. llycts A3=A, (21, 1), A2=A42(z2,¥2),
Ag (z3, ys) B Ay=Ay (74, ys) — 9eTHPe TOUKM,
noraykure, 4yro A;4, | Agzd, Torga M TOJBKO
TOrAa, KOTZA

(22— 21) (24— 23} (Yya—¥1) (92— 1s)=0.

1.9.6. Haiinure, garg mnpeo6pasyercd ypas-
nenme (7) OKPYIKHOCTH IPM Tepexofe K HOBHIM
xoopummatam z’, y' mo ¢dopmynam (6). IIpo-
BepeTe, dUro Qurypmpymomme B (7) BeAHIHHBI
a © b MeHdAIT IIPA 3TOM CBOIO Beamuuny (T. €. 94To
HOBOE ypaBHeHme OyJAeT uMeTb Ty ke dQopmy,
HO C.mHBIMI a # b), a BeIndYdHa r He MeHAeTCd.
[Vrasaumme. [ua pemednda dToil 3agaynm
ymobmo «obparurey ¢opmyast (6), BHpasus
¢Taphle KOOPAMHATH Z, § 9epe3 HOBHE KOODP.W-
marel 2, y'.]

1.9.7. Hogamure, uwro uUpu mepexome (6)
K APYyroil cucreMe KOOPHHHAT COXPaHAT CBOIO
dopmy: a) ycuosme ky=k, WTapaNIeIbHOCTH
IBYX mpAMHX; 0) yciaosme (9) HepuenguaRyIAp-
HOCTH [BYX TpsMEIX; B) dopmyna (8) mia yraa
MeKIy mpambivu; T) gopmyna (10) nua paceroa-
HAA MKy TapaalelbHHIMHN OpaAMbIMH; 1) dop-
myna (11) AnA paccToARUA OT TOYKHE O IPAMOM;
e) dopmyma (4) [as IIOWARU TPEYTOMBHUEKA;
%) fopmyaa (1) Ans yria Tpeyrodsumka; 3) Gop-
Myaa (5) M PacCTOAHMS OT TOYKH [0 MPAMOIL;
m) yemosme AjA, | A4, (cm. ymp. 5). [Cm.
ykaszaunne K ymp. 6.]



I'nasa 2
YTO TAKOE ITPON3BOJHAA

§ 1. [IBmkenne, myTh H CKOPOCTH

PacemorpuM mocrynatenbHoe [IBHIKEHHE
TeJIa BEOAb KaKOM-TO IPAMOIl IMHKH; pac-
cToAHME HeKOTOpOol ToUkm J Tema ot ompe-
HexenHoil Toukm O Ha 3TOM MpAMOH (Ko-
opamuaty TouKm M) obosmawmm depes 3z,
npuieM B OJHY CTOPOHY 3TO PacCcTOSHHUE
OygeM cIHTATh MOI0MKATEIbHHM, & B IPY-
I'yio — OTpHIATeJbHEIM. IlycTh, Hampm-
Mep, IpPAMasg, BIOJb KOTOPOH IBHIRETCH
Tell0, PAacIoJoeHa BEPTHKAIBHO; TOUKH
BHIme () COOTBETCTBYIOT IOJOKHUTENb-
HEIM 2, TOUYKH Humme O — 0TpHLATEdb-
HEIM Z. ¥Ymobmo mpefcTaBasith cebe, 9TO
Halle TeJ0 MaJdeHbKOe, TaK UT0 MOKHO
IpocTO roBOPHUTH 00 OFHOM «MaTePUATh-
Ho# Touke»y M m o6 ee paccToAHHMH OT
ompefienennoil Toukn O mpAMOE — OT Ha-
9aJla KOODIHWHAT.

3aa4n 0 NBU/KEHUH TeJ ¢ NOCTOANHON
CKOPOCTBIO U MPHBOOAT K IPOCTHM apud-
MeTHiecKuM M ajdrebpamdecKuM pacderam
(OCHOBAaHHEIM HA TOM, YTO IyTh DaBeH
IPOM3BEJEHNI0 CKOPOCTH Ha BpeMsA, T. e.
Ha 3neMmenTapaoil dopmyne s -—uvt, THe
s —myTh, a ¢t — Bpemsa). OpHako B 1pu-
pome MEI, KaK IIpaBHIO, HMeeM [eJIo
¢ [BIKEHUSIMH, CKOPOCTH  KOTOPHIX
MeHAaeTcsda ¢ TedenneM BpeMenn. Mc-
Cle0BaHNe TaKUX [IBIKEHAH IPHUBOIAT
K B&)KHBIM (HU3HIeCKUM IOHATHAM RYymMU
n ckopocmu KaK (QyHKNMI BpeMeHH; Ma-
TeMaTHIeCKH YyiKe 3[0eCh BOBHUKAKT 0C-
HAOBHHIE NOHATHSA BHICIIeH MaTeMaTHKH —
TIOHATAA NPOU3BOOHOT W UHMeZPaALa.
B macroameii m caenyomeil raaBax MbI
paccMoTpmM 3Ty cHryamuio Oomdee mof-
pobHo. .

ITpouecc  mpuikeHHASA  MaTEPHAIBHOH
Toukm N BaKg09IaeTCA B TOM, UTO KO-
OpAuHaTa z 9TOH TOUKH MEHSEeTCA ¢ M3-
MeHenmeM BpemeHu t. J[BuiKenme Teia
(tourku M) ompepensieTcA 3aBHCHMOCTHIO
KoopamHATHL Z OT BpeMeHH £, T. €. OHO
Xapakrepusyercsi QyHKmmein z=z (f).
Suasn ymxmmo z (f), MOIKHO HAHlTH I0-
jJosKenme 2z rtexa B Ji000il MOMeHT Bpe-
Menu t. Harnagnoe mpeficTaBiaenne o gBH-
KeHun jaer rpadumk Qyurumm 2 (1), mas

HoTy9YeHus KOTOPOTO MEL OyleM OTKIa-
AsBaTh 1m0 ocu abemumee (ochk t) Bpems,
a mo ocu opmmHAT (0CH 3Z) — PaccTos-
HFe TeJa OT Hauada orcdera O.

Ilpu pasmomeprom HOBUReHAU TeIa
(mBUeHHME ¢ TOCTOAHHON CKOPOCTBIO V)
IIyTh S NPAMO ITPONOPIMOHAJNEH BPEeMEHH
t, rage Ko3dPuomeHT NIPOLOPIMOHATD-
HOCTH pameH U (3gech s=vt). O603HaINM
KoopAmHATY Teda B MomenT t=( uepes
Zg, TOrAa NPONJeHHEN 3a BpeMs ! IyTh S

z

Z /%)

z 1)

7

Pume. 2.1.14

Oymer paBeH pasHoctu 2 (1)—3z, Takum
o6pasoM, IHoJydaeMm

z (t) =z, vt.

Mu BugumM, 4TO [PA  PASHOMEDHOM
IOBAKEHHAN 3aBHCAMOCTH KOODAHMHATH 2
OT BpeMeHH I BHIPaMKaeTCA JUHELHOI
dyrxmoueir. I'padmx 3aBucmmoctn z (2)
OpY PaBHOMEDHOM [BHIREHHH IIPECTaB-
aser coboit DPAMYI0 JMHUIO Ha KOODMH-
HaTHO# (£, z)-mmockoctm (pme. 1).

Ilpu HepaBHOMEpHOM [BHKEHAH 3a-
BECHMOCTD 2 (1) BEIpasKaeTcs Gojee CIOM-
HHMH (OPMyiIaMH ¥ COOTBETCTBYIOIIHI
rpagur mpefcrasiasier co0oll  KPHBYIO
augHno. PaceMoTpum Temeph ciaepyionIyio
OCHOBHYI0O  3afjady: sadana QGyHryus
z (t), T. €. 3aBUCHMOCTH KOOPAMHATH Tela
0T BPeMeHH; mpebyemes HaAlmi CKOPOCMb
v dsudcenus meaa. B obmem cayuae ne-
PaBHOMEDHOTO [BUKEHMA CKOpPOCTH He
ocTaeTcsA IOCTOSIHHON: ¢ TEYeHHEM Bpe-
MeHH OHa MEHAeTCA. JHAUHUT, CKOPOCTh U
ecTh Takyke QYHKOUA BPeMeHH f{, W Halla
3aflauya 3aKJI09aeTCA B TOM, ITOGHL BHpa-
3UTH 9Ty HeH3BecTHYI ¢yHKmmu U (f)
Yepes HM3BECTHYI GyHKNmIO z (2).

2.1.1)
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B wactHOM cCcxy7ae pPaBHOMED-
HOT O [BH;KEHHA BCE COBCEM IIPOCTO.
CKopocTh U onpefiesAeTcA KaK IyTh, TPOM-
MeHHBT ABHRYINEHCA TOIKOM 3a eHMHUIY
Bpemenn. Halimem, HanipmMep, IyTh, IPOR-
meEHH 3a 1 ¢: or MOMeHTA #; O MOMEHTA
t;+1 cekyma. Ator mWyThk (0OH UHUCIEHHO
PaBeH CKODOCTH) M3MePAeTCA DasHOCTHIO
~ Koopmunart z (t;+1) n z (4):

2 (b 1)—2 () =240 (6 1)]—
—zy-+vt, 1=v.

BmecTo 3toro mMomHO TaKiKe B3ATH LPO-
U3BOJBHHI OPOMEKYTOK BPEMEHH MEMRIY
MOMEHTaMH| §; U t, W Pa3NeJluTh IPOHMICH-

z
z+4z
z -
i
I
i
I
N '
Puc. 2.1.2 / I A
bl 2 z+ac 1\ z

HBH TyTh 3Z,—2%, Ha BeIHIuny IpoMe-
MYTKA T,—Iy:
Za—21_ (%ot vte) — (0ot Vt)

e .
to— 1t

> (2.1.2)

JIMeHHO IOTOMY, 9T0 CKOPOCTE HOCTOSHHA,
MHBL MO’KeM BHIOHpATH [JA ee BHUHCICHHA
110 6 0# wmarepsax Il,—i&;; NOPH ITOM
moiydaeMeli orser He Oymer 3asmceThb
HH OT MOMeHTa !;, HM OT BeJIMIAHEI HHTED-
para |t,—i;|. Omuako B ofmem caydae
NBIKeHMA ¢ HepeMeHHONM CKo-
POCTEIO /18I0 06CTOMT yike CoBCeM He TaK.

[Ipemae 4YeM Hepexomutb K obmemy
caydaio, LOXEsHO M3MeHmTb 06o3Hade-
mmag. Hasosem &;=t, a l,=t-+Af, Tak
910 pasHOCTh f,—I;, T. €. paccMaTpUBae-
MBI HAMH LPOMEXYTOK BpeMeHH, MBI
oBosmagaem wepes At (cm. pme. 1)1
Ilogo6ro aTomMy IyTb

2 (t,)) — z () =z (t 4 ) — z () = Az.

1 Pagymeercss, A — 9T0 He MHOMKHTEND,
a cmMBON W At — He DpousBefierme A HA I,
nofioGHO TOMY Kak sin o He eCTh IPOyM3aBefieHme
sin Ha «: COKpAIaTh YHCAWTENb H 3HAMEHATeNb
npasoii JacTé (2a) mam (3) HA A TaR jKe HENO-
MycTHMO, KAK HeAb3A COKPATHTh HA SIn YHCAH-

S1n a
Tenb M 3HAMEeHaTels APOCH Sng- CumBoxr A —

3T0 IIPONHCHAA TpevecKad OykBa «JielIBTaY,
3aMeHAIOINAA CJ0BO «IIpHpameHme»; 3amuch At
(wim Az) THTAETCA KAR «lebTa Ty (¢RenbTa 3eT»)
WK «IIPEPALICHIEe BPeMEHM? («npupamenue IyTu»).

B »3tux ofo3madenmax
MORHO IePem:caTh TakK:

Az
a5 U (2.1.2a)
B ob6mem cryuae memsenusa ¢ me p e-
MeHHOHN CcKOPOCTBIO IpaBasA 4YacTh
(2a) , BHIpasKRaeT cpedwiolo CKOpOCMb [BH-
MeHNs Ha WHTepBajJge BpeMeHH OT § .0
t+ At (maTepBad maMTENBHOCTH Al):
Az
Ucp = -‘AT .

dopmyay (2)

(2.1.3)

3pech MPUXONATCA TOBOPHTH O CpemHei
CKOPOCTA MOTOMY, UTO ¢CaMa CKOPOCTH Ha
MPOTSIKEHNA HUHTePBala [IATeIHHOCTH
Al MeHAETCA.

Has npumepa IONOMKHM, 9TO TOYTh 2
3agaeTcd He JMHEHHOH QYHKIUed, Kak
Aa puc. 1, aKBampaTudHO I dop-
MYyJIon
z (t) =z, -+ bt - ct®.
Ha puc. 2 mpusenen ofuA u3 BO3BMOKHEIX
rpaduKoB, OTBeYAIMMX QYHKIAA BAOA
(4). Berameram mo ¢opmyre (3) cpegHION:
CKOPOCTH V., Ha mHTepBane Af. B mamem
caydae mMeeM

z(t) ==z, 4 0t 4 ct?
z(t+ Aty =2z, bt At)c (¢ + A=
=z, -+ bt +bAL - ct? - 2ctAt | ¢ (B)?

(2.1.4)

U, 3HAYAT,
Az=z (4 Ay —z ()=
= bAL - 2ctAt - ¢ (At).
Orciofa

v :—i%:b—{—th—-{—cAt.

cp (2.1.5)

CpasmaM pesynbrathl (2a) m (D) jas
cpegHell CKOPOCTH LPH [JBIKEHAW IO
saromy (1) m wo sakony (4). Bropoii opu-
Mep OTIMYAETCA TEM, 9TO B HEM CPeNHAs
CKOPOCTH 3aBHCHT U OT CAMOTO MOMEHTa I,
¥ OT IpoMe:KyTKa Bpemenum Af. Hak e
HaWTH MEHOSCHHYI0 CKODOCTH B MOMEHT t,
3aBUCALLYI0 eIUHCTBEHHO OT 3TOTO MO-
MeHTa’

CKOpOCTh MeHAETCSA II0CTENIEHHO; IIO0-
BTOMY YeM MeHbIle IPOMEKYTOK BPEMEHH,
Ha [POTAMKEHAM KOTODPOTO W3MepAeTcA
MPOMIeHHEN NIyTh, TeM MeHBIOIe yCIoeeT
H3MEHHTBCHA CKOPOCTh, TeM Ommme Gymer
CPefHAA CKOPOCTH K MTHOBOHHOMY €€
snavennio. Qopmyra (5) nas v, comepur
IBa WIEHA, He BaBUCAIMX OT BEJUIWHEBL
npoMeKyTKa Af, m OAMH WiIeH, OPOmop-
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nuoHaxbHuil Atf. Ilpm odems Mambix Al
u mpoumspenenme cAt Gymer o9eHB Maxd.
TlostoMy upum Manbix At HocaegHuaM die-
HOM B TpaBoil gactm (D) MokHO IpeHe6-
peub: Tpm 3TOM (opMyda Auas v, obpa-
TATCS B (POPMYJTY NJAA MTHOBEHHOR CKO-
pocTH:

Vyrn = b 2ct. (2.1.6)
Tax, nanpumep, mycth B gopmyie (4)
zo=1, b=2, ¢=—1; b6ygeM mCKaTh CKO-

pocth psmxenns npu !=0. B rakom cay-
qae (O) maer

Vep=22 - (—1)-04(—1)-At =24t

MoskHO COCTaBHETH ciaefywinyio Tabammy:

At (o1 0 70 At ¢) | 1 l 0,5 | 0,1 '0,05 0,01
Doy 1] 15| 191,019
Taxum o6pasoMm, 4YeM MeHBIE Af, TeM

Onmixe BHIpaKeHHme VIS U, K 2; IODTOMY
€CTeCTBEHHO CIMTaTh, 4TO U, —2.

Buumateabubn unTarenb, BEPOATHO,
yie y3Hal B BhHpaxeHHax (4) u (6) ma-
BECTHHC H3 IMKOJIBHOr0 ydeOuumka ¢u-
3uKH (GOPMYABl A PaBHOYCKOPEHHOTO
JUBHKEHMS

at?
Z(t):Z0+UOt+T’
v(t)y=v,+ at;
TOJABKO BMecTO Koapdunmenta b GopMys
(4) B (7) cromr Bexm4HHA Uy HAUAALHOLU

ckopocmu.  (ckopoctm B MomeHT t=0);
KospdunmenT sxe ¢ GOpMyAH (4) 3aMeHeH

(2.1.7)

a
Ha «momyyckopenme» - (mbo a — ye-

KOpeHue NBHKEHUS).

MEl BEIYMCANIIN MTHOBEHHYIO CKOPOCTHL B MO-
MEeHT BpPEMeHd { HCXO[Ad M3 CpeJHedl CKOPOCTH
B TIPOMEKYTHe OT ¢ 1o ¢+ Af. [TompofyeM Teneps

BHUNCIATH €e, BEHOUPAaA TPOMEIKYTOK HECKOIbKO
no-ynoMy. HaifieM CpefHK0 CKOPOCTh B IIPO-

3 1
MEXKYTKE OT tlzt—ZAt Jite} t=t+7{At;

JIIUTeIbHOCTh [IPOMEKYTRA 3/1eCh HO-IIpeKHeMy
paBHa Af. B cuny (4) uMmeeMm
3 2
),

|

Z(t1)=20+b(t—%At)+c<t_

1 1
Z(t:_;):zo—}—b(t-}— ZAt>+c(t —J,—'ZAt>2
. 1
z (t) — z (81) = bAt + 2ctAt — 5 ¢ ()2

Orcofa cuegyer, dTO

_z(ts) -z (4)

1
Vop = A =b+20t—-2—cAt.

(2.1.8)
Ecnu cpaBruTh pesyabrat () u (8), To BHIHO,
UTO CpejHMe CKOPOCTM HA WHTepBalaX oOT ¢

3 1
pot - At uwort— Z At ot - % At ornnvaTCA

Ha BeJINYUHY cAf [1 — (-—é—ﬂ = % cAt. Ho ecoim
MH XOTUM HAUTH M2HOGEHHYM CKODOCTB, TO
HYHO 6paTh O4Yenbh MAlCHbKWH WMHTEPBAN Af;
TOr7Ia YKa3apHOe pasimdme MesKOy [BYMs BEIpa-
HeHNAMH [JIA CpefHell CropocTH y:Ke He OymeT
HrPaTh POIM, W MBI CHOBA MOJY4YHM A MIHO-
BeHHOM CKODOCTH HPeRHIK (OpMyNy v, .=
=b-|-2ct. Ilpm 5T0M, Opfnaro, Beamymna (8) cpen-

3
Hell CKOpoCTH Ha HHTepBane oT {— 7 Af mo

1
t+ 7 At 6rume K MTHOBeHHOH cxopocTH (6),

4eM BeJmumHA (D) CpefHedl CKOPOCTH HA HWHTep-
Baje oT t mo i+At; TOSTOMY TPH HeJaHWH TOo-
OBCTpee (M TOTOYHEe) HAWTH MCHOBEHHYI0 CKO-
pocts BHOOp mHATEpBania OT 10 i+ At Menee
ymoGen: 3nech vy, KaeT Xyfimee UpmOnmxenme
A Uypg. Eme moydame BHOpaTh mHTepBal TaK,
gro6H HATEpecylomee HAc 3pavenme ¢ GHIIO ce-
pefuHON (NEHTPOM) BTOrO HHTEpBajia; B cliydae
KBaJ[PAaTHIHON B3aBHCHMOCTU (4) MEKIy MIyTeM 2
W BpeMeHeM { TONYIeHHOE 3HATEHWe Uy, OyAer
TOYHO COBHAJaTh € v, . (cM. ymp. 2). M eme
OCTAHOBHMCA BIOCJHENCTBMM HA 9ToM o6crod-
TenscTBe (cM. § 6.1).

MLI pacCMOTpeJan IIOHATHE MIHOBEH-
HOM CKOPOCTH JJIAA ABYX KOHKPETHHIX HpH-
MEepORB: IJIA PaBHOMEPHOTO W [JA PaBHO-
ycKopenHnoro apmxennii. B §3 mm pma-
quM  Gojlee TOYHOE oOIpedeleHne MIHO-
BEHHOH CKOpOCTH HPH IPOH3BOIBHOM
3aKO0HEe [IBU/KEHUA.

Ynpaoscnenua

2.1.1. Ilpn gBmwxeHNy MaTe puaibHOl ToOURE M
mo TpsAMO#l HAOAIOFanach CIEAYHOmMAd 3aBHCH-
MOCTb TIPOXOJMMOro OyTH z OT BpeMeHH I: a) z=

1

=1t3+t; 6) i=T e

Yemy paBHA CpPefHAA CKOPOCTD Vo, ABIIKEHNS
HA HHTepBalie OT MOMEHTA BpeMeHH ¢ o t4 At?
YeMy paBHQ MIHOBEHHAS CKOPOCTH U, . B MO-
MeHT t?

2.4.2. Jaa caysas sasumcmMmocTu (4) DOyTm
OT BPeMeHW HaliiuTe BENMINHY U, To fopmyie

2 (t 4 Yo At) — z (t — /2 AL)

Vop= At
JIy4eHHOS BHIpAKeHHE cO 3HAYEHHEM Uy p B MO-
MEHT BpEeMeHH .

; CPaBHUTE TO-
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§ 2%, TemnoemrocTnr Tema. Pacimmpenme
Teld NpPH HArpeBaHHH

3aMeTnM, 9T0 NPONeAypPa, AHAIOTHIHAS
ONMCAHHOM B IpeRsAylmEeM uaparpade,
BCTpPEIaeTcA BO MHOIMX (u3HdecKAX 3a-
dadax. 3mech ME HPOJZeMOHCTPHPYEM 3TO
Ha IBYX IIPOCTHIX LIPUMEPax, alelIUpPyIo-
WX JAMb K TeM CBeleHHAM, KOTOpHEe
BKIIOYEHE B MIKOABHEI KypC (U3MKH.
HamoMuuM, 910 menaoemrocmuvio TOTO
WO HMHOTO BeNIecTBA HABHBAETCH KOJIH-
decTBO TeIIa (B HROYIAX), KOTODOE He-
obxomumo mmasa uarpeBamms 1 Kr pac-
CMaTPHIBAEGMOIO BeINecTBa (BOIBL, JKe-
nesa, somora um T. A.) Ha 1° C. Ho Bems
OpH pAasHMIHEX HAYAJABHHX TeMIepaTy-
pax mas HarpeBaEms 1 KI BelllecTBa HA
1° C tpebyeTcs pasHoe KOAMIECTBO TEILIA,
TaK YTO TEIIOeMKOCTh ¢ BEHmecTBA ABIA-
erca QyHKineli Ha4albHOM TeMIepaTy-
pot T :c=c (7). Tak, manpumep, nAIA
HarpeBaumsa 1 Kr ;Kellesa, B3ATOTO HpH
remueparype 0° C, ma 1°C rt1pebyetcn
440, 857 s tenna, a qis HaTPeBaHUS HA
1° C Toro ke KoIm9ecTBA ;KeJe3a, B3ATOTO
npum Temueparype 50°C, HyKHO YyxKe
470, 583 k. Kak sxe onpefeanTs Teiuro-
eMKOCTh Telld, OTBEYAlONlyI0 NAaHHOH (QHK-
cHpOBaHHOM TeMIeparype 77
Cogepsxanme §1 TopmckasbiBaeT cie-
AYION(YI0 METOMMKY OIpeleIeHHA WHTe-
pecylomeii Hac BexmauHH c=c (I') (Ten-
JoemrocTn Tpm Temmepatype 7). Ama-
morom ¢urypupymoumero B §1 nym 2z
agech, OdYEBHAHO, Oyner KRoamdecrso @
Temwra (B MKOYIsAX), KOTOpPOe HAIO0 IIPH-
math 1 KI DaccMaTPMBAEMOTO BELIECTBA
A HATPeBaHHA €ro OT HCXOAHOHX TeM-
nepatyps (6espasimaHo Kakoit!) mo TeMm-
neparypu 7'; ACHO, 9T0 HTA BEIMIMHA 3a-
ucat ot I: Q=Q (T). llpu atom pis Ha-
rpeeanEma 1 KI BelleCTBA OT TeMIlepPaTypH
T, mo temmeparypw 7T, mnoHagoburcs
Q (T, Ty)=Q (Ty)—Q (T) Tenna; mis
HarpeBaHHA Teja OT TeMieparypst I mo
(T'+AT)® C momamobumres Q (T'+-AT)—
—Q (I)=AQ Tenna. [lostomy cpepuss
TeNIOEMKOCTh C,, Ha ydactke ot 7 nmo

(T+AT), ecrecTBeHHO, OIpPENeNUTCH KaK

QT +AT)—Q(T) __ 4Q
AT AT

(2.2.1)

2a MTHOBEHHAaH TEINIOBMKOCTD £,
(mpmraraTeabHOEe «MTHOBEHHAs» B [JaH-
HOM CJaydYae OTHOCHTCS He K OIpefeleH-
HOMY MOMEHTY BPeMeHH, a K UKCHPOBAH-
HO# Temumeparype I Temma) — KaK 3Ha-

YeHUe C,, OTgevalmee O IYE€HbDb Ma-

TeHDbKOMY npupamennw A7 TteMm-
meparype, IOpHYeM MNOJYYeHHOEe TaKIM
oyTeM 3HA9YeHHE TEILIOEMKOCTH C,, Oyner
TeM TOYHee, deM MeHnbimee A7 MBI Gepem.
3aMeruM, 9TO B IOJABIAMEM GoIbOTIH-
cTBe caydaeB yske smadenme AT =1°C
OymerT MOCTATOYHO MaJod [IA TOYHOTO
onpepenenua BexmumbEn c=c (7). 3mecs
BHIPaJKEHHE «JOCTATOYHO MaiJs» 0SHAUYaer,
YTO MOJYYEHHOE TAKHMM IIyTeM 3Ha4eHHe
TENIOEMKOCTH ¢ HPAKTHISCKH He OyeT oT-
nA9aThCa OT 3HAYCHHA, K KOTOPOMY MBI
npumem, BEOPaB MeHbmEH (maKe m TO-
Pasmo MeHbMuil) mHTepsal A7 wu3MeHe-
HUS TeMIEPaTypH.

NDpumep. HKomuectso Q=Q (7I)
TeIllra, HEOOX0UMOe i HaTpeBanEusA 1 Kr
menesa ot 0 go 7° C, maerca caemymouieil
sMOmpuIeckn  mabmomaeMod — 3aBHCH-
MOCTBIO (BIOJHE YIOBAETBOPUTENLHO Ie-
pefaionmie#i mHTepecylomui Hac ¢uamde-
CKMil Ipomecc, BO BCAKOM clydae Opu
T < 200° C):

Q (7)=440,857 T-+0,29725 T>.

OTciofa B IIOAHOM COOTBETCTBHH € CO-
gep:rammeM §1 wummeem (3amerbre, 9TO
3apucumocth (2) Q or 7, momobmo 3a-
pucumoctn (1.4), sABnseTcs KBampaTHd-
HoM!):
AQ

Ccp=ﬁ;—:
440,857 (T -+ AT) - 0,29725 (T -+ AT)
_ AT

440,857T 4 0,29725T2
_— = =
— 440,857 1 0,5945T + 0,29725AT (2.2.3)

n, 3Ha9IUT,

Cyen == 440,857 40,5945 T,

Tarum oGpasom, ¢ (0)=440,857 i/ (rrx
XTPafg), Kak ME YKa3HBAJXH BEHIIeE,
a, ckamem, c (100)=440,857-0,5945X
x100=500,307 II:&/(xr-rpan).

Anamoruddgo o6cTOUT [0 W B APYTHX
3agadax, rje HaJ0 ONPEeNHTh BeANIARY,
ABIAKINYIOCA  XapaKTePUCTHKON  CKO-
pocTu m3MeHeHWs APYroil (memsalomeiics)
BenmumHEl. Tak, HaUpuEMep, JUHeliHbi
roogigfuyuenm k (TEIIOBOTO) pacwipenus
pelecTBa OOBIUHO  ompefensAeTcs Kak
9HCJI0, YKASHBAIOIIEE, HACKOIBKO YIJIH-
HHUTCsI TOHKAHA CTEPHEHD N3 paccMaTpuBae-
MOTO BelliecTBa MJINHOM B 1 cM Ipm Harpe-
panpa ero ma 1° C. Opmako m TyT cCo-

(2.2.2)

K]

(2.2.4)
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OTBETCTBYIONEE UYHCIAO0 K He ABIACTCA
IIOCTOSAHHEIM — OHO 3aBHCHT OT Hadalb-
HO# TeMmepatypel I cTep:KHS; HOITOMY,
CTPOTO TOBOPS, Hallle OLPeNleJeHHe, Pac-
cMaTpHWBaloIiee  IPOIEece  HaTPeBaHHA
crepskas o1 T mo (7-+-1)° C, samaserca
He coBceM KODPDEKTHEIM, IIOCKOJABKY
B IIPpOIlecce STOTO HaTPeBaHMA HMHTepe-
cyiomas Hac Beamanmna k=k (T) Bce
BPeMsi MEHSIeTCA.

Hax e ompememutds k.., T. e. Bean-
amHy k, OTBeYAaWIIyI0 CTPOr0 ¢ U K-
CHPDOBAaHHOMY 3HadeHumI0 I TeM-
nepatyph? BosbMmeM cTepikeHb MIHHOM
B 1 cM mpu temumeparype 0° C m maumem
€T0 IOCTeleHHO HAarPeBaTh, NPH B5TOM
mimpa L crep:RuA B mporecce Harpesa-
HEA OyJeT MeHATHCH, ABIAACH QyHKImEH
remoepatrypsi: L=L (T). Ilpu narpesa-
HUY CTeP:KHA OT Temmepatypol T mo TeM-
neparypsl (I-+A7), roe npupamenme
A7 TemmepaTypsl yMeCcTHO CIMTATH He-
SonpImuM, JIWHA CTEP:RHA YBEIWIUTCH
HA BEJHIUHY

AL=L(T +AT)—L(T),
TaKk 4T0 Ha poct Temmeparypu B 1°C
IPEXOAUTCA clefylomee cpegHee (nam
YyOeavHoe) yRIMHEHNE CTEPIKHA:
L(T+AT)—L(T) AL

AT — AT *

Opnako 3T0 yAIHHEeHHe OTHECEHO He
K cTep:RHI0 JiauHo# 1 cM, a K CTepyKHIO
gamuoit L, Tak uro ma 1 oM IAHHE
CTEDPRHsI Ipuxogutcs (OUATH Ke B Cpefl-
HOM) yIJIHHEeHHe

1 AL

koy=—1 27 -

(2.2.5)
3apmapaemas ¢opmynoi (5) Bermimma K,
n ABjferca unpmbammedHmeMm ! [Ias WHTE-
pecyiomero Hac (MTHOBEHHOTO) Ko3ddu-
OUEeHTA TEeNIOBOTO Y/IMHEHHA BEIMECTBA
k=Fk (T), npuieMm 3T0 yajamHeHme Oymer

1 [Ipubnmsxennsii XapagTep ¢opMyasr (5)

oTpajkaeTcd 4 B TOM, YTO MHEl OTHOCHM YJJINHEe-
AL

Hue AL (TOque, ydeavroe yoaurenue A_T> K JIJIAHe

L=L (T) crep:kEA B HAYAAbHEIA MOMEHT Bpe-
MeHM, XOTA pealbHO AJMHA B PAcCMaTpPUBAEMOM
mpomecce BCe BpeMsA MeHAETCS (moweMy, co6-

AL
CTBEHHO, MHl [ellEM OTHOMeHHe 7w Ha L(T),

a we ma L (T+AT)?). Oguaxo aTa HETOYHOCTH
B dopmyne (5) AuA k ABIAETCA BeCcbMa HeCy-
IMECTBeHHOU (mogYeMy?).

teM Oollee TOIHEIM, YeM MeHbMIee 3HaUe-
mane AT Mul BHOHpaeM.

IIpumep. Jlas mrarumer B mmpo-
KOM HHTEDPBajJe TeMmeparyp Qurypupyio-
mad B HAIIMX PACCMOTPEHUsIX (YHKIUA
L=L (T) xopomo upubammaercs cie-
Iyomei 3MOapudecKor ¢GopMyIIoi:

L(T)=1-48,806 - 10T -

-+ 1,95 - 107° T2 (2.2.6)
(cHOBa KBampaTHIHAS 3aBHCHMOCTB [ 0T
T). Bupasum (aumelinwii) KoaddunumeHT
pacmupennss k=Fk(T) wmaTHHH Kak
¢yarnuo or I' w Halfimem spauenus k (0)

u k (1000).

OTrseT. B roumoerm, KakK BEHIIE
(npogemaiiTe BCE pacueTH CaMOCTOfA-
TeJabHO!), HAXOMUM, YTO

1 AL
k(T)y=—1 35~
8,806 . 10-¢ 4+ 3,90 . 10-°T
+ 2.2.7)

~ 118,806 - 10-°7 - 1,95 - 10-97¢ »

OTKyga cllefyer, 9To

k (0)=8,806-10"¢ (1/°C) = k (1000)=
=12,57-107¢ (1/°C).

Ynpascnenun

2.2.4. Ina anmaza roxmaectBo Q (7) reuna
(8 :x), seobxopnmMoe gaa HarpeBapma 1 Kr Be-
mectea ot 0 mgo 7°C, B npegenax or 0 mo
700—800° C xopomo mepenaeTcs cAegyomieR
SMIMPUIECKON (OPMYIIOii:

Q (1)=0,3965T-+2,081-107372—5,024-1077 73,
Hajimure CpeflHIOI0 TEMIOEMKOCTD Co 2JMA3a
nga marepsaxe or I' go (T4 AT)° G, a ramke
(MrroBenHyN) TerwIoeMrocTh c=c () Kak QyHx-
mmo 7. Yemy paBHA [Ji8 ajiMasa BeJIMIAHA
¢ (0), ¢ (100) u ¢ (500)?

2.2.2. Koamuectso Q (T) temna, neobxopm-
moe jua HarpeBamma 1 kr Bogw or 0 mo I° C,
XOpomo TepefaeTca CHeAyomel sMIXpHIeCKOM
dopmyioii:

Q (T)=4186,68T+8373,36-1075T2-+
-+1256.107873.

Yemy papHa TemaoemrocThb ¢ (T) Bomu? Hakoe
3nagenpe OpEEAMaer oma npm T'=10°, 90°?

2.2.3. Hoxamnre, uro (A7id J000T0 BEmECTBa
u npm n106oit Temmeparype T) o6vemnull k03¢~
duImenT TeIIOBOTO pacmupenus (T. e. OTHECEeH-
Hafg K elmaune o0beMa «MTHOBEHHAA CKOPOCTEY
yBenmdennA ofbeMa IpE POCTe TEMIEpaTypHl)
paBeH YTDOGHHOMY JHHeHHOMY KO3(QOUIMEHTY
TeIJIOBOro pacIIpeHMA.
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§ 3. HpousBogmas.
MepBl BHIYACAEHHS NPOH3BOIHBIX

B §1 B ca3u ¢ 3amaveidl 0 MrHOBeHHOR
CKOPOCTH [ABM)KEHNA MEL IPHUILIA K pac-
z (t2) — 2 (1)

ts —t;
rge f, ®w f; clIegyer c4YdUTaTh OYeHb
famskmMu Mexay coGoi. Opgmaro ymo-
Tpe0IeHHOe HaM# BHpa;KeHHe «04YeHb
0InsKae» ABIACTCA (HeMaTeMaTHIeCKUMY,
HeOIpefeJeNH M, HecTporuM. Tounas
dopMyIHPOBKA TYT TaKopa: Hac HHTEpe-
cyeT npedes, K KOTOPOMY CTPEMHTCS OT-
HOMeHne
z (ty) — z ()

to— 1t

CMOTPEHHIO OTHOINIeHUM BUAa

(2.3.1)

npu t,, cTpeMamemcs K I. Mcmoabsys
o6o3navenusi At W AZ, 5TO OTHOIIEHHE
MOIKHO II€pPelmcarh B BUE

— Az »
Ucp—A—t,

(2.3.2)
ycaosue f, — I, OPUHAMAeET TeIepPh BHUJ
At — 0.

B dopmyne (2) Beamamunr Af m Az 3a-
BHCHMEI: MOKHO BHOpars mI000# mpo-
MeKYTOK BpeMeHH Ai—i,—I;, HO IIOCJ]e
TOTO KaK NMPOMEKYTOK BpeMeHH Af, CTOA-
mu# B 3HaMeHaTelXe, BEIOpaH, 3amUCh AZ
B 4HMCIHMTeNe NpaBod wactu (2) o3Havaer
y:He He TIPOM3BOJBHEIA OTPEe30K WYyTH,
a KUMEHHO TOT, KOTOPHI COOTBETCTBYET
paccMaTpmBaeMOMY  IPOME:KYTRY  Bpe-
MeHEH At. B ¢opmyme (1) a10 caemyer m3
caMoOi 3amucH OTHOIIEHHA, TAe B IHUCIH-
TeJe CcTOMT PasHocTh z (f,)—z (¢,) 3Ha-
deHnil QYHKIHMN Z IPHA 3HAYCHUAX [, H
!, aprymenTa; Impasad %acthb (2) — 31O
IIPOCTO COKpalleHHAas 3aImch OTHOIIE-

Husa (1).

Wrak, mETepecyomasi HaC BeJImIAHA
MTHOBEHHOH cKopoctH v,.. ==V () B MO-
MEHT BpeMeHH [; €cTh Npeiel OTHOLIe-

Az
HUA —— OpH Af, cTpemAmEeMca K HYIIO
(rae At==t,—1t;). SanucHBaeTca ITO TAK:
. Az
v(t;) = lim —,.
) At—>0 At

3mecs v (f;) eCTh KMEHHO MTHOBEHHAS CKO-
pocth; OyksH lim (HagaapHbe GYKBH Jga-
THHCKOTO caoBa limes — «immec», T. e.
npeden) 0603HATAIOT IPefen; HON HAM 3a-
mHCcaHO, 0 KaKOM HMEeHHO Tpefeie HOET
pedr — mpu Af, cTpeMAmEeMCAa K HYIIO;
CTpelKa BHH3Y B3aMeHSET CIOBO «CTpe-

Hpocreitmme mnpn- -

MHUTCHA», a CIIpaBa yKas3aHa Ta BeJWYNHaA

i—i, npezjes Koropoil umerca. “Ymraetcs
sammes lim 2 06HuE0 TaK: «Hpeen genn-
At>0

Ta-36T 10 JeabTa-T3 IPH AeTbTa-Td, CTPeMA-
meMCs K HYIIO», TJe CI0BO «Io» («Ieabra-
36T IO [eJbTa-Td») 3aMeHgeT IINHHOE
BHIPayKOHMEe «JeJeHHOe Ha COOTBETCTBYIO-
mee 3HaYEHUeE».

Urto s3Ha9AT «Ipefiesy, <«CTPEeMICHNE
K mpefeny»? Te pacders, KOTOPEE ME!
npoumssexm B § 1, cayrar HarIATHHM
TMosicHeHHeM 3TUX NoHATHI. MB BHmean,
q9T0 OPH MAaJBX IOPOMeRYTKax Al Be-
JAMIMHA U, BO BTOpoM mpumepe u3 § 1 o1-

Iu9anack OT 3HAYEHUA Uy, HZ MAJYIO Be-
amduHy, npomopmmoHanbEyo Af. Ilpm
MaJex Af 9Ta BenmdmHa To:Ke Oymer Maia:
9eM MeHbIle Af, TeM OHa OyneT MeHbIe,
W OpW mecYesawme Mamaux Al {T. e. Ta-
KX, KOTOpHe Ha (OHe QUIypPHPYIOMNX
B (1.5) BeamuanmH b u 2ct MOMHO CUHTATH
COBCEM He3aMeTHHIMHU) paccMaTpUBaeMast
BEIMIMHA TOKE CTAHOBHUTCH HCIE3AIONIE
Manoi. VIMEHHO IO3TOMY IPH MAaJbIX 3HA—
9eHNAX A! MH BCeIfla MOKeM IpeHeGpedn-
9IeHOM ¢ Al B BHPQKEHHH A U,
Nrak, oTtmHomemnme
Az z(ta) —z(t)

Y R Y , (2.3.3)

WA, Kak ME TIPeAMYINECTBeHHO IHCAJTH
B §1, samensns f, Ha I, a i, Ha -} Af,
Bz z(t}At)—z(¢)

A iz , (2.3.3a)

CTPEeMHUTCH K OIpPeNeJeHHOMY Ipeneaxy
mpm Af, crpeMamemca K myxol. Coor-
BeTCTBYIOIIMH Lpejenl ecTh MTIHOBEHHAS
CROPOCTE D; OH CaM TaK:Ke ABIACTCA QyHK-
oues I:

lim 22 —» ).

2.3.4
At>0 At ( )

IloueMy mnpua BHYHCICHAN CKOPOCTH
10 3a/laHHOMY BHPaKeHHI0 nas 2z (1) upu-
XOAUTCA TPOBONATH TAKOH IIMHHEHIHA pac-
9eT, HaXOOUTh AZ HIA Pa3iIudHBIX Al

. Az
M TOJIBKO 3aTeM HCKATh IIPeJiest hmm—?
At—>0

1 MosHO TapKe HMCXOAWTH M3 IePBOHAYAID-
A

z
HO#t opMu (3) oTHOMIEHHS A U CUHTATH, UTO

iy ¥ ) CTPEMATCA K OTHOMY H TOMY Ke 3HQUeHMI0 ¢,
TaK 9T0 At=1{y,—1%; CTPEMHTCA K HYJIHO (cp.,
B YAaCTHOCTH, TEKCT, HAUEYATAHHHN MeJIKIM
mpudrom B xomue § 6.1).
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Heabssa mn cpasy mopgcTaBuThs B Hamie 0T-
pomenue 3Hademme Af=0? Her, motomy
970 IpA BTOM ME Ioiydmiau Os AzZ=0:
Bemb Az=z (t+ At)—z (¢), m ecam At=0,
10 1 Az=0. 3HauAT, TPH TaKOM MeXaHH-
qecKoM cuocobe JeficTBHil MBI IpH-
Az
At 0
umin OBl HUKAKOTO OIpejeeHHOr0 3Haue-
HOA 3TOH npobu.

Ilpu BHUMCIeHUE CHKOPOCTH BCHA CYThH
pacyera 3aRIITaeTCsE B TOM, 9T00H OpaTh
Maabe Al M COOTBEeTCTBY IO-
mue uuM Maapie Az. Ilpm atom poxy-
qaeTca KakjBi pa3 BIOIHe ONpeeleH-

mian 6B K Jpoo: T. €. He IOIy-

Az
HOe OTHOLICHHME 7 ;

CTPOMHTCA K HYJIO, TO AZ YMeHBITAETCA
pHaONU3ATENBLHO IPOLIOPIUOHAILHO BeJH-

Korza Af ymMeHbmaeTcd,

2
gnHe Af, a TO3TOMY OTHOIIEHUE 57 ocTaercs

Hpﬂf)JIIdliHTeJIBHO OOCTOSHHBIM! OTHOIII e~

%—i CTPEMHUTCA K OLpEeIeIeHHOMY IIpe-
meny mpm crpemnenum At k myiio 2, Benn-
YAHA HTOTO IIpefiesia — 370 B eCTh MTHO-
BeHHAA CROpOCTH V() B ciayuae, KOTAA
{ — BpeMA, a 3z — IIyTh.

Ilpepgesm, ® KOTOPOMY CTPEMHTCA OT-
HOIEHWEe NIpupameHna QyHKIUE K OpH-
pameHuI0 He3aBUCHMMOH IepeMeHHOH HpH
CTPeMIIEHNN K HyJ 10 OpHpPalleHUA He3a-
BACHMONl IlepeMeHHOMW, hMeeT IePBOCTe-
neHHOoe 3HaYeHWe M JJA CaMOH MaTeMa-
THKN, M [JI4 MHOTHX ee NPWIO/KeHHH:
BHINIE MEL BHJEJH, HAIpUMep, 4TO TaKoe
BajKHeMIlee HOHATHE, KaK (MIHOBEHHAA)
CKOPOCTh [BUIKEHUs, HAXOOUTCA C IO~
Mompio momobmoro mpemera. (B § 2 Mel,
0 CyIECTBY, CBOAUIM K AHAJIOTHYHOMY
npefely 3amady O BHEYUHUCIEHHE (yAekb-
HOI) TEIIOeMKOCTH Tela W O JIWHeHHOM
kosdPuMEenHTe TENITOBOTO PpacHIKPEHHA
BEIECTBA; NPOXyMaiTe CaMOCTOATEIBHO
st npuMeps.) llosToMy mpepmenr paccma-
TPMBAeMOTO OTHOWIEHWA HMeeT cliennalb-
HOe Ha3BaHUE: nPou3eodnas PGYHKYUs,
unw, Kopode, IPOCTO 7POUICOOHAA.
IT0 Ha3BaHHe CBA3AHO CO CIELYIOIIM
obcToATenbecTBOM. Kean z ecth QyHRONA £,
10 mpefen (4) 3aBMCHUT KaK OT BHAA QyHK-
mun z (t), TakK @ OT TOTO 3HaUeHHA ap-

HHUe

2 IIpH HEKOTOPHIX «HEeCTeCTBeHHHX» 3aKOHAX
IB@KeHnA 2=z (f) 9TOT Ipefed MOKeT W He Cy-
IMECTBOBATh; COOTBETCTBYIONMME OTOBOPKE OYLYT
cellanH  HipKe., PexoMengyeM HAaYMHAMEMY
TETaTeN0 IOKA He 3aMyMBIBATBCA Han DTUMH
HACKII0YeHUAMM.

TyMeHTa ¢, IPH KOTODOM BEITHCJISIETCS
BTOT HPefes, T. €. DTOT IPEies TAKiKe
ecTh GyHKIua ¢ — HOBasg QYyHKOAA, KO-
Topas 3amaerca (MId MOPOMHAAETCH, WK
TPpoM3BOAHUTCA) OyHKnmed z (f).
ATy HOBYI0 (YHKIHIO ECTeCTBEHHO Ha-
3BaTh NMPDOHM3BOMHOIN JyHRINSH,
T/le IpUJIaraTelbHOe «IPOM3BOTHAS IOJ-
YePKHUBAET €€ BABHCHMOCTH OT HCXOHOM,
HIX O CHOBHOIH, ¢yErman z (t).
dias mpoumssogHOM MMEIOTCS CIeNUATb-
HHe ofosHaderHus. BoT onmo ®3 Hux:

2 (=i %)
dt —At—>0 At J*

dz
IIpn arom Benmumma =7 (umraeTca: «me-set

IO Jle-T9») pacCMaTpHBAaeTCA HE KaK Apods,
a IPOCTO KaK COKpAUleHHAS 3alUch pe-

dt
3anmcada B ¢opMe apodu AMme guA TOro,

9TOG B HaIIOMHHUTH, 4YTO OHA TIOJNy4YeHa M3

A

apobu =2 nmyrem mepexoma K mpemenye.
A 0y P P \

Hpyroe o6Go3HageHNe TPOUSBOLHON —
¢ OoMOmbI0 mirpmxa: v=3z' ({) wam, Ha-
npumep Axg dyuromu y (),

Ay
Az *

gena, CTOAINero CcrpaBa. DBenmumma

dy .

' 7

Y=y (g)=—->-=1im

( ) dz Az—>0
WBorma BMecTo 3HaKa QYHKIAHM TOJ-

CTaBJIAIOT €€ BLIPpayKeHUe: TaK, HalpuMep,

dz
ecnim z=—at’+ b, TO MOKHO BMECTO T

; 2
HECATh HPAMO d—(—at—dti_ﬂ , mam (a4 0b).

Nrak, — # 3T0 0YeHb BaKHO —

npousgodnas @Gyuryul onpedeasemcs
Eak npedes OMHOULEHUS RPUPAUEHUS
PyYyuEyUL K NPUPAWEHUIO He3a8UCUMOL
nepemMenHoll npu CMpEeMACHUU K HYLO
NPUPAWEHUL HE3A8UCUMOL NePeMEeHHOL:

(2.3.5)

MrroBeHHass CKOPOCTh [ABIKEHHUS Teja
PaBHa OPOM3BOTHON KOOPAUHATH Tesa
no speMenn. Ilo anamorum TaKke 4 B TOM
ciydae, KOTHa T HEe SABIAETCHA BpPeMEHEM,
a y He WMeeT XapaKTepa PAaCcCTOAHHUSA, TO-

dy

BOPAT, 1

4YTO MIpOoH3BOgHAA YVKasbBaeT

3 Hmwxe (cM. § 4.1) MBI yBmpgwMm, 9ro BHIpa-
dz y
HeHHe - (n:m El?) MOMKHO TAK/Ke HOHAMATEH

Kag [po0b; OfHAKO IOKA YHTATEJb [OJIKEH
BOCIPHHVWMATH 3Ty BSamuCh CIWTHO, RAK OJMH
CHMBOJL.
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CKOPOCTSH wusMeHeHusa CQyHKIUH Y
1pd H3MeHEHUH He3aBUCHMOIN IepeMeH-
moit (aprymenta) z. Taxr, wnanpmmep,
B 060o3HaueHmSX puc. 1 MOKHO CHa3arh,

Ay o
94T0 OTHOIUEHYE _A_‘z( ABIsAETCA <«cpegHeHR

CKODOCTBIO» POCTa (PyHKIHUH Y Ha HHTEP-
Bane AB maMeHeHms apryMeHra z, a Ipe-
men 3TOre OTHomeHwsas npum B, crpems-
meMcsa K A, BEpajkaer CKOPOCTH POCTa Y
B TouKe A ocu z.

% y(.f)

Pue. 2.3.1

Haiimem Temepb anre6pam7eckum mpo- .

U3BOLHYI0 0T (YyHKIUH

z—=1* (2.3.6)

{10 cymecTsy, MH 310 yiKe fejanu B § 1).
CocTaBuM OTHOINEHHE

Az (t AR — g2

At T At *

Packpoem ckobkm B umcaumrTele:
Az = (t | At)* — 2 =12 - 2t |-
-+ (Ar)2 — 12 = 2tAt -} (AL)%

TOra MOIYIHM

Az 2eAt - (Ag)®

A Y :2t+At.

(2.3.7)
Hockonsky mepBoe ciraraeMoe B IpPaBoOit
q9acTH (7) He 3aBHCHUT 0T Af, TO IIPA CTPEM-
Jennn A? K HYJI0 Yy Hac, eCTeCTBEHHO,
OCTaHeTCA OMHO TOJBKO 3TO HeyOHEamw-
Ilee B HallleM IIPOIECCe cCJaraeMoe:

dz __ d(#?) — 1 Az

TR v Vi

= lim (2t |- At) = 2z, (2.3.6a)
At->0
PacemorpaM eme opwe mpmMep:

z =15, (2.3.8)

3nech

AZ:(t—{-—At)3——-t3:

= 1% -} 312At - 3¢ (AL)2 - (AL — P =
= 3t2At 4~ 3¢ (A1)2 - (At),

A
7 == 312 | 1Az 4 (At)?

n
dz d (t3)
T dt
— lim [3£2 1= 3tAt - (Af)?]| = 322,
A0
B armx mpuMepax Tpepes MOKHO OBLTO

JerKo HaliTm, TaK KaK IIPH BHYHCISHAN

Az
OTBOMEHNSA — BeJIMINHA Af coxpamanack.

Ho Bor Heckonbko Gonee CIOKHBIA IPEMED:

(2.3.82)

1
=, (2.3.9)

B atoM cayuae

1 1
Az t4-At Tt
ar At *

MosxBO Jm, KOTAa MH IepeleM K Ipe-
geny, OpeHeGpeub B UHCIHTENEe BEIMUH-

1
i -
HO#l At B BHpaKeHNU 5 Her, motomy

yTO emie He HOpOBeILEeHO COKpalleHlle ¢ Be-

mmIMEOM At B 3HAMeHaTele. JaMeHAA
1

- At _

1T & MBI IPH MAJOM coBep

maeM Majgyi omuOKy B OXHOM H3 cjla-

Onraro

1
Ha )

- Az
TaeMHX 9HCINTENs IAPOOH A

y aroii gpobm mpu Majom Al ManH H YHC~
ImTens M 3HaMeHaTedb. lloaToMy Mamas
omu0Ka B umcaumrene (B HameM ciydae
oHa ofpamaer YACIUTE]b B HYIb) HeMO-
MyCTHMA.

IMokaskeM npPaBWIBHEM cmocol medi-
CTBHI:

1 1 t—(t 4 A
Az:tjhAt t:t(t(—}-tt)):
At
=Tr+a)
R S
At T t(t 4 At) °

Temeph MOKHO HaliTH mTpefex (HPOM3-

BOAHYIO), OmycKass Al B 3HaMEHATeJe:

dz _d(Lft) .. " ]_ 1

dt T dt _”5_1?0[ TR
(2.3.9a)

Ha 3srmx npumepax MOMHO YBHIETH
0YeHF Ba’KHOE, OCHOBHOE CBOMCTBO Ipe-
meaa (coGcTBeHHO, 9TO CBOMCTBO LIPHMHH-
MaloT OOEHYHO 3a OLnpeRelleHUE
npefeaa). Ilpnm yMenbIIeHAN BeAUIUEB Al
PasHOCTh MeXAy 3HadeHMEeM OTHOINEH!HA
Az
57 U TPeJeroM 3TOr0 OTHOEHMA (paBHHM

Az dz

mpoussoguoil) lim — =——
) At>0 At dt

MOKHO cfe-
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1aTh, KaK TOBOPAT, «CKONE YTOJHO MAaloi»,
T. e. MeHBIIe J000r0 3amMaHHOTO dYMcIa.
Ilpn aTOM cymecTBeHHO, 4TO Hanee B IIPO-
mecce M3MeHEHWMSA PACCMATPHBAGMON BEIH-

Az
9YUHEBI (OT_HO]IIGHI’IH E) 3aTa PasHOCTH y;{{e

Bce BpeMA OcCTaeTCA MeHbIle BH6paHHOI‘O

HaMH 4HCIAa.

1

Toacanm ato npmmepom. Huas z=—

AMeeM
dz 1 Az 1
T 2 At T t(t+Ap
d
BospmemM, craxem, t—2, Torga 2

dt
=-—0,25. Moskno nu BEOpaTh Taroe Af,

Az
4TOOH "3

—0,25 menpme, wem ma 0,0025? 910 3Ha-
auT, 9T0 At HY;KHO BHOpDaTH TaK, d4TOOH

OTJIMYAJIOCH OT CBOEro mpenena

Az [ 1 o 1
'AT(—“2(2+Az)—_4+2At>

nexaso B Hpemenax Mexmy —0,25-4
+0,00256=—0,2475 n —0,25 — 0,0025=
=—0,2525. Ho xerko mpomeputh, UTO
310 HaBepHoe Oymer Tak, ecam Al Gymer
mo abconrorHodt permumme Membme (0,02
(upu4eM Ipm yMeHbOICHAW Al, HaYWHAA
co smagenma 0,02, MEl HMKOTJA He HOJY-
upM pasHocTH, npepnmaromei 0,0025).
Touno Tak ;e obcTONT MeN0 M MJIA APY-
rux (yHKOW: cTpemieEnme K Opefely
opun At - 0 o3Ha"aeT BO3MOKHOCTEH Ta-
Koro muilopa Af, Ipm KOTOPOM [OCTH-
raeTcsa (M gasee y;xe HOKOT/a He TEPAETCH)
mwobas Hamepen HaMm BHOpDaHHAs cCTe-
OeHb TpuOIM;KEHUA K Opefeny.
OcoGerHO TPOCTO HAXOZUTICH INPOM3-
BOIHASI B JACTHOM caydae z=1: 0YeBHIHO,

A
pu aToM Az — Af, -A—i:_l, T. €. OTHOLIEe-

Az
Hue - paBEO 1 gua aGeix (Gombmmx
M Manex) Af, a 3HaUMT, W B Ipejele.
Nraxk,
eciaw z—=¢, TO de _dt (2.3.10)
dt dt : o

Haxromen, noctoannyw Beamumpy z=c
TOMe MOKHO PacCMaTPHMBATH KAaK YaCTHRIM
cirydail yHKumu — rpaduKoM aToi GyHK-
nue OymeT mapajiedbHAad OCH & IPAMAas
(cM. puc. 1.3.6). B stoM caydae, oue-

BupEO, Az=0 npm nw6wx Af; mosToMy
HMEeEeT MeCTO IPaBHIO0:
eClu z—=¢c dz—dc—O

=, TO W d——- . (2.3.11)

§ 4. Ileppole cmoiicTBAa HpPOM3BONHOIM.
Ilpubamxennoe BoUAcIeHHe 3HAYe-
HAHA (YHKOMH ¢ HOMOIIBI0 HPOU3-
BOJHO I

YraseM Temeph HEKoTopHe of6Imume
CBOIICTBA MPOU3BOIHEIX.

Ecau dynryuio ymmoxumes nHa nocmo-
AHHBL MHONCUMEAb, MO HA IMOM, KHee MHO-
HUMeAd YMHONUMCS U ee NPOU3oOHAs.
Tak, maupmmep,

dz  d(3t2)
.92 az __ —
ecnu Z_St,TOdt_— =
—320) 3. 2%—¢t
B oﬁmeM BHIE:
ecnn z(t)=ay(t) 0¥ g% 2.4.1
=ay(t), 1o F=ag . @an
OueBumHO TaKKe, 4UTO NPOU3EOOHAR

cymmur Oeyxr Pymryull paswa cymme npo-
u3800nBLT amur PYHKEYUL:

ecia z(t)==x(t)+y (@),
dz _ dz dy
TO E——E‘—‘—ET.

Ilocremmee mpasuao Ge3 TpyZa IepeHo-
cHTCA HAa CYMMY TpeX, 9eTHpeX I Boobme
awoboro amena QyHERIUH.

Hcnonabaysa Teneps o6a HaUlm Opasmia
BMeCTe, HONYINM, ITO RPOU3BOOHAS CYMMbL
HECEOAbKUZ GYHKEYUL, 63MBL ¢ KAKUMU-TNO
(KagkmMB YTOTEHO!) ROCMOAHHBMU KE0dH-
Puyuenmamii, PasHaA CYyMMe NpPOU3BOOHHT
amux PYHEYUl, 633MBT ¢ memu e Kok~
duyuenmamnis:

ecru 2 (t)=a:c(t)—i—by(t)—{—cu(t),
10 £ —g +b +c dt .

dt

Kammoe w3 Ha3BaHHBIX IDAaBMI JEeTKO
JIOKa3aTh, HUCXOAA HEIOCPENCTBeHHO N3
oIpeflefiennsi IPOU3BOHON: BeOb BCE OHH
BepPHH JIuA Ipupamlmenas Az=z(l-+ At)—
—z(t) ¢yukmum z(f) (mpm miobom Atl);
MO3TOMY OHE BHIOJHAKTCA H JJIA OTHO-

(2.4.2)

(2.4.3)

Az y
meHnna E_’ n g,unﬂ mpepena IIoCiegHero

dz
OTHOIMEeHmAaA, T. €. JA ]IpOI/I3BOI[HOE

dt ¢
Tak, nanpumep, ecam z(t)=ay(t) (rme
@ TOCTOSHHO),

Az=z(t-+ At)—2(t)=ay(t+At)—ay(t)=

=aly(t+A48)—y(t) I=ady,

m, 3HAYHT,
Az Ay dz_ dy
2 =@ TpH Beex At, T. e. F=e5 -
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Ecam z(t)==z(t)+y(t), To

Az=z(t- At)—z(t) = [z(t+ At)+
-yt A1) —[2(0) + y(8) 1 =((t+ At)—
—z(t) |4 [y(t+ At)—y(t) I=Az+ Ay

n

As Azdy

EY Y At +At ’
OTRY A —[* dt + ar?
uT. 1.

Haiinem Tenieps IpOA3BOXHYIO M H O T' 0-
91 e H a. Mu yixe 3naeMm, 910

dt d (£2)

dt“O =1 =24
d(t®) _ q

T 3t2, (2.4.4)
ITosromy
d (a -+ bt + ct® -+ et3)

dt -
da dt dt? di3

=@ Ttategteg=
=b -} 2ct + 3et?. (2.4.5)
Tax, § 1 ¢urypmposanra ¢yHKImA

z(t)ﬁzo+bt-{—ct2 (cm. (1.4)). B cuay (5)
(rme Temepr Hamo TOXOEATE a=3z,, e¢=0
nMeeM

v(t):%:b—{—th,

T. €. TOT Pe3yabTaT, K KOTOPOMY MH 6e3
obpamenua K olmmMm cpoiicTBAM NIPOM3-
BOAHBIX Opmmuim B § 1.

Texnnka HAXOMIEHMA NPOU3BOMIEIX
(1nm, Kag 9amle TOBOPAT, MeTHUKA Oug-
pepenyuposanus) Gymer moapobmo um3xo-
wena B TII. 4

3aberas BOepen, MOMKHO OTMETHTE, UTO
nnpdepennmpopanne QGyHKOUA, 3amaH-
HEIX TeMH HJIH MHEIMUM (OPMYyIlaMHd, oKa3hl-
BaeTCA CPABHUTENBHO IPOCTHIM M JETKHM
neiom, OGolee IerKum, HaupmMep, deM
peileHnme axrefpavvdecKux ypaBHeHHIA.
DopMyITHL 715 IPOM3BOTHEIX HEPeTKO OKa-
ABIBAIOTCA MRajke Ipole (HId, BO BCAKOM
ciyvae, He cXOMHee), deM GOPMYIH OId
~aMHX HCXOAHHIX (yHKumil., Tar, mampu-
MeD, eCIH HCXONHAfg (QYHKIHA SABIAETCA
MHOTOWIEHOM, TO €e LPOU3BONHAA TOKE
MHOTOWIEH, IpHWYEM 3HTOT HOBHI MHOTO-
WieH OKasHBaeTcA 6oiiee IIPOCTEIM, deM
HCXOJHEI, B TOM CMEICI€, 9TO OH HMeeT
Oonee HHU3KYIO CTEIeHb (CP. BHIIE IIPH-
MepP ¢ MHOTOWIEHOM TpeTheil cTeneHH,
Ipou3BOAHAA  KOTOPOTO  OKasLIBaeTcs

KBagpaTwIHOM (YHKINEH DepeMeHHOro;
Tak Ke o0CTOHMT Memo m B Cay9ae MHOTO-
91eHOB J 10 0 BI X cTemeHeil). Ecan ¢ynk-
nuA Apngercs anrebpamdecKoil mpobbio,
TO W ee IPOUBBOJHAA ABIAETCA APOOBIO.
Ecan pyurius cogepskut Kopuu (Apobuble
CTEIleHHK), TO U IPOM3BOMHAA COMEPIKUT UX.
Ilpomssognbtie oT TPArOHOMETPHIECKHX
OyHKIHI TaKKe ABIATCA TPATOHOMETPH-
geckuMu (GYyHEOEAMA. A B HEKOTOPHX
cIydasgx, HANPUMED s Jorapudmmde-
CKO¥ uiau o0paTHEIX TPHTOHOMETPHIECKIX
¢$yHKIUMIA, TPOM3BOTHAA  OKA3EIBAETCS
¢yarnueit 6omee mpocToro TEHA, deM HC-
xogHas (RasgaorapudMa N apKTaHTEHCA—
anrebpamIecKoil ApoGbho).

s BEax 0'KIeHuA IPON3BOMMAX He HAO
KIATh BIOXHOBEHHA; 3Jech He HYKHA
HAKaKagd un300peTaTeqlbHOCTD, BBEIYMKA,
osapenme, m60 3amada Bcerga pemiaeTes
IIPOCTO TENAHTAIHEIM TPHMEHeHHeM pPAxa
NPOCTEHIX OpaBWA THANA IEPEIUCICHHEIX
peime. Jlpyrume IpaBumia W IpUMEPH HUX
IpUMEHeHUsi, KaK yike TOBOPHIOCH, OyIyT
MaHbl B TI. 4.

Bce paccmarpusaBmumecs A0 cHX IOp
dyHKIIINA 3alaBaJKCh dopmynamu.
Ho me caemyer mymarb, uto 310 o00sm3a-
TeTBHO JJAA TOTO, 9TO0H CcymecTBoBaja
npounssognaan. Hanpumep, MBl MoKeM cam-
TaTh 3aBHCHMOCTH IYyTH OT BPEMeHHd W3-
BEeCTHON M3 ONEITA, 3afaHHON HaM B BHJe
ouends mnoxpoburix Ttabamn. C moMombio
aTHX TabIMI MOMKHO MCKATH BEJIHIHHY
MTHOBEHHOI cKopocTa (T. €. IPOM3BORHOM)
IMOYTH TaK Ke, KaK MH JeJald 9TC BLIIIe,
Az z(ts) —z ()
Y
OIS PasHEHX 3HageHmit Al m Halbmiomad,
Kak OymerT MEHATHCA 3TO OTHOWeEHHEe IPH
yMmerpmieEnn At. Pasymeercs, smech yixe
Hellb3sd TOBOPHTH 0 npedeie OTHOIMEHUA
Az
At
Insa YHKOUM, 3afaHHOM Tabammell cpomx
3HadeHuil, Bermunaa Af HUKAK He MOJKeT
OHITh cHesaHa CKOJb YTOMHO MAJoH
(oHA He MOKET cTaTh MEHBINE «mara» Tal-
JIWNEL); HO3TOMY 3iech HeJb3d HARTH TOU-
HOe 3Hadenue npomspommoit. OpmEako
B OoxpmmHCTBE cCiIydaeB m3 Tabaummer
MOKHO IOJIYIATH MOCTATOTHO XOPONIIYIO

COCTAaBJAA OTHOIIEHUA

upu Af, cTpeMAmeMcs K Hymo, u6o

dt ?
BYeT [II4 BCeX «XOPOINMXY, HIH «TIHALKIXY,
PYHKOHA, HE3aBHCEMO OT X HPOHCXOM-
deHNA W OT TOTO, KAK 3amaTcA 3TH

OLEHKY BeIMIHAHEL KOTOpasg CyIIect-



§ 4. IlepBrie cBoficTBa mpomaBOAmOI 65

QyHKOuK. YRKaseM eme, 9T0 «apHQMeTH-
9eCKOe BEMHCJIOHHE [IPOUBBOTHONY — Ha-

X0 jenne 3HaueHHH OTHOMEeHUA

(IIJIH — a8 ¢yHRUUA Yy = [ (z) -— OTHO-

Ay
eHnsA E) I1A  pALa  YMeHbNAKIIAXCA

sHageHmit At (win Ax) m mabmogeHme 3a
OBEOHHEM STUX OTHOINEHUil 0UeHb yIPO-
MAITCSA IPKU IOAB30BAaHUHN JIOOHM MaabIM

HOMIIBIOTEPOM.

. dz
Mpoussognas —; OTIPeeAeTCA KAK IIpe-

Az
At
At — 0. Tlpu mwdoM otnmunoM oT myas Al

Jell OTHOMeHRUs TPHpaIeHui

upu

. Az
OTHOLIeHNe IMpupaneHnm ) BOO6III€‘ ro-

. dz
BODA, HEe PABHO NPOM3BOLHOE —-,

u 370 1pud-

OJHAKO
- dz

OHO R pPUOAUNMEHHO DPABHO 7;

JuzKeHne OVJeT TeM JIydYlie, 4eM MOHBIIE

Beqmauda Af. Tarum 00pasoM, UMeeT MecTO
npuOIUMKEeHHOe PABEHCTBO

Az — dz

dz ) )
AZ ~ W At — 2z (t) At. (2.4.6)
Orclona HaiimeM u npubIM;KeHHOEe 3HAa-
genue QyHKRIUEH 2z (I Al):

2+ M) =2(t) Az mo 3 ()2 Ar=
=z (t) -z’ (¢) At. (2.4.7)

OGpaTtnTe BHUMaHNE HA TO, 9TO B hopMyIe
(7) mepBOe PaBEHCTBO ABIAETCA TOUYHBIM
(Bemb 9TO TpOCTO oupefiereHue Azl),
a BTOpOE — IpHOIHHKEHHEIM.

Bepuemess & o0osmavenmam i,=t- Af,
{;,=1, HKOTOPHIMH MBI [OJB30BATHUCH
panpme. Torga (7) mepenwmimercst Tak:

z(ty) =z (b)) 2" (1) (la—1y)-

TakuMm o0pasoM, Opm MaJIOf pasHOCTA
t,—1t;, 1. . Opu f,, OAU3KOM XK Iy, PYHK-
mng z(t,) MoskeT OBITH BHIPasKeHa OpH-
6rmxennoit GopMylioii, B KOTOPYI BXO-
AT 3HaYeHHAs QYHROWMK Z (I) B ee mpous-
BogHoil z' (&) mpmu t=1t,. OrMermm, 4dTO
B Ty QOpMyay i, BXOOHT B HePBOi cTe-
IIeHN, MAH, KaK TOBOPAT elle, JUHELIHO.
tw Mopmyia (7) (MBL elle BepHeMcsi K Hell
B § 4.1) ABasieTcst OUEHD BAIRHOI, OHTOMY
obcynum ee mogpobuee. Pacemorpum, Ha-
npuMep, QYHREHI0O U=2x% — IaA HATISAO-
HOCTH MOKHO cefe mpefcTaBdATh, ITO pPedb

(2.4.7a)

At

3peck uger o6 o0beme v Kyba ¢ pebpom .
dv

Ipoussopnas —— B DTOM Clyyae, KaK MH

3HaeM, paBHa 3z% TaruM obpazoM, dopMysia
(7) xoBKpeTH3MpyeTCA 31€Ch TAK:

v(x+ Az) = (z + Az)® ~ 2® -} 32Axz,
T. e.

Av =v(z+ Az) — v () =~ 32*Az,  (2.4.8)

B TO BPeMsi KaK TOYHOe BBIDaKeHHE M
v (z+Az) B cuay wsBecTHOH (OPMYIEl
HMeeT BH],

v(z -+ Az) = (& + Az)® = a® -} 32?Az |-
+ 32 (A2 4 (A2,
OTKyJa

Av == 32?Az -} 3z (Az)® 4 (Az). (2.4.8a)

Ilycth Teneps cropona Kyba pasua 1 M;
Torma ero ofmeM, pasyMmeeTcs, paBeH
1 m3. Yro Ke MOKHO CKa3aTbh, €CIH BEHI-
SACHHATCSI, 9UTO IIPHW HU3MEPEeHHH CTOPOHEL
ry6a MB jgomycTuam ommOKy, 9TO 3Ta
CTOPOHA HECKOABKO Goabllle BEIHIMHEL
1 M, ckasxeM, Ha 1 HaIM Ha 5 MM HIH JaKe
Ha 1 mam 2 cm?

Ecam nama ommbra paBma 1 MM, T. e.
peaasno £=1,001 M, To mepBOHaYaIbHOE
sHavdeHue v=1 o0pema mHamo Oymer yBe-
AM9UTH HA BEJMUYUHY AU, laBaeMylmo (op-
myaoii (8a). OumeHuM Temeph BRIAJ B CTO-
Ayl B OpaBoil dactu (Sa) cymmy
OTHEeNBHEIX €€ CJIaraeMbIX:

32® Az=—3.12.0,001=0,003,

3a(A z)?=3.1-(0,001)2=0,000003,
(Az)*=(0,001)3==0,000000001;
IPHA 3TOM

v (1,001) = 1,003003001,

Ap == 0,003003001. (2.4.9)

Ho mMeer n1m cMBICI BEIIECHBATE B 3a-
mupenm 4dciaa v Bee ot umdpu? Bens
3-if wren crosaueil B mpapoii wactm (8a)
cyMMH MeHbine 1-ro ee wiena 8 3 000 000
(tpu Mmanamomal) pas; mosTOMY coxpame-
HHe 370ech J-T0 YiIeHa HUIEM HeJb3s
oupaenaTth. Ho | 2-ii 9eH Toil 'Ke cyMMEL
menbiie mepeoro B 1000 pas, Tak uTO
u oH ofecreInBaeT JHUOIL YACTO WILIIO30D-
HYIO TOIHOCTB: Beib eciu ommuOKa B W3-
Mepenmu pelpa Ky0a OKameTca pPaBHOR
He 1ouHo 1 MM, &, craskem, 1,1 MM (pasy-
Meercs, — abCoOMIOTHO  pealHCTHYECKOE
npegnono:xkenne!), To 1-if wen cymmur (8)
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obpatatca B 0,0033 BmecTo mepBOHATATD-
Horo ero smauwenma 0,003, m Bce ocTadb-
BHe nmdppH 3anmcedt (9) okamkyrca cMa-
3aHHHIMH, COBEPINCHHO HETOCTOBEPHBIMH.
Tax 3auem ;xe MBI OylIeM NPOU3BOIHUTH
OeccMBICTEeHHYI0 PaloTy M 3arpOMOKIATE
pacueTs HAYeTO HE O03HATAIAMHA IH()-
pamm?

Amanormanas KapTuHa mabaogaercs
M IpW HHHX (HO BCe eme XOCTAaTOTIHO
Mansx) 3sHaYeHHmax Ax. Tak, mnpnm
Az=0,005 M (=1/, cm) mMeem

322 Az=3.12.0,005=0,015,
3z(Az)2=3.1.(0,005)?=0,000075,
(Az)*=(0,005)*=0,000000125.

Taxmm o6pasoM, OKOHYATEJBHO IIOJY-
qaeM

v (1,005)=(1,005)=1,015075125,

Iie TOKe, KOHETHO, BIOJHE NOCTATOTHO
(m pmasxke OGosee TOro — KaK IIPABHIO,
HeOOXONMMO) OrPaHHYATHCA IPUGImKe-
HAEeM

v =~ 1,015.

Ilogpo6Huee Bce cBsA3ammEIe ¢ 3THM IPH-
MepOM YHCIAEHHEIE PAacdeTH IPOCYMMHPO-
BaHH B caefylomei Tabuamue (43 KOTOpOM
BugHO, 4910 eme mpm Ar=0,02=2 cM,
a OpH HEBHCOKHX TPeGOBAHHAX K TOUIHO-
cte pe3dyabrata u mpa Az=0,05=95 cm
3aMeHa BHpaKeHHs (z-+ Az)® ma 2+ 3z2% Az
ABNSIETCA BIOJHE HONMYCTUMOIL):

r=1+az | 1+ [1,001 ‘ 1,005 | 1,01
+0=1

v=(1+ 22| 1 1,003003|1,015o75 1,0303

1434z 1 [1,003 | 1,005  |1,03

r=1+az | 1,02 ]1,05 14 |15 |2

v=(1+ Az)® 1,0612| 1,1576 | 1,3310 | 3,375 | 8

14+ 3Az 1,06 | 1,15 [1,30 |2,5o 4

Bor eme oguna upmMep: OyCTH Y ==\/z
(craskeM, y — cTOpOHA KBajfpaTHON IIIa-
CTHHBL myomaan mnm Macce ' ). Hadinem

1 Macca m opgHOpojEOfl KBaJpaTHOH mia-
CTHHHL O CTOPOHOH y paBHA py?, IAe p — IOCTO-
AHHOE YHCAO (ONOTHOCTH INIACTHHH), HO (YHK-
OHA m= py* HECYMECTBEHHO OTANIACTCA OT QYHK-

3HAUennA QyHKNAN y IpH T, 6:1U3KOM K 4.
B sTom cnyaae y(4) = y4 = 2. IlpomsBog-
(eM. mwWKe ynp. 2);
1
2vy 47
wennaa dopmyna (7) mmeeT BAT
y(x)=vy4-+ Az ~2-}+ 0,254z,

CpaBHAM u 3mech npuGIMKEeRHOE B TOU-
Hoe 3HaveHmA y(r):

Haa y, (m):m

nosToMy Y’ (4)= — n npubnu-

=4+ Az 4 | 41 ] 4,5 5
y=Vitiz | 2 | 2,02485 | 21213 | 2,24
240,254z 2 | 2,025 | 2,425 | 2,95
e=4taz | 6 7 ‘ 8 I 9
y=ViTl iz |2,45 2,65 283 |3
240,254z | 2,50 | 2,75 3,0 |32

BepueMcs omsrth K HalleMy OCHOBHOMY
OpuMepy BpeMA—NOyTh—CKOPOCTH, T. €.
npepctaBuM cefe, wro ¢ ecth BpeMmd,
z (f) — DpoxomuMH# 3a BpeMsa  TYTh,

dz
z' (f) = —-—MTHOBeHHasA CKOPOCTb, Az —
Ipupamenne MyTH, T. €. HyTh, IPOHJEH-
HEIH 3a Manoe Bpemsa Af. Mopmyna

Az~ z' (1) At (2.4.10)

03Ha4YaeT, 9YT0 MyTh PHOIMKEHHO pa-
BeH [IPOWM3BEeHMI0 MTIHOBEHHOH CKO-
pocTH Ha TpPOMEKYTOk BpeMmenu. Ho

Beflb MCHOBEHHAS CKOPOCTh CaMa MeHf-
eTcsA ¢ TEYCHHmEM BPEeMeHH, IO3TOMY
MOAb30BATECA UPHOIMIKEHOHM PaBeHCT-
oM (10) MOMKHO AMINE B TOM CcIyd4ae,
KOTfla MTHOBEHHAS CKODPOCTh HE ycleda
3aMETHO M3MEHUTHCA 3a BpeMa Af. 3Ha-
quT, 9eM OHCTpee MEHAETCHA BeJMInHA
z'(f), Tem wmembmee Al HYmHO Oparh
B dopmyxne (10). W maoGopor, Tem Mef-
JeHEHee H3MeHsieTcs z'(t), TeM OOmbIMEM
MOHO OpaTh Af, T. e. BeImimHa IpHPa-
menma At, mas xoroporo ¢gopmyaa (10)
BCe eme AaeT Maaylo omubKy, 3aBUCHT
OT CKODOCTH W3MEHEHWsI NPOW3BONHOM HAa
mpomeskyTKe Af. Pasymeercs, Bce 3T
BepPHO ¥ [JA IIPOM3BOAbHON (QYHKIUK

nua z=y? (Cp. CO CKA3aHHHIM IO BTOMY HOBOXY
B § 1.7).
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y=f () Kakoro yrogHO apryMesra <,
dy
dz
CMaTPHBATLCH KaK CHKOPOCTH M3MEHEHMA
(QYHKOEA ¥ OpH JAHHOM 3HAUeHAH apry-
menta z (em. pmc. 3.1 m orHOCAmMIicA
K HeMy TeKCT).

Pacemorpennnie Boime TpuMeps! (TAe MH
ouaTh 0003HAYAEM apryMeHT 4depe3 I,
a 3Hadedne QYHROIUA — 4epe3 Z W PHA-
HUMaeM ¢ 3a BPeMsi, a Z 3a OYyTh) ILOJ-
TBEP/KOA0T 3TOT BHBOX. B mepsoM mpu-
mepe, rge z==(3, Tpum uW3MeHeHuu ! OT
1 mo 2 (upm At=1) upoumssogHaf
z'(t)=3t* mamenserca or 3 mo 12 (r. e.
8 4 pasa). Bo sropoM ipmmepe (z=\/1)
mpu maMeHenmn t or 4 mo 9 (upm At=D5)

Te Tare [IpOU3BOJAHAI MOeT pac-

uponsBogHasn 2’ ({)= U3MEHACTCSA OT

2Vt

0,25 go 0,167 (1. e. npmmepuo ma 30%).
Tostomy upubammennas ¢opmyra (7)
(nau (10)) Bo BTOpOM cirydae jaer X0po-
mpii  pe3yabTaT H IPH CPaBHHUTEIBHO
SonpmInX 3HaveHmAX Al: Tak, upu At=4,
gto coctasasger 100% oT mepBoEa9aIBHOTO
sHadenusa ¢, oMubKa mMpu ee IPUMEHCHHH
f6yger pasHa Bcero mumb 6% o1 mermm-
HOro 3HAUeHHA (QYHRUmA, a Opm Af=3,
rne At pasmo 125% ot mcxopmmoro sma-
genua t, ommOKa cocrasmaser 1/12~8%
OT UCTHHHOTO 3naveHua. HampoTus, B cay-
yae BaBHCHMOCTH 2=1{® HCI0OJIb30BAHHE
ppubnmxennsa (7) coBepileHHO HENONY-
crimvo ywe mpum At=0,5, xorpa ommbka
cocraBafeT Goldee 25% BepHOTO DE3YIb-
rata (mpm Af=1 ommGra pasna 100%
pesynbrata). Pasymeercsd, Bce CKa3aHmHOE
B PaBHOIl cTemeHH OTHOCHTCA K CIYdYaaM
MOJ0/KUTENbHEEX ¥ OTpuIlaTedbHEX Al
{cp. yOp. D HEKe).

Ilompo6me Bompoc 00 omemke omMuEOKH
B npubiwkenno# gopmyae (7) m 06 yrod-
HeHnAX »Tol (opMyasl Oyner pasobpan
B ra. 6.

Ilpensapsas copepsxanue TMepBHX Tapa-
rpadgor . 6, yKayKeM, UT0 TPH MAJBIX
pasnoctax t,—t, QyHKIUO z (f,) MOKHO
LPeCTABUTh B BUAE

a(ty)y=z@E)+alt;—1t)+b(t— £y -
Fe(ta—t)l+- - (2.4.11)

npuueM paseHcTBo (11) MoxHO maske cun-
TaTh TOUYHEIM, €CJH TOXbKO JOIYCTATH,
970 CIpaBa CTOMT cymMMa 0 € ¢ K 0 H e 9-
# 0T 0 YACAA coaraeMbiX (TOYHBIH CMBICT
aroro 6yger paspacHeH B Ti. 6). Tak xak
MBI TIOMaraeM, 4ro I,—it; Majo, To B mpa-

BOI dacTd;(11) KasmmBll coaepyommil TaeH
MeHbIIe IPeABIyINero, ubo OH CONEPIKUT
fosiee BEICOKYIO CTOLIEHD MAaJIO# BOIMYNHEI
t,—t,. Ilpm o9TOM meperIe fBa WieHa 00ulel
dopmyasi (11) B TOUHOCTH COBIAHAIOT
¢ npubamkennoil ¢opmymoit (7a), ubo

dz (tl)

a=1z"(t) =—— Ommune nopndimmxen-

HOX (HOPMYJIEL OT TOYHOH CBAB3AHO JIKIIb
¢ HaamImeM B TOYHOW ¢opMyle UieHa,
nponopmuoHanbuore (f,—1,)%, m caeny-
OIEX YIeHOB, comepskammx elle Oogee
BHICOKHE CTEIIeHW 3TOM MAJNON BEIWIMHEI.

O0menpuHATa TaKkaA TePMAHOIOTHA: T'O-
BOpsT, 910 (t,—t,) u a (t,—t;) npm Magoi
pasuoct (l,—1)=A¢{ — CyThb BEIUYHHEL
nepeozo nopadka masocmu (3mech U Hajee
uMeerca B BHAY, 4ITO I, cTpeMHTCA K §;
um Al yMeHblllaeTcsA HOOTpaHAIEHHO). Bean-
sl (f,—1,)%, a Tamkme b (f,—t;)? Ha-
3HBAIOT BeJAWIUHAMH 6MOpN020 NOpAdKa
manocmie, (ta—1ty)® 1 c (t,—1,)® — Beau-
IUHAME MPEMbe20 NOPATKE MALOCMU U T. [T.
3uaqur, popmy:aa (7a) BePHA ¢ TOIHOCTHIO
70 MaJIBIX IIEPBOTO MOPsgKa, omubka gop-
myasl (7a) — BTOPOrO MOPAKKA MAJIOCTH.

Ecan smBectn u3s (7a) mpmbamxenmoe
BEIpaKeHHe [Ijasg OPOW3BOAHOM, TO HaM .
mpufercAa pasfgednTh obe uwactm (7a) Ha
t,—t%,; OIPH STOM HOPAMOK MaJOCTH YMeHb-
marcs. PasencTso

Z(t3) — 2z

z’ (tl) ~ —————( t:) — tl(tl)

ABISAETCA npubanKeHABIM, npaiem
omubka B Hem Oymer yike He BTOpOTO,
a HepBOTO TOPsifiKa MaJoeTH, T. €. Opo-
OopIOuoHaldbHA I,—I;; HO Bce PaBHO IpH
ty, > t;, T. e. Opm At=t,—~t, - 0 »Ta
omubra crpemutcsi K Hywaio. ViMerHO 310
MH yTBeD)ROAlId ®M PaHblle, OUPeReNsas
HPOU3BOJHYIO.

Ynpasrcnenun
2.4.1. Haligure npousBogunie GyHKIUNA: a) y =
=% 6) y =4x® — 3z + 2z — 1; B) y = (2= - 1)%;
1 1 b
ryy=73; A y=a<z+;): 8) y =ax’ + 3.
2.4.2. Torakure, 4T0 NPOH3BOJHAA PYHKIUI
. 1
y =Vz pasma Ve [YR asamue. YMHOKbTE

YHCAUTEIDb H
\/:c+Ax—\/5
Az

2.4.3. IoramumTe, uto npowmspoaHan QyHK-

3HAMEHATEIb BeIpaxieHus

Ha cymmy Vz 4+ Az + \/E.]

nun y = Va3 pasHa 5 Vz. [Yrasanmue. Boc-
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HoAB3YATECH HPHEMOM, AHAJIOTHYHBIM HCIOIb-
80BaHHOMY B pemeHHH YIp. 2.]

2.4.4. Haitgmre (1,2)2, (1,1)%, (1,05)%, (1,01)2,
moabaydack gopmyaoir (7). CpapauTe HOTydeHn-
HHE Pe3yibTaThl ¢ TOYHEIMI.

2.4.5. s ¢ynrumm z (8)=2--20i—>5¢% Haii-
JAnTe TpE IHOMOIM TPOM3BOAHON 3HAYEHHA
z (1,1), z (1,05),z (0,98). CpaBrure mOIydYEHHHE
pesyNbTATH ¢ TOYHBIME 3HaveHuamu. (¥ K a-
3anue. B mociepgmeM ciydae mpmMuTe (=1,
At=-—0,02.]

§ 5. Racarenpnasn K KpHBOii

C moMOmBI0 IIPOH3BOTHON MOYKHO PEMATh
BURHYIO TeoMeTpHUYecKyI0 3amady — 3a-
ATy 0 HAXOACHHU KacomeibHolli K KpH-
Boii, 3afjanHOll ypasHeHueM y=/ (x). Ko-
OpAMHATH TOYKM KacaHua A 3dech cum-
TAIOTCA M3BECTHHRIME: T=2Z,, J=Y,=] (Z;).

C TodYKH 3peHHA AHAMUTHIECKOIl (KO-
opounatnoii) reomerpum JMlexapra (cwM.
ra. 1) mafiTd KacaTedbHYIO — 3TO 3HAYUT
pafiTm ee ypasnenme. OdeBmpHo, 9TO Ka-
caTelIbHaA — HTO ONHA M3 HPAMEIX, IIPO-
XOmAMUX 9epe3 Toury Kacaumsa. Ho ypae-
HeHne J000H IpsAMo#, IPOXOXANIEil Jepes
saganEylo TOURYy A (zy, Yo), EMeeT BuA
y—yo=Fk (x—z,) (cm. Popmymry (1.3.3)).
Idas Toro 9To6H HaliTm ypaBHeHume Ka-
caTelIbHO’, OCTaeTcsA OIPENeJHTh BeIH-
apay K -— YrioBoii KoddduimeHT, mWIK
HaKJIOH, KaCaTeJAbHOH (ee «KPYTH3HY)).
Jlas oToro cmepea HaiifleM HAKJIOH IIPs-
MOM, TpPOXOAdAlIell dePe3d ABe 3afaHHbBIE
rouku A, B paccMaTpHBaeMoOd KpHUBOM
(puc. 1); TaKyo IPAMYI0 HA3HBAIOT Ce-

Pue. 2.5.1 :
7 z

kywyeii. Horma »tu mgBe TOUYKH KpmBOH
cOmmKaloTes, ceKymaa TpmbamRaeTcs
K KacaTelIbHOMH.

Ha pme. 1; mokasamH [Be cexyliue,
mepsas W3 KOTOPHX HPOXOAHMT depes
roukan A m B, a BTOpas — depes ToUKH
A m C, rme Toura C pacmonoskena Gimsxe
K Touke A, wem Touxka B. Uem O6amxe
rouka B mwin C k 4, tem 6mmme cekymas
AB (uau AC) ¥ wracarexbHoi. IlooTomy
HAKJIOH KacaTeJbHON PaBeH I pefe A vy,
K KOTOPOMY CTPeMHTCS HAKIOH ceKymei

npm crpeMjJenmH HOPYT K APYLY TOUYEK
KpuBoll, 4epe3 KOTOpPHe IIPOXOIUT CEKy-
mas. (J9T0 OGCTOATENBCTBO maske MOJKHO
cupmTaThO M P e M e I e HI ¢ M KacaTelb-
HOIi; pasyMeercs, Tounee 3gech OBUTO OB
TOBOPHTL, HYTO TO09Ka B  crpemmtcs
K Touke A mmm 9ro ABe Toukm B, C Kpu-
Boii crpemsarca K A, a cexymaa BC —
K KacaTeJbHOi B 3T0l BHIOpaHHOM TogKe 4 .)

Haxmon k, cexymeil JerKo BHPa3HTE
depes KOOPIMHATH TOUCK MePeCcedIeHns Ce-

4

Puc. 2,5.2

4 z
Kymieil ¢ Kpuepoii. BosbMem B KadecTBe
ONHOM M3 dTAX TOUEK Ty TOURY A (Z;, Yo)s
KacaTeJbHad B KOTOPOIl HAC HHTepeCcyeT;
KOOPAMHATH BTOPOH TOYKM B mnepecede-
HHuA CeKymed ¢ Kpmpoil 00o3HadmM depes
Z;, ¥;- Tar Kar o6e oTH TOYKM mpmHAMIE-
maT KpuBoil ¢ ypaBHenueM y—f (z) (upn-
Hagde:kar Jgmaud y=f (r), Kak OGHYHO
roBopAt), 10 y,=f (z;) m y,=f (z,). Har
BAMIHO HM3 puC. 2, HAKIOH K, ceKyulei
pPaBeH
_ y0:f(xl) — 1 ()
Iy — Zg

kc:tga:yl

T — To
(cm. § 1.3).
Yro6s BHUACAMTD HAKIOH KacaTelb-
HOH B TOUKe r=x,, HY:KHO OpaTh TOIKY
B Bce Gmamixe K A, 1. e. HyXHO, 9TOOH
Z; cTpeMmiIock K z,. CiemoBaTesbHO, Ha-
RIOH & KacaTeJbHOM paBeH Ipelely Be-
IMIMHHE Kk, OpA Z,, CTPEeMAINEMCA K Z,
f{z1) — 1 (=)

k=Ilim k,= lim
] — Ty

> %, Zy-> Ty
O6osrauuM pasmocTh 2;—x, @epes Ax;
TOIfa Ty=&,+ Az u_ Af=f (z)—f (z)=
=f(xy+ Az)—f (x,). B 101X 0G03HAUCHHAX
HAKJIOHH £, ceKyme#d u %k KacareJabHOMN
BHPa3ATcsa dopMyIaMu:

A . A
kc = Z— N k=—= lim 'A—f .
z Az—»0 °F
CnepmoBatenbHO, Y2060l EKoapduyuenm

(naraon) kwacameavnoli pasen npouseodnol
Pdynryun | (x) 6 mouke x4

d ’ -
k= =1 (z,). @2.5.1)
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Mu 3naem, dro nmpomssomHas [ (x)
dyuxunn f (x) cama sBnsgerca QyHKIHe .
Tak Kak MBI HCKaaW HAKIOH KacaTeJbHOM
B QuKCHPOBAaHHOR ToUKe A (zy, Y,), TO IpH
L
CINTAIH 3aKPeIUIeHHEIM 3HAIEHHE I==Iy.
IlosToMy B oOKoHUaTeXbHOM (opMye
u crout f' (z,) — s3HAYeHmE MPOM3BOLHOM
¢yarnun ' () mpm z=za, Ilepemen-
Has ske QyHROUA ' (z), o4eBUIHO, BHpa-
KACT HAKJIOH KacaTeJbHoHl K KPHBOH
y =f () B mepemeHHOii TO4YKe (x, Y)
(mnm (z, f (x))) sTo#t KpuBO.

Pacemorpum np u me p. Ilyers mama

BBIUHCJICHAN IIpefieja OTHOIIeHudA

KpuBasg  ABIAEICA napalbomoit
y=2z% 1. e. nyctb f (z)=z* CocraBuM
ypaBHeHHE KacaTelbHoill K mapabose

B TouKe Zy=2, Y,=[ (2,)=4.

Mol sHaeM npomspoaHyw (QyHKIME I
, df
(@)= ﬁ——,——zm

(cp. (3.6a)). CiemoBaTesqbHO, B WHTEPECY=
Iomeil Hac TOIKe HaKIOH KacaTeAbHOH

k=f" (zo)=2x,=4,
a ypaBHeHHWe KacaTeibHO# (pHC. 3) mMeeT
BHJ

Y—Yo=k (z—z), T. e.
y=4xr—4

y—4=4 (z—2),

Boofme makmom kacaTenbHOM K mapa-
Gone y=a® B TouKe (x,, x2) paBeH 2z,

dx
HeHUe KaCaTeJIbHOM HMMeeT BHT

dy
(nﬁo 371eCh ——=— 2a:); c/IefloBaTeIbHO, YPaB-

Yy — x2=2xy(x — 2,), Maa y— 2x,x — T2
(2.5.2)

Tem caMBIM MB BHOBb MOJYYHIHA Pe3yJab-
TaT, ycTaHOBIeHHEN B § 1.4 coBcem Apy-
THM TyTeM: npaMmas y=kx-+b B TOM
¥ TONBKO B TOM CJy4ae KacaeTcs mapa-
Gomn y=2z2, ecan KoapdumumeHTH kK M b
ypaBHeHHS NPSAMOM MOKHO HPeICTABHATH
KAK BHpasKeHHS 2%, W —22, 3aBHCAIINE
0T HeomIpefeleHHOTO 4Yuciaa (HapaMerpa)
Z,; OPYTHMH CI0OBAMH, YCIOBHE KACAHHSA
opamoit y=kz--b ¢ mapaGomoir y=ux*
mmeer Bup b=—(k/2)> (cp. (1.4.83)).

Bor eme T p u M e p: paccMOTPHUM I O-
AnykyOundeckymow mnapabony

y =yz® (cm. § 1.5). Bmecs y':i vz (oM.
yop. 4.3); moatomy k=—7j' xo)h— Vo -
B uactEOcTH, B Hauane koopgmHat O Ha-

k= (O)=

:% y0=0; noatomy B Touke O MONYKYOH-

KJIOH KacaTelbHO#l paBeH

ueckass mapafona xacaeTcsd OCH Z, KaK
u mso0paskeno Ha pme. 1.5.7.

Be3 moMomu IPOM3BOJEHX TPYNHO LIPOBECTH
KacaTelbHyo0 K KPUBOH, Ba[aHHOR YypaBHEHHEM
y=f (x): HY/HHO BBHYHCHHTH KOODIMHATH O00JIb~
mMOro Iwcia TOYeK KPHBOM, ¢ MOMOMBIO JEKAka
NpPOBECTH KPHBYIO MO0 3THM TOUKAM H TIOTOM

4

L---;-- 21247
£
K

Pne. 2.5.3 f/ﬂ;&/

HA Tla3 IPHCTABJIATH JHHEHKY K KpmBoil B 3a-
JaHHOM TOYKe, BHHMATENLHO CJAEHA 34 TeM,
9ro0Bl INupeiika Kacaldach, a mHe TIepecexana
kpuByo. C MOMOmMBIO MPOU3BOAHEIX MEL HAXOKUM
ypaBHeHNne KacaTeJbHOH, MO ITOMY YpaBHEHHIO
HaXOJMM JBe TOYKH, OPWHAjJeskamupe 3aSaHEOU
9THM YPaBlIeHWeM HPsMON, W 3aTeM ¢ IOMOMIbIO
IgHeAKH TIPOBOJAMM MPAMYI0 — KacaTeAbHYIO,
TIPOXOAAMmMYI0 4epes dTh ABe Touxu. B wradecrBe
OJHOM TOYKM €CTeCTBeHHO B3ATH CaMy TOYKY Ka-
cagna A (xy, yo), BTopyo Toury C Ha UpAMOi
Jyulne B3ATH Jamexko or A, Torga ¢ Godbmoit
TOYHOCTBIO ONpeAelINTCA HAKIOH M IIOJIOKEeHHEe
KacaTelbHONM — OPAMOM, MpoXoAAmeil gepes us-
BecTHele Touxm A u C,

Tar, HanpEmep, BHOIE MH YCTAHOBWINM, 9TO
ypaBHeHme NpAMOH, Kacaomeiica mnapabomns
y=2% B TOURe 2y=2, yo=4, UMeeT Buj y==4r—4.
HaiieM roopgmHATH [BYX TUYEK 29TOW LPAMOH;
Ipu r=2 MH EMeeM y=4; T0 e€cTb caMa TOYKA
racauA A (2, 4) (ee rOOPHMHATH MOMKHO GHIIO
¥ Te BHYECIATL — Bemb KacaTejbHad o0A3aHa
npoitd Yepes mee). B xauecrse BTopoit Toukm (C)
BEIGepeM TOYKY TepPeceveHHA  KacaTelbHOMH
€ 0ChbK0 ¥: HmoNoEuM =0, HaiifleM y=-4, TaK 410
C=C (0, —4) (cM. pmec. 3).

OrveTnm JM0G0MBITHOE 06CTOATENBCTBO: npu
=0 y=—y,, T. e. mouxa C nepecevenus kaca-
meavHOU ¢ 0cbIo Y AeHcuUm Ha cmoavko HUNce ocu x,
HA CKOADKO cama mouxa KacAHus JaAexum ewviie
ocu x. ITo He CIYIANUHO: HAINE IPABHAO CIIpaBe[-
JIMBO i BCEX KacaTeNbHHIX K DapaonaM ¢ ypaB-
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HeHueM Bufia y=az? (Opu a0boMm a > 0). B ca-
MOM ieXie, eclii KacaTelbHaa IpPOBEeJeHa B TOUKE
A (xg, yo=azj), TO ee YypaBHEHHE WMeeT BH]

Y — yo==2az, (z — x) (2.5.2a)

(cp. ¢ paBencTBoM (2)), u npm z=0 MH HOJIy-
gaeM y—yp=—2ar}, Y=Yyo—2axq=ye—2ys=
=—y,. Tagum o6paszom, kacaTeabHasA K napabome
IPOXOAWMT dwepes Touku A (zy, Yp=axj) =
C (0, y=—yp=—ax}).

Ilpr mocTpoenrmH KpuBO# TO TOYKAM
TPYOHO TOYHO IIPOBECTH KPHBYIO, €CIH
BHUHCIeHO MaJo Touek. G moOMOImbIo mpo-
HA3BOMHBEIX MOKHO 3apaHee IIPOBECTH Ka-

4 g

Pue. 2.5.4

caTeJbHEIE K KPHBOM B DTHX TOIKAX; I10CIHe
BTOTO MOKHO TOYHEE IPOBECTH CaMy KpPH-
BYIO.

Harasageo scHO, 9r0 B TOYKax, B KO-
TOPHIX (QYHKIOHA OPHHWMaeT HanGoabimee
AIM HauMeHbLIIee 3HAYEHMEe — B TOUKAX
MaKCEMyMa HO MOHHMYMAa
PYHKIOIE, — KacaTeJdbHAs K TpaduKy
OYBKIUN TOPHM3OHTANbHA;, HILKE MEl elne
He pa3 BepDHeMCs K DTOMY BAIKHOMY 00-
CTOATENBCTBY. & PaBHEHHE TOPU3OHTAIb-
HOH IPAMO# mMeeT BHUJ y=const; HAKIOH
TOPHU3OHTANBHON upamou k=0.

Taxum 06pasomM, MBl DPHXOAUM K Tak
Ha3sBaeMo# TeopeMe DepwMa:
6 MOUKAT MAKCUMYMG U MUHUMYMA KDPU-
6ot, seamwowyelica epagurom Gynryuu
y=f (), npouseodnas Pynryuu f ()
PasHa HYyo.

C moMompio 3TOH TeopeMh MOMKHO Ha-
XORUTh KOOPAWHATH X TOYEK MHHAMYMA
¥ MaKCHMyMa KDHBOM, COOTBETCTBYIOIHE
KOODAWHATH Y TPH 3TOM JerxKo HalTw,
OoJicTaBIAA HalfeHHHE 3HAYEHHA I
B ypaBHeHHe KpuBO#. flcmo, 4ro, 3HAA
KOODHNHATH TOYeK MAaKCHMyMa M MUHH-
MyMa, MOKHO TOYHee IPOBECTH CaMy
KpHUBYIO. '

Iosesno B mopsgke yupasRHeHHS, Ha-
PHCOBAB OT DyKHU KPHUBY ¥ (Z), XoTa OBl

npu0IU3uTeNbHO, HO OFCTPO IIPOBECTH
kpusy®w y' (z), ofpamiaa BHUMaHHE HA
sHak Yy (x) u Ha TouKH, rie y' (x) obpa-
nmaercss B HyJdb. Takoil mpumep mokasan
Ha puc. 4, a (rpaduk y (z)) u puc. 4, 6
(rpadur mpomssonHOR ¥’ (z)).

Touxu obpameHna B HYJIbL caMoil QyHK-
muu y (x) A1A OpomsBofgHO y' (x) HAueM
me npmMedareabHu. Ecuu xpusyw y ()
nepeMecTATh NapPaJLIeIbHO caMol cele
(BepxHAAg KpuBasg Ha puc. 4, a), T. e.
CIABUHYTh BBePX (mam BHM3) Ha Jd000H
otpesox b, 10 Kpupaa ¥y (z) or 3TOTO
HUKaK He M3MEHHUTCH: P HapalielbHoM
nepeHoce (caBUTe) KpUBOM B BeprTH-
KRAJIbHOM HANPaBJIeHANd HAKIOH JI000Oro
y9acTKa KpuUBOH (TOUHee, CIef0BAI0 OB
TOBODHTEH 0 HAaKJIOHe KACATEJNbHOH K KpH-
BOil B T000H €6 ToUIKe) OCTAHETCHA TeM Ke
CAMBEIM (CP. BePXHIO W HU/KHIOIO KPHBHE
Ha puc. 4, @ @, B YACTHOCTH, KacaTejib-
HHEe K 3TUM KDHBHM B TOouKax A m B).
970 IOJHOCTHIO COOTBETCTBYET TOMY, UTO
dyrrnumn y=f(z) m y,=f (z)+b (rpa-
¢uku 3THX QYHROUE TOAYIAIOTCH ONAH
M3 [OPYroro HMMEHHO TAKHM CIBHTOM)
HMEIOT B COOTBETCTBYIOIMAX TOYKAX OH-
HAKOBEE NPOU3BOTHEIE.

MosxHO 3aHAMATHLCHA M APYrod «Mare-
MaTHYecKOf HTPOi»: HapPUCOBAB OT PYKHU
rpaduK NOpPOW3BONHON, NPUOIU3UTEIBHO
TOCTPONTE Tpaduk caMoil dpymkmuu. [Ipm
3TOM HYKHO HDOH3BOJBHO 3alaTh OIHY
TRy (Zy, ¥ (2,)) TpadmKa ¥ 0T Hee BecTH
KDABYIO BBeDX HJIH BHHU3 (B COOTBETCTBHH
€O 3HAKOM NPON3BOIHOM).

B saxmodenne oCTaHOBHMCA Ha eme
OJJHOM BeChbMa BAKHOM OOCTOATEIbCTBE,
TECHO CBA3aHHOM, KaK MH YBUIUM HHe,
¢ 00Cy:KmaeMEIM BOIPOCOM O CBA3H HAa-
KIOHa KacaTeJIbHON K rpaduky QyHRIIH
¢ mpomspopmHO#l (paHee MBI 3THM 0GCTOA-
TeJbCTBOM HaMePeHHO IpeHebperann). 3a-
METHM, 9T0 B PU3NICCKUX 3aadaX OOHITHO
z m Yy=f(z) — pasMepHBle BeIWYHAHH
(mampuMep, 2z wmam  { — 3TO0  BpeMd,
a y=f(z) mam z =f () — paccrosanme),
HO TOrja TakyKe W IIPOM3BOXHASA j—z AB-

aAeTcAa pasMepHOR Benmumuoi. fcHo, aro
KOTJa Z msMepsAerca B ¢M, [—B ¢, mpo-

dz
— =Vv(t) —»aT0 CKOpocTB, ee

pasMepHOCTH — cM/c. Ecum, crameMm, y
BHIDAYKEHO B KI, & T — B Mecanax (msy-
93eTCA 3aBHCMMOCTB Y == f(Z) MaccH pe-
feHKa OT €ro BospacTa), HPOH3BONHASM

M3BOAHASA
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. =lim A—y) BHpa)Kaomasa CKOPOCTH
dz \~ Az )? p P

YBeAMYeHUsA MAaCCH, HMeeT pasMepHOCTh
KI/Mec; eciyl Y — CHila TOKa, & — COIpOTHB-

d
lleHNe, TO IPOM3BOAHAA y':% m3Me-
paerca 8 A/OM; ecnim = — mamua peGpa
dy
Ky0a, a y — ero o0eM, TO — EMeer pas-

MepHOCTH cM¥/eM==cM?, u T. 1. BooGme,
eCIH APIyMEHT T M3MepAeTCA B eUHMUAX
e, a QyHKUNA y —f () — B efmHUOAX &,

d
TO IIPOM3BONHAA % HMeeT DpasMepHOCThb
€z
(21 °

Ho senrmumna tg a, kax mssectHO, Oe3-
pasMepHa (0HA pasHA OTHONIEHWIO ABYX
OTpe3KOB, HAIpPHMeP [IBYX KaTeToB OPHA-
MOYTOJBHOTO TPEYTOJIbHAKA ¢ OCTPHM yT-
JI0M a); OTCIOHA Y3Ke SICHO, YTO PaBEHCTBO
dy
dz
94CTH €ro CTOMT pa3MepHasdg BeJIWIHHA,
a B mpasoil — Gespasmepmasn!). W awmms
B TeX PeJKBX clydasx, Korja ofe mepe-
MEHHHE I H J HMEOT OIWHAKOBYIO pas-
MepHOCTb (CKajKkeM, KOTIa H3ydaeTcs 3a-
BHCHMOCTH CKOPOCTH OAPYCHOH AXTH OT
cKopocTH BeTpa) mam o0e Oe3pasMepHH
(mpumep: ¢pyBrnEa y=sin z, rme £ — pa-
OmaHHAS Mepa yria), COOTHOIIGHHE
3—Z=tga MOYKHO CYMTATH OCMbICJIEHHEIM.

HKax jxe meupasuts 9T0T mederT Hammx
paccy:rmerni? 3amermM, 9TO paHee ME
BCE BPeMA IPe/IOJaraad PAaBEHCTBO Mac-
mtaloB 10 OCAM Z M Y, T. €. CIUTAIA, ITO
«eIHHUTA H3MEPEHHs HKCOBY H «eJUHHIA
U3MEPEeHHS UTPEeKoB» u300paKaloTca Ha
qepresKe ONHHAKOBEIME OTPESKAMH: BTO
coriameHme Kasalochb HAM HACTOIBKO
€CTeCTBeHHEIM, UTO MH [a’Ke HE Oropapu-
BajJu ero crmenmanpHo. Ho B ciydae pas-
HOH pPa3MEDPHOCTH OepeMeHHHX I b ¥
(a MMeHHO 3TOT cJaydaii HAJO0 CYUTATH
ofmuM!)  cHesaHHOE — IIpEe[IIOJIOKEHHE
HE TOJNBKO HE eCTeCTBEHHO, HO JasKe BO-
o6Ime He MMeeT CMEICIA: Helb3A Ke, B Ca-
MOM JieJle, BCepbes Oojgarath, 9TO
1 ¢=1 cm! lloaromy peanpuo smech 09eHDL
9acTO IOJB3YIOTCA P Aa3HHMHE Mac-
mrabaMu 00 0CAM, BCAENCTBHE UEro COOT-
Z—i_-—_ tg o mapymaeTtcs.

Ilycts, Hampmmep, y ecTs myTh, T —
BpeMA ® cTpomtcaA rpa¢mk y (x) sasdcn-
MOCTH HOJOKeHHS Tela OT BPeMeHH ZI.
Ilo ocw opgmeEatr GymeM OTKIagHBaTH Y

= tga He MOMeT MMeTh MecTo (B IeBOM

HOomeHnne

B MacmTabe: 1 M oytu pased 1 cM Ha Tep-
resxe. o ocm abenmmee (x) 6ymeM oTkia-
IeBaTh BpeMa B Macmrtabe: 1 ¢ BpeMennm
pasHa 1 cm Ha gepteske. Torma, meitcTem-
TEJIbHO, 3HAUCHNE CKODPOCTH IBWKEHHS U,
BHDa)KEHHOE B MeTPax B CeKyHLY H pas-
HOe IPOU3BOIHON —‘%, coBlajaeT co 3Ha-
geHWEM tg o, T. €. ¢ TAHTeHCOM yria, 00-
Pa30BaHHOTO KacaTelbHOH K rpadury
¢ ocbi0 z. Ho ecnim Mu subepem mpyroit
MacmrTab [nA MKaaIK &, HaOpaMep
1 ¢=1 cM Ba ueprexe, TO HOIYIHM

__dy 1 dy
=1 =T 4"
B uacrHocTH, ecam =0, MH mMeeM
t _ldy
B =% 4z 5

B o6mem ciydae, ecniu sBHOpaHHHe HaMHA
MacmTa0El TAKOBH, 9TO OJHA eIWHHOA X
Ha YepTeke m306pacaeTcs OTPE3KOM in-
HE [, cM, a ojHa e WHHOA Yy — OTpPes-
KOM JauHH [, cM, TO

(2.5.3)

Macmrabusie MEOsKUTeN™ [, m I, B dop-
Myne (3) mCIPaBAAT DOI0KEHHEE — OHH
NeaaloT BTO  PABEHCTBO OPABHIBHEIM
¢ TOYKHE 3peHHA coo0pas;keHN# pasMepHO-
ctr. Tak, B OpuMepe ¢ 3aBHCEMOCTHIO
MaccH pefeHKa OT BO3pPacTa MHOKATEIb
I, mMeer pasMepHOCTH cM/Mec (OH yKa-
3HBAET, CKOJBKO CAHTEMETPOB Ha Tpa-
¢mre mpmxomurcAa Ha 1 Mecsanm sospacTta);
aHAJOTMYHO [, WMeeT Pa3MEPHOCTH CM/KT
(sToT KODpPMIMEHT YKA3HBAET, CKOJIBKO
CAHTHMETDPOB Ha rpaduKe IPUXOIHUTCH
Ha 1 ¥r maccw). Taxum ofpasom, BHpa-

la dy B dopMmyre

KeHme -—— —>
l; dz

BCE PA3MepPHOCTH COKPAIMAIOTCA, Y10 B jie-

Jaer a1y GOpMyay ocMHCIeHHOR (m Ipa-

BRIBHOIR).

OGo BceM 9TOM CIeIyeT BCeTHaA IOMHATH
OpHE CPaBHeHWH IPOHM3BONHOHE G(yHKIBE
H HAKI0HA rpajmka »ro QyHKONH
(T. e. HakJIOHA KacaTeJbHOH K rpafury
B COOTBETCTBYIOmIEH TOUKE).

feapasMepHo:

Ynpaserenun

2.5.1. Hocrpoiite rpadpuk Ppynrnum y=z22-+1
B npemenax —1,5 < z < 2,5; mposeaure raca-
TensHle K rpafuky B Touxkax z=—1; 0; 1; 2.

2.5.2. Tlocrpoiite rpadur QyHKIEE y=z3—
—32% B mpemenax —1 < z < 3,5; mnpoBeRmTe
KacaTenbHHE K rpaduky B Toukax z=-—1; 0; 3.
Vkamure Toukn rpaduEKa, KacaTelbHAS B KOTO-
PHX TOPHBOHTANBHA.
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2.5.3. Yraare HA KpHBOi y=z —z-1
TaKWe TOYKHM, KacaTelbdas B KOTOPHIX I'OPU3OH-
Taasua. Hoctpoitte Kpusywo mpu —2 <L z < 2.
[Yxasanmne. Yop. 1—3 menareIbHo BHIOMI-
HATh HA MILIAMETPOBOH OyMmare um B KPYUIHOM
macmrabe. |

2.5.4. I'padux Pyrrumn y (r) wudobpasken
Ha puc. 5; mocTpoiite (za rias) rpadmk QyHKRUMHA
¥ (2).

Pue. 2.5.5

2.5.5. I'padur dymrumu vy’ (z) wumsobpamen
Ha puc. 6. ITocTpoiire (na ria3) rpadux Gyux-
nun y (z), mpoxojamui wepes Touky (D, 0). ITog
KAKUM YIidoM Hoclefuuii rpadug mnepecexaer

y/

2

‘2 s\ I
/A IIJUJ‘

- =7
Puc. 2.5.6 _,

och opauuaT? IloJ KAKUM YIJIOM OH TepeceKaer
B Touke z=>5 och abcmmec? [Y Ka3aHHE.
B yup. 4 u 5 cnegyer cmagana mepepucoBATH
u300parkenHble HA puc. 5 1 6 rpaduku HA IUCTHIH
amer Oymaru: Tpebyemmie rpadukxa mexecoos-
pasHO YEPTUTh HA TOM ’Ke Jucre OyMmard, Ha-
IpEMeP CTPOro HOJ 3aJAHHEIM B YCIOBUM 3a7a4n
rpaduroM. |

2.5.6. CocraBpTe ypaBHEHAA KAaCATEIALHHX
K KyOuueckoii mapaboiae y=2° B TOUKAX: &) z==
=0,5; 6) z=1. HalignTe TOYKHA EPECEICHHUS ITHX
KacaTelbHHX C OCAMHA KOODAUHAT.

2.5.7. Vramnre ofmee mpaBmiIo, 1MO3BOISAIO-
mee 1A KPHEBHX: a) y=az? 0) y=1>0a® — HaliTa
TOYKH [epecedeHnA KacaTelIbHOH K KpPUBOH
B TOYKE (Iy, y (%p)) C oCAMH KOOPJMHAT,

§ 6. Poer m yomBamme QpysrmHU.
MakeuMyMbl I MHHEMYMbI

Habaogasa xon auamm, m300pasKalomei
rpagmK HeKoropoil ¢yHKuuum y=f ()
(crasxeM, 3apucumocTb ' (f) TeMuepaTyps
T or BpemeHH £), MH 6e3 TPyIa YCMOTPHM
Ha He# TOUKE pocma QyHKuum (Bpome
To9kd 4 Ha pmc. 1) ® TOIKM ee y6uanul
(mampumep, Touka B), TOURU Makcumyma
(mambosbirero 3EaYeHus), Ifie POCT QyHK-
uum cMeHsercs yOniBamueM (roura (),

M TOYKH MUHUMYMa (HAamMenblnero 3Ha-
9eHHA), Ifle, HAOpPOTHB, YORBaHWE CMe-
usercA pocroM (roaxa D). Rak ke crporo
oopeleadTh BCE OTH LOHATHA M KakK
YCTaHOBHTD XapaKTep (yHKIUU B HaHHOH
TOUKEe T=1,, He o0pamasch K rpafury,
BHUEePYNBAaHNE KOTOPOrO 3a9acCTYI0 BOBCE
HE IIPOCTO WM KOTOPHI BCerja HeHajle;keH,
u60 pucyercad ¢ Hemsd0e;KHEIMU DOIPEIIHO-
ctaMu (omubKamm)?

Ecim me moassosarbCsA MPOU3BOMHBEIMY,
TO OTBET HA IIOCTABJIEHHEE BOIPOCH HYKHO
MCKAaTh THCJIEHHO: HaOpUMED, HAUTH TeM-
mepatypy I B KaKoi-1O0 MOMEHT t; 3aTeM
B3ATH KaKOH-TO CJIefYIONUil MOMEHT I,
¥ ITOCMOTPeTH, BEIPOCJIA TeMIepaTypa Wil
yoajaa. O9eBHIHO, IT0 TAKOU cOOCOG HEHa-
nesxxeH: ecam I (¢) m Gowsmie, wem I (1),
TO BeJb HE MCKIIOYEHO, 9TO B MOMEHT
¢ TemMmepaTypa Hamaja, 3areM (BCKope
mociae ¢, HO elme m0 f;) OHa JOCTHUINA MU-
HEMyMa, IMOCJe 3TOTO cTaja PacTH, IpH-
9eM TaK, 9T0 K MOMEHTY {; OKa3ajiachk
BHINE, 9eM B MOMeEHT ¢{.

C 10MOmBIO MPOW3BOMHEIX BOLDPOC Pe-
maercd TOIHO: HANO HaiiTi IIPOUBBOTHYIO
dy dy
€T

Yy __
= Ecam Beamyuma --=y'(r) mpu sa-

JaHHOM 2 TOJOKHTENBbHA, TO Y (Z) ecrh
pactymas QyHKOUA: ODPU YBENUICHUAU I

HA Malyl BeJWIMHY AZ S3HAYeHHe
Y USMEHHTCA Ha MaJyi0 BEIHIMHY
Ay~y (z)ar (Ra®  OBIO  BHEIACHEHO

paHbIle, 9YeM MeHbIle AZ, TeM TOdYHee
9TO0 IpUOIM:KEeHHOe pasencTso). Me pac-
cMarpuBaeM ciaydall Az >0 (ckameM,
yBeamdenne spemenn z). Ecanm y' () >0
u Az >0, To, xoHewHO, m Ay >0,
T. €. ¢ TeIeHWEeM BPEeMeHW BeJUIMHA Y
(HanpuMmep, TeMmepaTypa) pacTet.

ITpn sTOM 9ucieHHOe 3HAdYeHHUE (LIOJNO-
JKATEJBHON) TPOM3BOMHON  VKA3HIBaeT,
Kak OBHCTDO pacrer TeMmeparypa:
ecan T (£)=10, 10 B6am3m 0T MOMEHTA
remueparypa pacrer B 10 pas Gmcrpee,

-

/7 | z

9eM BpeMsa (Hampumep, Ha 10° 3a rRakmyI0
cekyHny), a opu I’ (£)=0,1 oma pacrer
B 10 pas mennennee spemenu (cp., BIpO-
9eM, CO CHa3aHHLIM B KOHIe §5 o pas-
MeDPHOCTH IOPOM3BOJHON WM €e CBA3HM C BhI-
0opoM elWHNI uU3MepeHWA AapPryMeHTa
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z ¢ysxoun). Ecam ke y' (z) << 0, 7o
opu Az >0 mm 6ymem mmers Ay < O:
rak, ecam I’ (z) < 0, TOo TeMmepaTypa
T (14 Af) B MOMeHT BpeMeHHM I Af OyzeT
uwxe TteMmuoeparyps 7 (f) B [aHHEIM
momeHT. Takmm ob6pasoM, T O J O K H-
TenXhHAasd OPOU3BOTHAS YKasLIBaeT Ha
to, 910 (yHENUA ABIfeTcA pacmyujel,
aoTpuHOaTreabHad— HA TO, 9T0

dyEroms sAsaserca ybueawujel, naua-
omei.
BrpaskeHma  «pacTymas  QyHKIHUA»

n «yOmBajomas (Dagaioman) QyHKI@IY
UPHEMEHSAIOTCA He TOJBKO K BaBHCEMOCTAM
BeJINIAH OT BPeMeHH, HO U K M06oi yHK-
nuu y (), apryMeHTOM KOTODOH CIYIKHAT
Ipou3BONbHaA (pasMepHas mim Gespas-
MepHad) BEIHYMHA &; OPH DTOM pacmyujel
(y6usaroueli) RaspBaeTCA TaKasA GyERIUSA,
KOTOpas yBeJImauBaercs (COOTBETCTBEHHO
VMeHBITAeTCs1) ¢ POCTOM He3aBUCHMOM Ie-

o d
pemennoii z. IlpomsBogmas a%xapamepu-

3yeT ckopocmbv pocma: OHA DPaBHa OTHO-
{lleHNIO H3MeHeHNA § K OTBEUAIOMEMY eMy
(zeGombmomy) namerenuio . OTpunarens-
Hasg CKOPOCThL pOCTa 03Ba9aeT IajeHUe,
VMeHbIIGHAE J IPU YBETWYIeHUN Z, H eCyH
dy dy dy

7 < ’lez—ﬂ

yOnBanusa QyHRIAN.

Brpaskenne «peluduHa y uMeeT 0OJb-
NIyI0 OTPHNATENBEYIO NPOM3BONHYIO IO T»
03HaTaer, 4T0 Yy OBICTPO NafiaeT C yBe-
JuYeHWeM Z, a NOJOKUTeJIbHASA IPOU3BOJ-

dy

5 03HAuaeT, 970 y ¢ POCTOM T yBe-

€CTh CKODPOCTBH

Hasa

auansaercsa. TaxmM oGpasoM, NPOU3BOJA-.

Has NepPeMeHHOH § YKa3HBaeT menJeHyul,
XapaKkTepHHE [ W3MeHeHUA }, TO3BO-
JAeT CYAUTb O TOM, 9YTO MOHO OMHHUIATDH
npu fajbHeiimeM u3MeHeHIN apryMeHTa —
B 3TOM 3aKm0YaeTcs 3HadeHHe BelH-
quHHE ¥,

(Duaukn 1 MaTeMaTHKH (B 0COGEHHOCTH
ynymue QU3MKHA M MaTeMATHKH, TOJIBKO
HelapHO Y3HaBIINE, ITO TaKoe IPOU3BOJ-
Has) 9ACTO NPUMEHSAIOT 9TO MOHATHE
¥ B DOBCETHEBHOU JKM3HU: «IPOH3BOAHAL
OT MOEro HACTPOEHHS IO BPEeMEeHH HOJIO-
JKUTEJBHA» — BMECTO «MOe HACTPOCHHE
yIrydmaeTca».

Pemmure 3a7aTy-ITyTRKY: KaKO# 3HAK
FMeeT DPOM3BOTHAS OT HACTPOSHU A IO Pac-
CTOAHMIO 10 Kpecaa 3yGmoro Bpaua® Ilpm
VMEHBIEHAN DAacCTOAHMA 10 Kpecaa —
1o Mepe UpuGAMKEeHAS K KpecJy — Halle
BacTpoeHMe YXYAIAeTCs, MOMKHO TaKKe

CKasaTh «Oafaery,
TeNbHLIMY, B3HAYAT,
MOJIOKATEIBHA.

Mosrer OwHTB, OmcaTen®m u GymyT cero-
BaTh HA 3aCOpPeHme SI3HKA, HO HA CAMOM
Jelte TaKOoe BOJBHOE INYTOYHOE YIOTpe6-
JeHAe MAaTeMATHIeCKHX HOHATHHA — XO-
pomast TpeHEHPOBKA ANA OyIymuX cepb-
e3HBIX IPHMEHCHMH MaTeMaTHKH.

Cymectsyor ¢QyHKOEE, HPOM3BONHASA
KOTODHIX COXPAHSeT OWH ¥ TOT jKe SHAK
Opu JIOGHX 3HAYeHHAX NepeMerHoii. Ta-
KHM CBOiicTBOM 0o0Jajaer, HalIpuMmep, Jd-
meitHasg ¢yHRmuA y=kz-+b: Begp 3Hech
dy __
—d7 —
Tlose MH yBEIAM, 9TO TAKe H LPOU3-
BOJHAA IOKa3aTeNbHOUH ¢ysExmuE y=0a"
npu JI00HX £ UMeeT OJHH ¥ TOT K€ 3HAK
(xoTs W He NOCTOSHHA IO BeJUIHHE).

IIpencrasmM cebe ¢yukOmIO y (x), mpo-
U3BOJAHAA KOTOpOil Y’ (x) moJomuTensHA
npu z < X, 1 OTPHEATENbHA HPU L > Tq
(kpatro: Yy () >0 wmpm < zy
y' (x) <O mpm z > x).

Y10 MOKHO CKAa3aTh 0 TAKOH QyHRImmM?
Hagmem co smavemmit z < z,. Ilpm yme-
JU9eHNH T 10 Z, BeIMIHAA ¥ GyneT PacTw;
OJHAKO IIPHM JafbHCHITEeM YBeJIWYCHWH X
OPOU3BOMHAS CTAHOBHTCH OTPHIATENHHON
u penmdnHEa Y yMembmiaercs. Ortciona BH-
BON: Tpm ==z, QyHKOuA Yy (¥) HEMeeT
MaKCHMYM.

PaceMOTpEM DPOTHBOIIONOKEHI coyqaii:
Y () <0 mpm <=z y (x) >0 npm
T > z,. Paccyxgas Tak jRe, KAK W BHIIE,
MH OpHUJeM K BHBOLY, 9T0 B 3TOM CJIydae
upu r=x; GyEKOUA y () IMeeT M ¥ H H-
MY M.

Ecan ¢yurnma y (x) sagana GopMymnoi,

CTAHOBHTCS «OTPHMA-
IPOU3BONHAS 3[eCh

T. €. IIOCTOAHHAaA BeJuduHAa.

"KOTOPOR COOTBETCTBYET LJIABHAS KPHBAsd,

to 7 y' (2) 3amaercsa GoPMya0H M HNABHO
usmeHsieTcs npu usmenennu z. Ho B aToM
caydae pasuHsie 3Hakm y’ (x) mpm x < x,
W OpH T > I, 03HAYAIOT, 9YTO UPA X=r,
IPOU3BOTHAA obpaujaemcs 6 HYab:

! d
¥ () =272 =0,

(2.6.1)

TakuM 06pasoM, KaK MBI y:;Ke OTMe-
4anam B OpefnayMeM maparpade, npupas-
HUEAR HYAI0 RPOU3BOORYI0, MOHCHO Halimu
me 3HAYEHUA He3a8UCUMOTL NePEeMEHHOIL,
npu KOMOpHL BYHKYUL UMeEm MAKCUMYM
uauw munumym . Temepb MEL MOKeM yTOU-

1 Tounee, kOHEUHO, BHAYEHUS, IPA KOTOPHX
dYHKHEA MO JKET HMETh (& MOKET H He



74 Ia. 2, 910 Takoe npomsBOAHAA

HATH o6myto Teopemy Depma (cM. § I):
B TOUKaX, Iffe §YHKOEA JOCTHIAeT Makcl-
MyMa, OIPOM3BORHAA IEPEXOIUT OM NOAO-
HOUNEALHBLL SHAYEHULL K OMPUYAMEAbH LM,
a B TOYKAX MUHUMYMQ OHA OePEXOIHUT Om
OMPUYAMEAbHBLT BHAUEHUL K NOA0M UMENb-
HBLM.

IlpmBemeM  HeCKONBKO  IPHEMEPOE.
Ipesxpme Bcero o6paTmMcsa K PacCMOTPeH-
goit B § 1.1 ¢ymrumm y=32® — 2 — z
(cm. Tabammy 8 § 1.1). Cynsa mo Tabamme
sHaYeHMH (YHKOHH, MOKHO AyMaTh, 4TO
$yHROEA ABAAETCA pacTylel OPE BCex
BHAYEHMAX I, TAK KAK KaKHOe yBeamde-

Pre. 2.6.2

Hume I Ha eAZHHIY BH3HBaeT yBeJIHYe-

HEE Y.
Brramenmm,

Hamel QyHKIHAS

y' (z) =92% — 2z — 1.

Baas 2=0, moaywum y’' (0)=—1 < 0.
3uaunt, npr £ =0 ¢pyaruna y 6 H B a 10-
I 4 A; ?TO OUPOBEpraeT OOJyYeHHOe H3
paccMoTpeHEA TAOIHOE OPefNooKeHue,
970 Hamia QYHKOUA pacTeT Besge.
Ilpmpasusem y’ (z) Hymio. YpasHeHHe

y' () =92% — 2z — 1 =0

OXHAKO, LPOH3BOTEYIO

mMeeT OBa KODHA:

z, ~—0,24, =z,~0,46,

CocraBrM DoApobHYI0 TabamnIly, BKIIO-
gag B 4ACJHO ‘paccMaTpHBAeMHIX 3Hade-
BEmil £ ®m HafimeHHAole ToYKu o6pammeRmns
B HYJb OPOM3BOLHOM:

mmeThl) MakcumyM ung MurnMyM. Tak, QyHRUEA
y=2% umMeeT npousBOfHYI y’=3z%, obpamaro-
mywocsa B 0 nmpu z=0; ofgrako B 9T0ii ToIxe QYyHK-
s (cm. ee rpaduk Ha puc. 1.5.1, a) ne umeer
HA MaxCEMyMa, Hm MmamMmyMma. (O Apyrmx
ACKAIOYEHNAX W3 HAMErO IPaBuid, KacaloImuxcs
cnyqazn) HErJNaKUX KPHUBHX, Oy/[eT CKa3aHo
B § 7.2.

z —3 —2 —
y —87 | —26 —3

z | —0,3 —0,24 —0,18
y | 0,129 | 0,140 0,131
z 0 0,40 0,46
y 0 —0,372 —0,381
z 0,52 1 2

y | —0,370 1 18

Mu BugmMm, 9TO0 Ha Y9YacTHE OT % ~
=~ —0,24, 1o z ~ 0,46 pyEKIHUA ¥ yMeHD-
maerca or 0,14 mo —0,38. Cpasmenme
sHaveHua Yy (—0,24) ¢  «cocemHmMUY
y (—0,30) m y (—0,18) mogrsepsumaer,
9r0 npm & =~ —0,24 ¢yExnuma y (z) nocru-
raet (JIOKaJIBHOTO, HIIH <MECTHOT0%) MaKCH-
MyMa, b0 coceqHmMe 3HAUCHHS Yy MeHbIIe,
T'pagux Ppyaxomm y =32 — 22 — z uz06-
paskes Ha pmc. 2.

OTOT OpUMep CHOBA IOKA3HBAET, UTO
MaKCHMyM He 03HA9aeT HamGoJabIlero us
BCeX B0o0Ome BO3MOKHEIX BHAYeHHIl V.
Bexr y Hac B TouKe MaKemMyMa
y (—0,24) =~ 0,14, a nmpu x=1 wumeem
y=1, opu x=2 moaydaem y =18, a npm
=10 — pame y =2890; Boo6me npm He-
OTPAaHHYeHHOM YBeNHYeHHH APTyMeHTa I
GyHKIEA Yy TaK)Ke HEOTPAHHYEHHO m|
onicTpo pacrer. Tax 910 Ke BHIenser
TOYKY MaKCEMYMa Zp,, =~ —0,24, y_ .. ~
~ 0,14 u3 MAOKecTBA Bcex 3HAYeHMit ap-
rymenra?

Ornyume »TOH TOYKEM OT [OPYTHX Co-
CTOMT B TOM, 9T0 OIpE OGIHM3KumX (Tak
CKa3aTh, COCENHUX) C Ip,, BHAYCHUAX I,
KaK OOIbIIUX ey, TAK B MEHBIIAX Ty,
BEIMYMHA § MEHBINE, YeM Ypay ( =Y (Zyas))-
I91a 0COGEHHOCTD Zpe HAINIANHO TPOCMAT-
puBaercd B IpuUBefileHHOU BHIIe Tabamme
(CP-’ HaupmMmep, Yy (_093)9 !/(—0724) 1)
y (—0,18)). Te e cooGpaskeBms OTHO-
CATCA W K TOYKe MUHHMYMA T, ~~ 0,46,
Y ~ —0,381: x018 y upm Gombmmx
oo abCcoNMIOTHON Beamdmue ' OTPHIATEN b-
HHX I HeOIDAaHMYEHHO YMEHLINAETCH o
CTAHOBHTCA MeHbIIe Y, (m BOOGmE Mo-
xeT OBITH cpelaH MeHbIIe Ji060ro OTPH-
HaTeTBHOTO dmedal), HO BeJdmdYmHA Ty,

oTan49aeTcA TeM, 4YTO0 3HadYeHHne Ymin
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(=Y (Tpy)) MeHBIIE BCeX Y, OTBEYAIOMUX
«COCeHUMY C Ty, SHAYeHHSAM apIryMeHTa
(3HaueHmAM 2z, [OCTATOYHO OJHEBKAM
K Zpip). YCIOBUE DPABEHCTBA HYNIO IPOM3-
BOJHOI J1aeT BOBMOIKHOCTH HANTH MMEHHO
TaKUe — JAOKQAbHYE, WIH MecmHble, —
MaKCUMYMB H MHUHHMYMEHL.

B kauecTBe BTOpOrOo mMpHMepa PACCMOT-
pum ¢urypupyomyio B § 1.0 $yrEmuo
y=12°— z. llpoussopsasa »T10ii PyHKIHH
y =32>—1; mnosromy ¥y (x)=0 1mpu
= i—i/\/ii. IIpocnennB 3a m3MemeHmeM
snaka GyErmun f'(z)=32>—1 B OKpe-
crrocTAx Toder z ==1/\3 ~0,577 u z =
:——1/\/3 ~—0,577, Mmu Ge3 Tpyma yecra-

nosuM, uto wpn == —1/\/3 $ymkuma y
nMeeT (TOKAIbEHNI) MAKCHMYM, a IpH Z=—

=1/V3 — (nokaasHb)
puc. 1.9.3).

Teneps MBI MOKEM ILOJHEE PACKPHITH
IpUIMHEl PAa3amInsa MeKny usobpajrkeH-
BeMu Ha puc. 1.5.2 m 1.5.3 rpaduramm
¢yurguii y=z*t+zx m y=2> — 2. Pac-
cmoTpuM ofInee ypasHeHme
y=2a®+ cz,

Tfie ¢ — OPOM3BOIBHOE TMCI0. B aToM cary-
dae y’ =3x*+c. fleno, 9r0 npm ¢ > O Benn-
9uHa y' BCIOAY TOMOKATeNbHA, BHAYNT, Y Pa-

CTeT IPH BCEX £ — HE MAKCUMYMOB, HU MU-
suMymMoB ¢yBEENUA He uMeer. Ipm ¢ < 0,

MEHUMYM  (CM.

(2.6.2)

Hampotns, y' =0 mpm z— + ]/ _.% —

== 4+ &, OpHYeM B HHTepBajaxX 3HAYCHWH T
0T — © 10 —Z, OPOH3BOAHAA Y LOJO-
swutenbra (QyHKOEA BO3pacTaeTr); OpH
—xy < x <%, HPOU3BOJHAA OTPHIATEIH-
Ha (pymrnma yOmsaer); npm z, < & < ©
IPOU3BOTHAA CHOBA LI0JIOHUTEABHA
(pyHRIEA CHOBA pacTeT; 31eCh CHMBOJH
—CO | 00, Kak Bceryua, 06030a9a0T 09eHb
GonpIine OTPHIATENPHOE H LOJOMKHTETb-
Hoe guciaa). Takum ob6pasoM, opn z=—z,
Halla QYAKOUS uMeeT MaKCUMyM, a Hpu
z =z, — MEHEEMYM. IIpn ymeHbmeBuu ¢ 0O
abcoNMOTHOY BedwYmHEe 3TM MaKCUMyM H
MUHEMYM cOnmgaiorcs: npu ¢ =0 Touknm

4
*Tr,—=+ V-_? CIIMBAIOTCA B @€IMHCTBEH-

HYI0 ¢KpUTHIECKRYIO TOIRY» * =0 — TouKRy
HyJeBoil npousBofHoil GyHEKIEA &. B sToM
caydae (Iis KPHBOH ¥ ==13) COOTBETCTBYIO-
mas TOYKA yiKe He ABIACTCS HH MaKCH-
MyMOM, HN MUHHAMYMOM (YHKOWHE: Belb
M3 PaCCMOTPEHHS <COCeIHHX» KPHUBHX,
OTBEYAIOMKX MAJKM D0 aGCONIOTHON Be-

JuduHe OTPUNATEABHEM ¢, Bpoue On
caefyeT, 4YTO Hamia TOYKA [OJPKHA HAB-
AATHCA ONHOBPEMEHHO W MAKCHMyMOM W
MUHHMYMOM, 9TO SIBHO HEBOSMOKHO; OKH-
DaTh jKe BIech TOJBKO MakKcmMyma (He
MHHEMYMa) HMJIH TOJBKO MEHEMyMa (He
MaKcHMyMa) ¥ HAC HeT HMKAKHX OCHOBA-
Huit. Bce atm ocoGexmoctm Kpusex (2)
u3obpaskeHsl Ha puc. 3 (y KPHBHX IPo-
CTABIEHBl OTBEYAION[ME UM B3HAYCHHUA C).
W3 3T0r0 PHCYHKA BH/IHO, 9TO CYLIECTBYeT
ABa UPUHOUUNANBHO PASHHX THIA KDH-
BEIX, OTBedaonmmx caytaaM ¢ <0 m
¢ > 0; «npoMesRyToIHONY MeRAY DTHEMHU

7

'
[
~

TN N~
oy
]

1[\l

NNy L

N
Iy

Pue. 2.6.3

TAOAME SBISETCH (IpelenbHAA» KpHBasd
y =23, AnA Koropoi ¢=0.

BosppaTumes cnoBa K ymp. 2.1, mocBsmeEHOMY
ofcy:xpennio BOIPoCa O TENJIOGMKOCTH AaJMas3a.
B srom yumpaskmesmu ¢urypmpoBana ciefyomas
9KCIIePUMEHTaNbHO HONYICHHASA 3aBHCUMOCTH OF
remneparypet 7 xonmuectBa Q=@ (I) rtemia
(8 M), nmeoGxofmmoro Hisa Harpepapms 1 Kr
ammasa or 0 go T° C:

Q(T)=0,3965T4-2,081.10-372—5,024. 107 78,
OTKY/Ja BHTEKAET, UTO TETIOSMKOCTh ¢ ==¢ (T)
ammasa (B J[x/(kr-°C)) upaskaerca Gopmyroli
¢ (T7)=0,3965--4,162.1078 7—15 072.1077 Vi

(cm. peenne ymp. 2.1). Jlna Toro 9ro6u npoana-
NH3EPOBATD XAPAKTEP H3MEHEHHA TENNOEMKOCTH
aaMas3a B paccMaTPHBACMOM [NANIA30HE TeMIIepa-
TYP (TOM, IPH KOTOPOM MOMKET HCIIONL30BATHCA
BKCTIepAMeHTaibHaa $opmyna ymp. 2.1), mam
IPHAETCA COCTABMThL Opom3BofHy ¢’ (7) Temno-
eMKOCTH ¢:
¢’ (1)=4,162.1072—30,144-1077 T.
fleno, uro senmwumma ¢’ (T) modokuTeNbHA IpR
T < (4,162/30,144)-104=T, = 1380° C; pasma
nyiaio upn I'=T,, orpunareassa upe T > T,.
Ho Benb cama smmmpmueckas dopmysa, xak
YKa3hBaJioch BRINS, COPABeITHBA TOJBKO [0
700—800° C. @opuampHO H3 BHIHECAHHEIX (Op-
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Mya caegyer, 9to mpm I =1380°C obpama-
ercst B Hyas sesurumna ¢’ (7), npm T =2850°C
ofpamaeTca B HY;Ib caMa TeIJIOBMKOCTH ¢ (T
n, Hakomem, upm T =~4320°C obpamaercs
B Hyab KoamdecTBo Temra @ (T). Bcee arm pe-
aymbraTH, pasyMeercd, Geccmumcienam. OHm
TOBKO JIMIHMEA Pa3 [OKABHIBAIT HOIOUYCTH-
MOCTBH HCHOJIL30BAHAA IMIHpDHIECKHX (opMy
3a mipefeaaMu 00IacTH X HOpEMeHEMOCTH!

Onpene.neHHe MAaKCHMYMOB B MHHHUMY-
MoB aprpMeTHIeCKAM IyTeM — BHEYHCJIE-
HHeM B CPaBHeHmWeM 3Ha4YeHHH QyHKIum
OpH Pa3IuIHHX 3HAYEHHAX apryMeHTa —
saBiseTCs BO MHOre pa3 Oodee TpyHoeM-
kpM ® MeHee TouHHM. [Ipasma, ecam
B pykax y Bac ects KoMOboOTED, TO
«apndMeTHYeCKHUil PKCIEPEMEHT», H03BO-
Asgomuil o0HAPYKETH MAKCHMYM HIH MB-
HAMYM IIyTeM PasyMHOTO CPaBHeHHS 3HA-
wennit QYHKOEH B PasHHX TO4YKax (Beldb
KOMIBIOTEPOM TOKe, KOHeYHO, HaJO I10JIb-
30BaThCA yMeJO, & He Kak MOIAJo),
3HagmTelbHO o06jerdaercd, — HO Jae N
B 39TOM ClIy4ae HCIOJb30BaHAEC HOHATHA
OpomW3BOfHOH MHOTO NPOACHSET B CY-
mecTBe Meja, HejdaeT BHKIAJKH H MOJ-
cuers Goslee «IPO3PaYHHIMUAY W IPOCTHIMH.
Bricmaa MareMaTHKa ABIAETCA OTHIONL He
TONMBKO 3aMedaTeJNbHHIM HeHHEIM NOCTH-
skeHneM. IlpaxTmdecKne, KOHKPETHHIE BhI-
gEcanTeNbHLEIE 3a0a9M TaKiKe Topasyio
Jierde pelmarnTcAa MerogaMu BEICTIET MaTe-
MaTHKH.

Ynparerenun

2.6.1. Haitnure 3HaUeHusa z, Opd KOTOPHX
ZIOCTUTAETCA MAKCHMYM WM MUHIMYM CIeryio-
mpx ¢ysxmmii. B xamgoMm ciayuae BHIACHHTE,
EMEeM JH MHL [0 C MUHUMYMOM HJIH ¢ MAaKCH-
MymoM. B dyHrumAX, B KOTOpDHE BXOAAT NO-
CTOAHHKE, CHeHmAJAbHO DPaccMoTpuTe Cirydan
PasHHX (B 9ACTHOCTH, PA3HHX W0 3HAKY) 3HAYe-
HE{ 3THUX NOCTOAHHHX: a) y==az% §) y=—=

1
—ct i B) ymazd—; 1) y=2'—3a+
+100; m) y=z’+p12+qu:+r; e) y=uxt+

+ az? + b; ) y==az?4 prp

2.6.2. O6meM v==v (#) 1 v Bosiat (B cv®) BHIpa-
sKaeTcA Clemylomieid (mpubiumKeHHON) JMOHpH-
geckoit Qopmynok: v (1)=148,38-1078 (i—4)2.
IIpn xaroil TeMmeparype sror obbem Oymer mu-
HEMANBHEIM?

2.6.3. OrBerpTe Ha Bompoc ymp. 2 HCXOAA
A3 CIHeIyIOmuX (OpefMoKEHHKHX pPA3HHEMU €C-
TECTBOHCUNITATAAMH) [yTouHeHu# POPMYNE NIl
v (t): a) v (8)=1—61,045.1078:}-77 183 107712 —
—37,34-107%%; 6) v (8)=1—57,577-107%-
~}+75,601.1077¢2—35,07 -107%¢3,

§ 7. Bropaa nponssognas ¢ynriuuu. Boi-
MYKI0CTh H BOTHYTOCTH KPHBOIi.
Touxku neperuda

Bepmemcss cHOBa K PaccMOTDEHHIO «KpH-
THIeCKUX» (IOJOSPHTEIBHHX HA MAaKCU-
MyM ¥ MHHEMYM) TO49eK I =, KPHBON
y =y (z), 1. e. TAKWX, YTO
Y’ () =0. (2.7.1)
Hac mrTepecyer Bompoc o ToM, Kak B cay-
9ae BHIIOJHEHHA (1) OTAMYMTL MaKCcHMyM
OoF MuHEMyMa: Bedb (1) BHUmONHAETCA W
B TOUKaX (IOKATBHOr0) MAaKCHMYMa H
B TOUKAX (IOKAABHOTO) MOIHEMYMA.

Mu yixe 3HaeM, 9T0 pas3HMIA 3aKIIO-
4qaeTcA B 3HaKe HIPOM3BOAHOU Y’ (x) npm
z < zymupu > z,. Ho kax onpenemnuts
sHak Y’ (z) mpm z, GimskoM K z,, He
BHYIHCIAAA HEeDOCPeACTBEHHO Y  [Is ApY-
rmx sHaveHmit z? OOparumca K caydaio
MakcmMyMa ¢ynrnum y (x), Korma
y' () >0 opn z <z, m y' (z) < O upn
z >z, Mu Bugmm, 9to B 3TOM caydae
nopomssofHad Yy’ () cama npeacTasifer
coboii yOmBawmy o0 QyHKOHO: 10
Mepe pocTa X OPOM3BOJHAS, KOTOPasA CHa-
gana Opina monoxurensHoil (mpn z < ),
obpamaercs B Hyab (Ipu &=z,) W 3aTeM
CTAHOBUTCS OTPHOATeNbHOH (mpu = > ).
Ho Mu yxe 3maeM, Kak OTIMYHTH YObI-
BaOIyl0 (QYHKOUIO OT BO3PACTAIOUICH:
npou3BofHas yOusawomell Qyoruumm om-
puyameabna. CrenoBaTeqbHO, UPH TOM
BHAYCHHMH Z=T,, OPUA KOTOPOM Y HMeer
marcumym, y' (z,) =0, a npoussogHas oT
upou3BofHOl ompuyameavra. Tarkaa se-
JANYNHA — IPOU3BOTHAA OT HPOU3BONHOI,
KOTOPYI0 [0 o0muM TIpaBuaaM MOKHO
3allMCATh (TPEX3TAKHOW» HAPOGHIO

i dy)
dy' dz
dz~  dz
nMeeT CBOe HA3BAHHUE — GMOPAL NPOUS-
6o0nas. Ee oGosmauaior tawme y’’ (),

d*y
Wil — (YATaeTCA: «e ABa UTPeK No e

dx?
HKC KBagpaT»).
flcno, d4ro ecam z=z () — 3aBucH-

MOCTh IyTH OT BpemeHm (cM. § 1 mHacr.
’
r1.), T0 z' (¢) =V — CKOPOCTH IBHIKEHUS,

dv
a 3" (t):d—t-—«CKOpOCTB U3MEHEHNA CKO-

pocTh», T. €. ycropenue (CM. Takxe ri. 9).
Ecnn y mmeer pasmepuocrs myTn (b cm),

a z—3ro BpeMa (B c), TO e

uMeeT
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pasMepHOCTh ycKopeHusa (cM/c?); ecam y
m3MepseTcsl B KaKUX-TO eIAHHAIAX ¢,
a T — B eNUHUIAX €,, TO UPOU3BOTHASA
dy
dz?

H YKA3LhIBAETCA caMoil 3amuchio (d—zy)—""

PasMepHOCTh BTOPOH OPOM3BONHON wO-
Je3H0 He 3a0HBaTH TpPU PacCMOTPEHHH
¢$usmIeCKNX 3a7aY, B KOTOPHX ¢uIypH-
pyer BemuumHa ¥’ (Z).

VMeHHO TOT CMBICJI, KOTODHIH mMeer
BTOpasl mpom3BofHas (yCKODeHme) B Ha-
IIeM OCHOBHOM DPHMEpe IyTh—BpeMsd, Je-
Jaet LOHATHE BTOPOU Ipou3BogHOI 0CO-
0eHHO BajKHBIM JJIA QUBHKH: BeIb B CUIY
BTOPOTOo 3aKoHa HbpIOTOHA MMEHHO yCKO-
peHme SBAfeTCA TIaBHOH XapaKTePHCTH-
roli mem:xenns. Ilogpo6Hee Mur erme ocra-
HOBUMCA Ha 3ToM B Ta. 9.

O6paTuMCA TenePb CHOBA K PacCMOT-
peHHBEIM BHIe upmMepaMm. Ecam y (z)=
=32 — 2* —x,10y (z)=92% — 22 —1,
¥, 3HAYAT,

y' (@)=’ (z)) =18z — 2.

Ilpan =z ~ —0,24 mmeem y’' =0, a y' =~
~ —6,3 < 0 — m, meCTBUTEJIbHO, TOTKA
z ~ —0,24, y =~ 0,14, ecTb TOYKA M a K-
cumyMa. Ipuz ~ 0,46 umeem: y’ =0,
a ¥y ~63>0, r. e. upn z =~ 0,46,
y ~ —0,38 QyHKIIHIA UMEET M U HH M ¥ M.

AHaZormIHo, eclu Y =2° — &, T0 i =
=32* — 1 u y' =6z. Iosromy upm z=
=—1/y3 &~ —0,577 »rOpas mupom3BOA-
dag Yy’ orpmuateJbHEa, a IpH x—_——f—'I/\/B
OHa IMONO/KMTENBHA: B INEPBOM TOUKE
QyHKIMA Y HWMeeT MAaKCHMYM, a
BO BTOPO — Mu BEH My M. (Buopodew,
37leCh TOT PE3yNbTAT MOKHO IPeXBUAETH
¥ TeoMeTPHYECKH: Tak Kak mpum x=—I1
u opm z=0 O¢yarmma y=2°8 —z=
=—(x — 2°) o06palgaeTcsA B HYIb, a B IIPO-
Me;KyTOYHHX TOYKAX OHA HOJOKHTETBHA,
To Opu z ~~ —0,577 MB MOXeM uMEThb
TONBKO M AaKCHMMYM, HO HHKak He
mouumyMm.) TodHo Tak ke m B mpEMepe
¢ TeLToeMKoCcThlo anmasa (cMm. § 6) Bro-
pas  upomspomuas ¢ (T) ~ —0,003
Beerja OTpMuaTenpHa, 4ro obecieunio GH
magcuMyM ¢ (7)), ecau Obl Hamu QOPMYJbl
6rim mpaMeruMbl B Touke 1y, rie ¢’ (Ty)=0
{peanbHO TEILTOSMKOCTB a1Ma3a, KaK | JIpy-
fUX TBEPHHX Tej, Bce BPeMs pacTer ¢ po-
ctom T, cTpeMfch LDPH BHCOKOI TeMmepa-
Type K mocTosiHHo#l Beamgmme). Mrax,

1) eciau npu oupejeleHHOM 3HAYCHHN L
¢yuknusa y (x) Taxosa, ITO

y (=0, y' (2)<0,

HMeeT DPasMEPHOCTH e /(e,)?, Kak 910
d2

BTy

(2.7.2a)

TO B 3TOH ToYKe PyHKIEA HMeeT M a K-
CUMY M;

2) ecniuw UpM HEKOTOPOM Z QYHKOUA
VIOBIETBOPAET YCIOBHAM

y' (2)=0, y"()>0,

TO B 3T0il TOYKe QyHRIUA MMeeT M H H H-
My M. (PexoMennyem temeps BepHYTHCSH
K TUpuBeNeHHHM B KoHme § 6 ymparkze-
HUAM ¥ IPUMEHHTH K HUM «KPHUTepHH BTO-
poii mpoum3BORHOIY, MO3BOJAIOIIAN OTJIH-
9UTh MAKCUMYM OT MEHHHMYMAa.)

Msr Bupenu, 9ro 3HaK UPOH3BOJHOMI
y=f () mMeer mpocToil reomMerpuUecKHi

5

(2.7.26)

CMBICJI: MOJOHATEJJIBbHOCTH IPO-
U3BOJHON 03HAYAET, YTO Hama QyHKIUA
fBIfeTcA Bo3pacTalImeil, T. e.
910 rpaduK ee mIeT BBepX, €CIH CIelo-
BaTh 0 HeMY B HAUpaBjeHHu cjesa Ha-
upaso; wpr ¥ (z) < 0 ¢yuruua y 6 si-
BaeT, T. €. TrpajmK ee uAeT BHUS.
3uak Bropoit upomssouHOi y'’ (z) Takke
uMeeT J0CTATOYHO DPO3PadHHIA reoMeTpH-
geckmii cmuica. Daxr nmodoKETENBHOCTH
propoit mpomssogHoit ¥y’ (z) >0 osma-
9aeT, 9T0 meppas mpomssomHas y' (x) pa-
cTeT, NPYTHEMH CIOBAMH, PacTeT Yroix o
(rme tg a=Fk=y’ (x)), obpasyemmrii kaca-
TeabHO# K Trpag¢mKy OQYHKUHE C O0ChHIO
abcguce. Ho B TakoMm caydae npm pasuske-
HUHU CJeBa Haupaso o rpadury yHKOEE
KacaTelbHAS K IpaduKy MOBOPAIMBAETCH
B HANpaBjJeHMH, 00pPaTHOM HAaLPABICHHIO
BpallieHUA 9acoBOI cTpenku (cM. TOIKy A4
ma puc. 1). A sro, oueBmpuHO, 03HadYaeT,
970 Halla KPUBasg PACIOJOMKEHA 6HNYK-
aocmouio enus (cp. § 1.4); uHOorma eme
B 9TOM cCJydYae TCOBOPAT, 9T0 KpHBasg
goeHyma 6sepx. AHANOTHIHO HEPABEHCTBO
y" () << 0 osHagaer, 9TO NepBad OPOm3-
sogHaA ¥ (z) dyuxiumm y =f (x) yOnisaer,
a 3HAYHT, yOsIBaeT m yroyx o. TarkmMm o06-
pasoM, B Towmax, rme y'' (z) < 0, waca-
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TeabHad K Ipa¢ury QYyHKUMM 0pH ABH-
’eHHH (CIeBa HALPABO) 110 KPHWBOil Bpa-
maeTcA B HaIPaBJeHWH BPAIIEHUH dYacO-
BOH CTPeJNKH, T. €. KpHBafA eunykaa, o0-
pPaleHa GHRYKA0CMYI0 66¢px (CM. TOUKRY C
Ha puc. 1). Touru, B Koropux y'’ (z) =0,
BooOIge TOBOPH, MOKHO OXapaKTepmu3o-
BaTh KaK TOYKM M3MEHEHHSA 3HaKa BTOPOM
TMPOU3BOAHOM, T. €. H3MEHEHHA HAIIPaBIe-
HEA BEITYKJOCTH KPUBOH 1; B 9THMX TOYKAX

4 y=71z/,

y=Flzy)

Pue. 2.7.2 /

i
i
|
i
{
]
i
7 Z, &z

KacaTelbHaA K rpadury QyHKIWu § nepe-
XOIMT C ONHOH CTOPOHH rpadura HA
IPYTYIO CTOPOHY, T. €. 3[lech KacaTenbHad
nepecexaerm rtpaduk. JlomoOurie T09Em,
B KOTOPHIX KacaTeibHas K KpHBOil mepe-
CeKaeT caMy KpuByio (cM. TOUKy b5 mHa

1 Pejikue MCRIOUEHTT TUIA HAYAJA KOOPAU-
HAT JJIA KpuBoil y=1z* (cu. puc. 1.3.1, 6; 3pecn
y'=4x%, y"=4-322=1222 rag wro y’’=0 npm
z=0, a MeKOy TeM NUHHAA B ITOH TOYKE HATIPAB-
JIeHUA BHIIYKJIOCTU HE MEHAET) OTHOCATCHA MCKIIO-
YHTEIbHO K TOYKAM, B KOTOPHX OJHOBPEMEHHO
00 palalorcsi B HYJIb U BTOPasi, I TPEThs IIPOA3BOI-~
BHe QYHRIMU (niu BTOPAsA IPOM3BOAHASA HMeeT
manoM ambo paspsB). (Tperbs mpoussogmas —
9TO0 IOpOU3BOZHAA OT BTOPod HPOM3BOAHOM;

d%y
OHA B8alUCHIBaeTcd KaK y”, WU Jr3s U uMeer

Pa3MEPHOCTD e,/(e5)3, THE e; W ep — eOUHHIH
u3Mepenusa Beaguuy y u x. Hioxe mam eme npep-
CTOHT BCTPETHTHCA C TPeTheil W IIocJefyoUImMR
UPOE3BOAHEME (YHKIHH,)

puc. 1), OpUBEATO HA3EIBATL MOYKEAMU Fié-
peauba ®.

B "acrHocTm, Korma rpadmr QyHRIUIA
y =f (z) mepecekaeT ropm3oHTANBHAA Ka-~
caTeJIbHAs, UPOBEleHHAA B TOUKe X =T,
(pme. 2), ToURa Z, He ABIAETCA HA MaKCH-
MyMoM, HI MUHEMYMOM QYHKIUH, 3 MEIRIY
TEeM [IPOM3BOJHASA B HEH paBHA HY.JIIO (Ka-
caTensHas TropusoHTanpHal). Takmm o06-
pPasoM, MB BAIHM, 9TO CIydam, KOIrfla pa-
BeHCTBO (1) «paboTaeT BX0JOCTYIO» — HE
YRa3hBaeT HM MaKCMMyMa, HE MHHHMYMa
¢yHEOUM, CBA3aHEL C TeM, 9YTO B pac-
CMaTPUBAaeMOH TOUKe BHIDOJIHEHO HE TOJNh-~
ko ycaosme (1), Ho m ycIoBHe

¥ (25)=0,

xapaKrepusyloiiee TouKky meperuba. (Cp.,
BIPOTEM, CO CKABaHHBIM B CHOCKe 1 0 Touke
z=0 ¢yEKOHE y =2, B Koropoii BHIDOI-
Haworesa oba yeaosua (1) m (3), a Pyux-
musA TeM He MeHee U M e e T MHHEMYyM.)

Huxe (cMm. § 7.3) Mu eme seTpeTnMcs
CHOBAa ¢ IIOHATHEM BHIOYKI0H QyHEmuUn.

(2.7.3)

Yn pascnenusn

2.7.1. Hajiaure BTODHS NPOHBBOANLIE (YHK-
nuit y =z% y=2a y=2a% y—=az®+ bz +ec.

2.7.2. Haiigare yckopenme MBHMKeUHS TOUKIu
mo npAMoOH, 3amaBaeMoro ClIeZYIONMEH  3asucH-—
MOCTBI0O IyTH OT BpeMenm: z=af’+bt+c. Yrc.
MOMHO CcKazarb 00 9TOM YCKOpeHum?

2.7.3. Yra)kuTe y4acTKi BHIIYKIOCTH N BO--
rryTocTn rpaduxa ¢ynruum: a) y=z°%; 6) y=

1
=2z%+4 px? - gz +r; B) y=z—}—-5-.

Z 3amerpTe, B Toure mepermfa KacaTelbHAS
TepecexaeT KPUBYI «IIABHOM, C «COTMPHKOCHOBE-
HNEM», & He «IPy6o», Kak, CKaykeM, och y Tepe--
cexkaer mapabouy y=az2,




I'nasa 3
YTO TAKOE NHTETPAI/I

§ 1. OunpegeneHne NyTH 0O CKOPOCTH JBH-
SKeHHA W oHpefeieHHe MIOLIAJIH,
orpasmYeHHOii KPHBOii

3amaga 06 oIpemeseHNn MTHOBEHHON CKRO-
poctu aBmiKeHuHA v (f) oo 3afaHHO# 3aBH-
cuMocTH z==2 (f) TWOMOMKEeHHS Z Teja OT
BpeMeHHU { IPUBeIa HaC K NOHATHI mIpom3-
BOTHOI:
dz

v (t) == d—t .
O6paTtHas 3ajada 3aRai049aeTcs B oIpenie-
JeHuu ToNOKeHuA 2z =z (¢) Tema (T. e.
IyTy, NPOAIeEHOro TeJoM 33 JaHHEIA OT-
Pe3oK ¢ BpPEMeHM), ecIu MIHOBeHHasd
CKOpPoCTh ¥ (f) 3afaHA Kak QyHKOgus Bpe-
MeHH. JTa 3afava IPHBOAAT KO BTOPOMY
BaKHelIneMy DOHATHIO BHCHIEH MareMa-
THKM — XNOHATHIO HHTErpaja.

YenosuMea o6 o0o3HavueHHMAX, KOTO-
pee 6yayr mam ynoOmn.. Mo GymeM pac-
cMaTpuBaTh OyTh, OPONJIEeHHEI 33 BpeMA
OT MOMEHTAa f, {0 MoMeHTa f,. UToOH He
mucaTh nHAEKCOoB, 0603HaIAM HATAIO0 pac-
CMATPHBAEMOTO0 IPOMEKYTKA BPeMeHH
OyKBOi#i @, KoHEI dTOT'0 HPOMEKYTKa —
Gykpoii b; TakmMm o0pasoM, y Hac f; =a,
t, =b. Ipoiinennnii (3a speMs OT a Jo b)
myTh o6osHaumm gepes z (a, b). 3amom-
HOM, 9T0 3ammch z (a, b), rie B cKoOKax
nof 3HaKoM (QYHKOHH Z CTOAT [Be BeJaH-
YpHK a B b, o0o03HavaeT NAMHY NOYyTH,
IPOHAEHHOTO MeKIy MOMeHTaMH {=a Hu
t=b, Torma xrark ¢yuxgua z (), rme
B CKOOKAax yKa3aHO OJHO ImCaO I, 3ajaer
noJioxenne (KoopiawHATY) TeJa B 3ajlaH-
HHi MOMeHT BpeMern £. OdeBUaHO, MEHILY
penuamBEaMa z (@, b) m z (f) cymecrByer
mpocTas CBA3b:

z(a, b)=z(b) —z(a),
1. e. z(b)=2z(a)+z(a, b)

(MBI 3mech cumTaeM, ITo b > a), — HyTh
z (a, b), mpoiileHHKIt 3a BpeMd oT a Jo b,
pasen pasHoctu z (b) — z (@) KoopauHAaT
Teaa B Ha4aje W B KOHTle paccMaTpuBae-
MOTO WHTepBada BPeMeHwu 1.

(3.1.1)

1 Jlast MpPOCTOTHL ME B 9THX HAIJIAJZHEIX Dac-
CMOTPEHNAX OTPAHMIUBAEMCH CIYIAeM IBIHEHH
Tella B OJHOM HATPAaBACHHU (XOTSA, BO3MOMHO,
¢ HepeMeHHOH CKOPOCTHIO).

O6paTuMcs Teneps K BHYAHCICHHIO BeIH-
auHH 2 (a, b). B mpocrefimem caygae,
KOT[la CKOPOCTH ¥ TOCTOSHHA:

v (t) = const == vy, (3.1.2)

OpoiileHHE TYTh paBeH IPOCTO IIPOM3-
BeJleHN IO BPeMeHH JBH;KeHHA Ha CKOPOCTh:

z(a, b)=(b— a)v,. (3.1.3)

Bocnmonsayemcest rpadEKOM 3aBHCHMOCTH
CKOPOCTH OT BpeMeHH, UPHM IOCTOSHHON
CKOpOCTH IpefcTaBaaommM coboil ropm-
soHTanbEYyI npamyiwo (pme. 1). IHpoiinen-
HHJ OyTh, OYEBHIHO, PaBeH 3alITPHXO-
BAHHON INIOIMAM, TOCKOJbKY IUIOMAIb

v
12 7 //
7 Z s ¢

Pnec. 3.1.1

OPAMOYTONbHMKA DPAaBHA IPOU3BEJCHHIO
ocuoBaHus (b — a) Ha BHCOTY (V). A Kak
OHTH B 00meM ciydae, KOIrfa CKOPOCTH
IBH/KeHEsS He TOCTOAHHA?

PaccmorpnM moppo0HO OfMH dHCHEH-
mHit npuMep. IlycTs ckopocTs mBMIMHeHHEA
sagaHa Qopmynoin 2 v=t®. Halizem nyTs
3a BpeMd oT [=a=1 mo t=b=2,

Pazo6beM Bech IPOMEKYTOR BpEeMeHH
0T a 10 b Ha pmecATh Yacreit M COCTABHM
Tabanuy CKopocTei:

t | 1,0 |1,1 |1,2 1,3 !1,4 1,5

2,25

v | 1,0 \ 1,2 | 1,44 | 1,69 ’ 1,96

¢ '1,6 1,7 | 1,8 |19 | 20

289 | 324 | 361 | 4,0

v | 2,56

B deM TpyZHOCTH BHYMCICHHA OYTH
opum cKopoctm v (f), 3aflaHHOI M3BECTHOI
gam ¢Qopmyaoir? Odesmano, Bce [eno
B TOM, 970 CKOPOCTH IlepeMeHHa (IIA IIO-

2 Eciiu CKOPOOTs ¥ BRIpajKeHa B CM, (,a BpeMs
t —B c, 10, 9robu coGmonaiucsy TpeGoBamma
pasMepHOCTH, HamO0 IHCaTh v=Fkt?, rme wKoad-
duument k wMmeer pasmepHOCTH cM/c®. 3peck
MH camTaem, 410 k=1 cm/c3.
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CTOAHHOU CKOPOCTH 3a/1a9a 9JieMeHTapHA).
B paccmarpmBaeMoM ciydae CKOPOCTH
B IPOMEKYTKe BpemeHHm oT t=1 mo =2
MeHnsierca B 4 pasa. OmHako mocie TOTO
KaK 9TOT TIpoMe;kyToK paszbutr na 10 da-
cTell, B KajKIOM MAaJeHBKOM IIPOME’KyTKe
maurensHocThi0 B 0,1 ¢ cKOpoCTH MeHA-
eTcs Tropasgo MeHee Pe3Ko — Bcero Ha
10—20%. CnenmopaTenbHO, B KasKIoM Ta-
KOM IIPOMEe;KyTKe BPeMeHHM CKOPOCTH LpPH-
ONM)KeHHO MOJKHO CIMTATh IOCTOABHOM,
970 [03BOJIAET PacCIMTATh HPOXONUMHIN
33 9TOT MaJH{d NPOMEKYTOK BpPeMeHH
oyrb mo OpocToit ¢opMymne: CKODOCTb,

S A

/

WO .

Puc. 3.1.2

yMHO)KeHHas Ha BpeMsa. B pmaapreiimem
MaJrsle TpoMe;KYyTKM BpeMeHu, Ha KOTOPhIe
MpI pazbuBaeM 60gbIIOI OIPOMEKYTOR BPe-
MeHHT oT {=a g0 f=>b, OymeMm oGo3HadaTh
cuMBOIOM Af («IpHEpalieHHe BPEMEHU»);
IJA KasRI0C0 TAKOTo IPOMEsRyTKa Bpe-
Menu At Mbl OyHeM CUMTaTh IIyTh IIPOCTO
OPONOPIMOHAABLHEM  JJiuTexbnoctn  Af
IpOMERyTKa, ToJarasg CKOPOCTh Ha BCEM
er0 TPOTAMEHUN OMUHAKOBOI.

st seIncaeHUA TYTH B KasKAOM Ipo-
Me:xyTRe Af, cocrasnsiomem 0,1 ¢, me-
noJb3yeM CKOPOCTh B HAa T a e 3Toro
opomeskyTKa: 1 cm/c 8 Az or 1 no 1,1 ¢;
1,21 cm/c B At or 1,1 mo 1,2 ¢ mw 1. A
HakoHern, 9,61 cM/c B mociaemHeM Af OT
1,9 mo 2,0 ¢c. Hoanwnit yrs, npoiineBHEIH
3a BpeMsa oT t =1 go {=2, npu 3TOM CIO-
cobe moficTeTa ORaMKeTCs PaBHBIM

z(1, 2)~20,1 0,121 10,144+ ...
... -10,361:=2,185 cu. (3.1.4)

QueBupHO, 9TO TPHU TAKOM Pacydere MbI
npuyMerbWuAl TPOUJeHHHH NYTh! CKO-
pOCTh B IAHHOM IpuUMepe ¢ TeYeHHEeM Bpe-
MeHH pacTeT, TOSTOMY HadalAbHAfd CKO-
pocTh A KaskIOTo IPOMEKyTKA MeHbIUe
cpeueil CKOPOCTH B 3TOM HPOMEMKYTKE.

Haskmoe #3 mecaTtn craraeMmEX, Ha KOTO-
Phie pasbuT Bech UyTh, HeCKOJLKO 3aHU-
AeHO; CJelOBATEJIbHO, 3aHMJHEH M BeCh
pesyabTar.

Teneprs wmopcumrTaeMm myTh Ho-APYTroMy,
a HMeHHO B KaJsKIOM IIPOMEKYTKe Al
OymeM  6paTh 3HadeHUE  CKopoCTH
B KOHIe TpoMeskyTka. usa mepsoro
At or 1 mo 1,1 ¢ ara cxopocTh paBHa
1,21 cM/c, mas moemegmero At or 1,9
T0 2 ¢ CKOpoCTh paBHa 4 cM/c m T. .
Tak MH DonyIuMm cCIefyomyld OHeHKY
BCeT0 UPOHIEHHOTO UYTH:

z(1, 2)~ 0,121 40,1441 ...
cv . -0,400=2485 cu.

Takoil pacder, ogeBugHO, MaeT Npeysesu-
uennoe sHadenue z (1, 2). 3HaguT, HCTHH-
HOe 3HAYeHHE JIeIKUT B LIpefleliax MerKay
2,185 n 2,485 cm. Pasyuune mempy 2,185
u 2,485 cocrasisier oxomo 15%. Oxpyr-
AA TPAHUNB LI Z, TOJYTaeM

2,18 < z(1,2) < 2,49.

(3.1.5)

ITpopenanumii pacder MOMKHO TOSIC-
HuTh rpagdudeckn. lloctpoum rpadmk
(pmec. 2), Ha RoTopoM W0 ocm abcmmec
OTJIOEHO BPeMf, & 10 OCH OPAMHAT —
ckopocTh. (1A rToro uwrobm crynenbkm
OnM XoPoOIIO BUAHE, Ha pmc. 2 pac-
CMaTPHBaeMbiil IPOMeKYTOK BPpeMeHn pas-
Out Ha TmATH "Yacreil, a He Ha JecATh, Kak
B Texcre.) Hampmoe ciaraemoe B mepsoi
cymMe (4) mpenmcrasaser coboil mromajgh
Y3KOTO OPAMOYTIoabHAKA, OCHOBAHNEM KO-
TOPOTO ABJIACTCA COOTBETCTBYyIONIMiI WH-
TepBan Af, a BBICOTOH — CKOPOCTH B Ha-
4ajle BTOTO HMHTEPBAJA; CyMMa jKe BCeX
caaraeMplXx OpefcrasiAeT cofoil (3amTpm-
XOBaBHYI Ha DHC. 2, a) II0maib HOJ,
noMaHoil (cryueHwaroii) aumumeil. Bropas
cymMMa (5), B KOTOPOIl JAIXA KasKIOTO WH-
TepBala Al BPeMeHH CKODPOCTh mojara-
Jach TaKoil, KaK B KOHIlE 3TOI0 WHTep-
Bpama, paBHa MIOmany, 3alITPHXOBAHHOI
Ha puc. 2, 6.

A Kak MOJKHO ToWHee DOACIATATH NYTh,
mpoiifeHHBIH 3a JaHHoe BpeMsA (B HalleM
npumepe 3a spems oT { =a =1 ¢ mo { =b =
=2¢)? flcHo, 9T0 pasauIne MEMIY «HEIMK-
Heil» w«BepxHell» omeHKaMu nyTn (B Ha-
meMm ciuydae mMe:kny 2,18 u 2,49) sasucuz
0T OBICTPOTH M3MEHEHUA CKOPOCTA B KajK-
ooM u3 Manwx wHTepBamsos Af. Ilosromy
onass Toro 4WroOBl BTO pasiuYme CTaxc
MeHbIle, HAJI0 TPOCTO n03a60TUTHCH O TOM,
9T06B CKOPOCTH B IpefiesiaX PaccMarTpm-
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BaeMHX WHTePBAJ0B MeHbOIE MeHANACH;
HO TaK KaK CKOPOCTH OT HAC He 3aBHCHT,
TO HaM 0CTaeTCfA TOMBKO YMEeHLINATH CaMm|
9TH WHTePBagh. BupodeM, 3ToT IyThH Hac
IOJHOCTHIO YCTPAHMBAET, MOCKOJBRY Tpe-
OyeMHil pesynbTaT OH 06ecmeTmBaeT: ecan
CIeJaaTh BCe MHTEPBAJH MeHbIIe (a obiee
HX KOIHIeCTBO — COOTBETCTBEHHO O00Jb-
Ime), To WOJIy9eHHLIE T0 OUMEAHHOMY BHIITE
cmocofy nme omenkm aaA uytd z (a, b)
cOausarcsa Memny coboil.

Tax, manpumep, ecau pasbutb TOT JKE
maTepsad oT 1 mo 2 ¢ me #a 10, a Ha

oy 2

Ve

e il ki s i

~.]

CTAMM; CJIeJ0BaTeJIbHO, IPH yMEHbLIICHHIR
At yMeHBIIAeTCs OTHOCHTEILHAf OIMMOKa
B KakmoM cxaraeMoM. VimMemno moTomy,
9T0 pedb 37ech HUAET 00 OMHOCUMEAbHOT
omnlKe, MBI MOKEeM OHTH yBEPeHH, 4TO
XO0TA 4HCJO CJAaTaeMuIX (T. e. KOIHIECTBO-
omuBoK) y HaC YBEANYHBACTCH, BCE PABHO.
TOYHOCTL OTeHKM o0meii cyMMBl DyTel,
T. . TOYHOCThH ONPHKH Beamumnun z (1,2),
HaBepHAKA pacrert.

Huas wnmocTpanmu sToro ma pume. 3
n300pasKeHBl  LIOCTPOEHMS, CBA3aHHE
¢ omeHkKoit myrnm 2z (1, 2) no 3amanmoii

174 vy O

S

Pue. 3.1.3

7

Y

20 opoMmexyTKOB AamTeasHoCcTEIO 110 0,05 ¢
Kamblil, T0 pacuer, aHAJOTHYHHH IpoBe-
JeHHOMY BHIIIE, AaeT IPH YCJIOBHH ydeTa
B KayKIoOM TpoOMesKyTKe Af HadvaJgb-
H B X CKopocTeil

z (1, 2)~0,06+0,05-1,1025 ...
...}0,05 - 3,8025 =2,25875. (3.1.4a)
Ecim e Mpl 3aMeHMM HadajJbHEE CKO-
POCTM KOHe 9HB MU, TO HOIYYHM
z2(1,2)~=0,05.1,102540,05- 1,21 . ..
... 40,05 - 4=2,40875, (3.1.52)
Pasawume mexxmy 2,25875 m 2,40875
COCTABJIAET Y3Ke BCEro JHIb 0Kojo 7%.

Ilpeneas:, B koTOpRX BakamoueHo z (1, 2),
cysmanch. OKPYTIeHHO:

2,25<z(1, 2)< 2,41.

Ilpm yMmeHbImIeHEHHE A! pe3yabTaT Ipu-
ONmIKaeTC A K UCMUHHOMY 3HAYCHUI0 MyTH,
KoTOopoe OyJeT BHYMCAEHO B JAJbHeHIeM
7 OKajKeTCs pPaBHBIM
z2(1, 2)=2Y,~ 2,333,

Benp uem MenrIme Af, TeM Memnbille W pas-
Ju4ue B KajKIOM MalloM IPOMEKyTKe Al
MeKJy HaYaabHON W KOHEWHOH CKODO-

7 2z Y 7/ z Z

cropoct v=(* npm Af=0,5; 0,2 m 0,1.
leomerpugeckn oweBuMano, 9ro Dpm yBe-
JHYeHUN YHCIa DPOMERYTROB Al M yMeHBb-
MeHNM JAMHE  KajkJOT0 DPOMEKyTKa
YMeHBINAJOTCs PasMePsl KasRIoN CTYReHb-
KM Ha puc. J, MOITOMY CTYNCHYATAS Jm-
HHUA CTAHOBUTCA Bee OJnike K KPHBOH v (1),
Cymmupyda BCE Hamu pacCMOTpPenvis,
MBl HPUXOAMM K BHIBOAY, YTO OPH IIPOM3-
BOJIbHOII 3aBHCHMOCTH ¥ =V ({) MTHOBeH-
HOH CKOpDOCTH ¥ OT BPeMeHH ! IIyTh,
OPOiifleHHET 32 BPeMA.OT [=a [0 ¢=b,
paBeH nuaowadu GUIypH, orpaEHYeHHOI
quHmell v=v (f), BepTURAASAMU [=q u
t=b u ocsrwo abenuee (och ¢; puc. 4).
OTOT BHIBOJI €T CII0CO0 IPAKTHYECKOTO
BHIYACJIeHNA OYTH: MOKHO IOCTPOUTH Tpa-
UK Ha MUJIIEMETPOBKE H OIPeIelUThH
BAIITPUXOBAHHYI LIomaas Jambo mop-
cUeToOM KJeTouek, ambo, Haupumep, BEI-
pesap 5Ty NJomagb u3 KaproHa uam Oy-
Mard, B3BECHB BHPEe3aHHLIM JUCTOYEK X
CPaBHUB eT0 MacCy ¢ MacCOUW BHIPE3aHHOTO
W3 TOTO ;Ke MaTepmaja NPAMoYTOJbHHKA
WIn Kpagpara M3BeCTHOW TaoINamm °.

3 Pasymeercst, UpH HaTnguy (MEKPO)K OM-
TOBIOTEPA METOJ, CBASANNMI ¢ PaCCMOTPEH mer
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Tlogo6GEKEe MeToxE YMECTHH! M BIOJHE OIIPAB-
JaHH, €Clm CKOPOCTh H3BECTHA HE TOUHO, T. €.
3a7ara He Qopmyioii, a rabnuuei uau rpaguroM,
[OJYYEHHRME YKCIEPIMEHTAJIbHEEIM HyTemM, MH
HE OCTAHOBHMCH HA 3THX UPUOIIFKEHHKEIX CIIOCO-
6ax: mname BumManme OyIer cocpefoOTOYEHO
HA TOM, KAaK BHPa3uTh NpPOHJCHHHIH IyTh
bopMymToOii, KOIJa W 3aBUCHMOCTB CKO-

T

Pue. 3.1.4 7

g7z

pocTm oT BpeMeidn TakKe 3afjana G o pM y I 0 .
YrkajKeM eme, 9T0 B OT/GIBHBEIX CJIy4aAX, Ha-
opumMep KOTKAa CKOPOCTh Ha uHTepBage oTf 0

10 1 ¢ Berpasaercd GopMyIoi v (£) = — g aupu

npuGiamKeHun K 3HaTeHnoo (=1 ¢ neorpaum-
YEHHO pacTeT, IYTh MOMET BOBCE HE CYMECTBO-
BaTh (CTAHOBUTLCA GECKOHEUHEIM); TAKHE CIydau
TagKe Toka OyAyT ocTaBienil (€3 BHEMaEHs
(cp., BupoueM, § 5.2).

Mosxuo ykasars u Gosee Tounsii (o cpaBue-
HHIO C ONMCAHHEIM BBIIE) YICHEHHBIH MeTOX
onmpejleleHHsA NYTH IO CKOPOCTH. ¥ CJIOBHMCA
B Ka/KIOM IIPOMEKYTKE At BDPEMEHU CYHTaTh
CKOPOCTh NOCTOAHHOH M PaBHOU cpedunemy apud-
memuueckomy (T, €, IOAYCyMMe) HATAIBHOU M KO-
HEeYHOil cropocTeii B sToM mpoMmerxyTke, ITpu ta-
KOM cmocobe Ipu pazbuenuu Ha AECATH IPOME-
HMYTKOB CKOPOCTB B TIEPBOM IIpoMesxyTre oT 1

11,21
10 1,1 ¢ mpuAEMaeres paBHOM —g = 1,105

cm/c (cu. Tabuammy B Hagame atoro maparpada)
¥ OYTh 34 9TOT NPOMEKYTOK BpeMEHH CIHTaeTCs
paBubiM 0,1105 cM; TyTh 3a BTOpoll TPOMEKYTOK

121 41,44

noacuursHiaercd kax 0,1 5 =0,1325 cMm

7 7. . CrIagpBas BCe OTYYCHHEIE TAKAM CIIOCO-
6oM myru, HaifiieM OyTb, TpoOMEHHH 3a Bce
BpeMs oT a=1 ¢ 7o b==2 ¢; B mameM Ciydae oH
6ymer paBeH

z (1,2)=0,11054-0,1325--. . .=2,335 cm.

Ilpn paszfuenunm na 20 TPOMESKYTKOB TOJYYAM
TAKUM JKe CI0co00M, CYHTASL CPEHION CKOPOCTDb
paBHOH TOJAycymMe CKoOpocTeil (B Hadajge m
B koune), z (1, 2)=2,33375 cm.

Tabaunpl 3uaveHMil QYHKONE H CcOCTaBIeHHEM
cymm tmoa (4), (5) (umm (4a), (5a)), ynoGmee

1TOYHee NPHMHETHBHOTO B3BEIIMBAHMA (HIYPHL,
BHIPe3annoil 3 OGymMarm miam W3 Kaprona.

OTu 3naveHds ropasgo OmmKe K HCTUHHON Be-
npamme 2 33333, 9eM BHYHCJIEHHHE IO HAYAJb-
HOMY MJIU KOHEYHOMY 3HAYEHUIO CKOPOCTH HpH
TOM K€ 9HCJE IIPOMEMKYTKOB: IPH [AECATH LPO-
MeKYTKax MH Toxysaem omubky B 0,07%
Bmecto 15% pamee, a mpu 20 mpoMeskyTkax —
omubry B 0,02% BMecTo 7%.

Hoswil cmoco0 HAXOMICHHS TYTH MOMKHO
TaKKe HariggHo WOAcHUTh Ha rpadumre. ITpoms-
BEJeHAE TOJYCYMMEH CKOpOCTed B Hadalxe o
B KOHIE TIPOMEKYTKA HA BEJMIHHY IIPOMEKYTKA
BpeMeHU ecTh miIoma/lp Tpanenuu 4 BCD (puc. 5):
ee ocumoBanust — AB u DC, a Bricora — AD;
WIOMAb TPaNeun paBHA

AB DC v(t v (s

= AD = vt Tvlely 4
TloaroMy oOmpegeleHne LOyTH [0 TOIYCYMMaM
CKOpocTeli Ha3blBaeTcA memodom mpaneyul.
Ilpu Tom Bupje, KOTOPHITI mMeeT KpuBas v (1)
HA puC. 5, MIOMalb TPANemUIu HECKOIbKO GobIe
mIomazu, OrpaHmYeHHod upaMeiMu BA, AD,
DC un pyroii BC xpuBoii v=v (). Pasnocrs
aIOmAAN TPAaNenuid W IWIOMAZH, OTPAHKYCHHON
Jyroil KpuBoii, PaBHa INIOMAAN IYHOYKH (3a-
IITPUXOBAHA HA pHC. O), OTPAHMYEHHOH XOp-
moit BC m pyroii BC xpuBoit. Cymma 1uioimameit
BCEX TAKUX JYHOYEK M JlaeT omudry — pasHoCThb
MELYy HCTHHHHMM 3HA9eHUEM IOYTH W BHUNCJIEH-
HHM o Metofry Tpamnemuil. CpaBmenme ¢ puc. 2
H 3 HATIAMHO NMOKA3KIBAET, 4TO MPH MCIOIB30-
BaHUI MeToJa Tpamernuii omubka, Boobmie roBops,
Gymer Memblne, 4eM Hpu pacdeTe mo QopmyraM
Tuma (4), () (D0 «METORy CTYTIeHeK», Wi, Kak
vamie TOBOPAT MaTeMaTHRW, no memody npamo-

Y20AbHUKOG).

Pasymeercss, IPu COMOCTABIEHAH IIyTH
H IJIOINaf|, CBA3aHHOH ¢ rpaduKoM 3aBu-

14

Pue. 3.1.5

7

CUMOCTH v =0 (t), He0GXOAEMO YIHTHBATH
macmTab, B KOTOPOM CocTaBjieH rpadui
(Cp. €O CKa3aHHHM ‘L0 3TOMY INIOBOXY
8 § 1.7). llyers Ha rpaguke oTpesox
B 1 cM mo ocm abemmec cooTBeTcTBYeT
OPOMEKYTKY BpeMeHm B I' ¢, a 0Tpe3ok
B 1 CM I0 ocu OpEMHAT COOTBETCTBYET
cropoctn V cm/c. Torma mpm nBusKeHumm
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¢ TOCTOAHHOH CKOPOCTBIO ¥, B TedeHHe
ppeMen:m oT t=a H#o t=b myrs Oymer
paBer 7, (b — a), a nIomangh 3alITPUXO-
paHEHoro Ha puc. 1 npAMoyroasHEKa
paBHa (B ¢M?)

TakuMm o6pasoM, smech z (a, b)=SVT.

JT0 CoOTHOINeHHWe MeKAY HPOIeHHBIM
oyTeM M OTBEYAONER eMy DJI0INAaJbIO,
OTpaHMUEHHON KpuBOil v=v ({), ochbio abe-
nucc W BepTHKAAAMHA [ =a U f=b, ode-
BUAHO, COXPAHAET CHJAY W B CAYSae I e-
PeMeHHO® CKODPOCTH ¥, T. €. 1IpOU3-
BOJIbHO# 3aBucmMocTH v = (t).

§ 2. OmnpeperenAnii HATErpal

B mpesbiiymem naparpade MB PaccMoT-
pesu aBe 3aaul — 3a/avy oupefeneHud
npoiileHHOTO NYTH W, KaK OKa3anoch,
paBHOCHNBHYIO el 3agady onpejeneHud
IJIOMANN Toj KpHBOH; OHH UIpuBeIH
K PAaccMOTPeHmIO CcyMM ocoboro Buaa
¢ GojpUImM YHCIAOM MANBIX CJAraeMbiX.
Crporasi MOCTaHOBKA 3THX 3aja¥ HPUBO-
ouT R IOHATHIO MHTerpasia.

Benmunua z =z (a, b) nyTu, HalifleHHas
mo sajaHHoil cKopoctu v (1), HABLIEAETCH
ompejeleHHBIM MHTErpaixoM  (QyHKIWH
v (t) (ckopoctm) mo TepeMmeHHOH ¢ (Bpe-
MeHH), B3SATHM B Ipefiejiax oT & [0 b
(uHOTHA TOBOPAT TAK)KE (MHTeIPAX OT
dyaxmmn v (1)»).

Napuym MaTeMaTudeCKoe oUpefeneHne
HHTErpaja, COOTBETCTBYIOMee TeM HIAEIM,
KOTOpHE OBUIIM IPOMJLTIOCTPUPOBAHEL THC-
JeHHHM OPAMEPOM DNpefHymero Hapa-
rpada. dto oupeneseHme OCTAHETCS Bep-
HHIM H B TOM CJyd4ae, eCIH PacCMaTpH-
BafoTcd HE CKOpoCTh W UyTh, & KaKme
yrofiHO ApyTHe ¢mamdecKue WId MaTeMa-
THYIECKNEe BEIMIHHEL.

Urak, mycrs AaHa QyHKOna v=v (¢).
Jlns HaxokAEHHA ee MHTEIPAIa B IpoMe-
JKyTKe OoT a 0 b Mpl pas0msaeM 3TOT
IPOMe;KYTOK Ha GOabIIoe IuCI0 7 MAJIBIX
IIPOMEeRYTKOB. 3HaueHus aprymenTa ! Ha
rpaEUNax MajJHX UIPOMEMYTHOB obo3Ha~
quM ty, by, fay - s Lens t,, Toe, ode-
BupHO, f,=a u 1,=b (pnc. 1). Hmuuer Af
MaablX IPOMEAEYTKOB BpeMeHu ' DaBHBH
pasHOCTAM COCENHMX 3HAUYEHHII I, Tarum

1 Ecau pa30uTh IPOMeKYTOK OT a fio b HAa n
PaBHHX UacTedl, TO KK IPOMEKYTOR Af=
b—a

n

. Opnako BoBce He 06A3a18JILHO, qTo0H

obpasoM, JJaf Kakoro-HnGyAb 1pom3-
sonbHoro [ (tme (=1, 2, ..., n)
Atl =1, —1 .

3uaukin cHuU3Y y Benamum" ! m Af npen-
cTaBaAlT cofoit HOMepa, WIH (HHIERCHY,

3HaueHMI { W ILPOMERYTKOB Al (oM.
coocky 1 B § 1.2).
Ilpubnou;seHHOe 3HAaYeHHE WHTErpaJa
z (a, b) pmaerca dopmyoi
=n
z(a, by~ 12 v(t, 1) AL, (3.2.1)
=1
l==n
1
3anuce Z 03Ha4aeT, uTO CTOAIEO

=1
copasa oT 9TOT023H3R32E 3asucsaimee OT

2 14
Zg Ly Zr &y 2, Zz—/ Z, 2y
| l dod JE L | } 4 )
Tt T T —T L
4z, 4z, t
Pue. 3.2.1

uHIeKca («Homepa») ! BHpa)keHme Halo
BHIOMCATH TpH BCex 3HadeHmAX [ or 1
00 n W BCe STH BHPaKeHusi HAJO CIoO-
simtb. Tax, Haupmmep, ecan n =10, To

=10

Z vt )AL=

; v (ty) Aty v () Aty - . oo U (4) Aty

B npumepe u3 § 1 (cm. TaGauny Ha c. 79)
t,=1; , =1,1; t,=1,2; ... 1.
=10

(1, 2)~ X 12,0t =2,185,
[ I=1

B upnGammensoM supakeHmm (1)
B Ka)KAOM IPOMEKYTKe 3HaueHme (YHK-
num v () Gparoch B Hadwalne OpoMe-
JKYTKa — B TOuke f,_;. [lpyroe mpmbam-
JKeHHOe BRIpaykeHue IoaIyduM, Oepsa
B KQ/KIOM IIPOME;KyTKe 3HaueHme QyHK-
oMU B K O H Il € HPOMEe:RYTKa:

I=n

z(a, b)~~ >ov(t,) A,

=1

(3.2.2)

B upumepe u3 § 1 upnm =10 sra cymma
pasHsach 2,485.

BCE uACTI[, HA KOTOPHE pasbuT TPOMEKYTOK,
GLLIM OMHAKOBH — HY#KHO JIHIIb, YTOORI K & K-
LB i TpoMedmyTox At Ouax maix. ‘uTaresn
MOKET YOemmThCSA B 9TOM, IIPOJyMaB Iipumep
DyTh—CKOPOCTh u3 § 1: ¢M. Tawske ymop. 3..

2 3yax ¥ ecTb TpONHCHas Ipeueckas Oyksa
curMa, CHMBONU3HDPYIONIAs CIOKenue.
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OnpegeaeHHBIM HMHTErpIOM QYHKIHA
v (t), B3ATHIM B HHTepBade OT @ Jo b,
Ha3LBACTCA O pejpea, K KOTOPOMY
¢Tpemsarca cymMul (1) m (2) opu cTpemie-
HUU BCeX UPOMEKYTKOB Afl, K HYIIO.
O6os3HavaeTCA MHTETPAN TAK:

z(a, b)—_—gu(t)dt

a

(3.2.3)

{umTaerc: «ser oT a, 03 PaBHO MHTErPaIy
or a go 63, B or T® Ie TO»). SHaK S

(«uHTErpas») MPOMCXOTUT OT JIATHHCKON
GykpH S (HepBOil GYKBBL CI0BA «CyMMay):
OH HOJYYMJACA pacTArmpanmeM OYKRBe S
B BEPTHK&JIbHOM HaOpaBIelNH.

3amnch df (BMecto Af) B mpasoil wacTH
(3) osmadaer, 9T0 AAA IOAYICHHA TOU-
HOTO 3HayYeHHs MHTerpaia HeolXoouMo
mepeiiTu K npefleny, KoTga Bce IIpoMe-
AKYTRO Af cTpeMsIcs K Hyuao (mofobHo

I10.1y4aeTCs

d
TOMy Kak [POH3BOJHAA —

113 OTHOIIeHUA eciin  yCTpeMUTh Az

Az
—A_Z,
u At K Hyaio m mepefitn R Ipefeay).
@opuyan (1) uw (2), B KOTOpHX Bean-
9uHE AZ MaJbl, HO KOHEUHE, AaI0T TOJBKO
npubanmiKeHHOE 3HAYCHHC WHTe-
Irpajia, NOogoOHO TOMY Kak OTHOIUICHHE
Az
T; © KOHEUHBIMII At m Az jgaer JAHOIB IpH-
GIKeEHOe 3HAJYeHIe [PON3BOJHOI.
Korga maasle npoMe:RYTKH Al CTaHO-
BATCA BCE MeJb4e U Meabue, TO yiKe ¢Ta-
HoBUTCA GespasaudupiM, OpaTh M 3HaYe-
Hue QYHKIMH U B Hadaje, B KOHLE HIH
rpe-En0yah BHYTPHM NIpPOMEKyTKa, T. e.
Gespasaunano, uexoxuts au u3 (1), ma (2)
wIg W3 KaKoro-ajubo MHOTO BbIPAKeHHSA
«MHTETPAJbHONl CyMMB, moZo0HOI Tew,
KOTOPHe (GUIYPHPYIOT B IPAaBRIX 9aCTHAX
(1) u (2) (MoHO, HapUMED, CyMMUPOBATh
ciraraeMele v (tcp) At, rae t,, — cepeimHA
cOOTBETCTRYIomeTo mpoMe:xyTra At). llo-
sToMy B samacu (3) crour mpocto v (),
T. e. 3HaUeHWe (QYHRIUHU ¥ B HIPOMEIKYTHKE
At 6e3 ROHKpPeTU3AIUu TOro, KaK HMeHHO
BHOupaeTca 3HadeHue ¢ BHYTPE (MM Ha
KOHI[aX) PaccMaTpUBAEMOTO IPOMEIRYTKa.
Eme ozso oTamume uirrerpana (3) ot
npuGnmxaiomux ero cymm (1) um (2)
3aKII09aeTCHA B TOM, 9TO IPH yMeHbINEHUN
BeJu9IMH Af B IIPH yBeJUUCHHIT [UCIA
MaJHX TPOMEIKYTKOB MBI OTKa3biBaeMCA
oT Toro, 4robsl HymeposaTh ux. Iloaromy
y umHTErpasa yKasHBaOTCA TONLKO IIPe-

Jens m3MeHeHud ¢ oT a 5o b. Beawunna a
CTABUTCHA BHU3Y M HABHBACTCA HUNCHUM
npedeaom HWHTETPUPOBAHUS, BexuduHa b
CTOUT ¥ BePXHEIr0 KOHI[A 3HAKA MHTErPata
W HABHBAETCA 6eDIHUM RPEFLAOM UHTEIDH-
posauus 3. Hpome:xyTor usMeHeHHS ¢ OT
@ [0 b HasLIBAETCA RPOMEHCYMEOM UH-
meepuposanus. Oyrruuio v () B Brpaske-
HUU MHTETpana HashBAlOT RoJblHmMe2pasb-
Holl pynryueil, t — nepemennoil urmee-

PUPOBAHUSL.

Takum o6pasoM, wuHTeTpas onpeje-
IAeTCA KaK Ipeflel, K KOTOPOMY CTpe-
MUTCA CyMMa IpoumsBe[cHmil 3Ha4eHmIl

GyHKIUM Ha PasHOCTh COOTBETCTBYIOHINX
3HaYeHH# apryMeHTa IIPH CTPeMIeHUU
K HYJI0 BCEX pasHocTed aprymenta %:

l=n l=n
lim Xv(t,)At,=1lim X v(t, )M, =
Atp—>01=1 Afp>01=1
b
— S v () dt. (3.2.%)

Xors nepBasg M BTOpas CYMMHEL B DaBeH-
ctBe (4) Npm KOHEYHOM dmcje [ MajblxX
IPOME;KYTKOB Af, PasJuvHbl, IIPeJeabt
KX IIpH HEOrPAHHYEHHOM YMEHBIIeHIN
BCEX OPOMEKYTKOB Af coOBOANyT, — H
9TH-TO Opefedsl W Jal0T IMCJIeHHOe 3Ha-
deHHUe MHTETpasa.

I[Tpu crpemienwm Af K HYJTI0 KaKaoe
OTHeJbHOE CJaraeMoe CTPeMuTca K HYJIIO,
HO 3aTO BO3PAcTaeT, CTPEMUTCH K DeCKo-
HEYHOCTH 9THCJIO wWicHOB cyMmMbl. Cama
cyMMa CTPeMUTCS K BIIOJNHE OIDefeleH-
HOMY Lpeleny, ABIAONIEMYCA pellleHueM
paccMarpnBaeMoil HaMH 3ajaum H Ha3ul-
BaeMoMy urmezpas. Ecnu Qynrmus open-
craBasger €000 MTHOBEHHYW CHOPOCTH,
TO 3TOT Tpefiesn, T. €. HWHTErpal OT pac-
cMaTpuBaeMoil QYHROWN, PaBeH IpoijeH-
Homy nytu. Ecau nogsaTerpasrnasg GyHR-

3 B »srom maparpade CIOBO «Ipeseiny ymo-
TpebIsACTCS B IBYX pasubIX cMblciHax. Bo-mepeux,
HUTETpad ecTh Ipejiedl CYMMBLL B TOM ’Ke CMBICIe,
B KOTOPOM TIPOM3BOIHAA CCTh Tpejes OTHOIIe-
HISAA: 3/I6Ch CHOBO «IIpe/iel» COOTBETCTBYeT 3HARY
lim. Kpoye Toro, MB rosopuMm 0 Ipejeiax H3-
Meuenust ¢ oT @ 10 b, T. €. 0 npedesaxr unmezpu-
posanus @ ¥ b, 37eCh CJIOBO «IIpefiel» mMeer
ye coBceM JApYyroit cMblci. BHEMaTeIbHBI
qpTaTedh HE 3aMyTaeTcsa B 3THX JBYX PasHBIX
3HAYEHIIAX OJHOTO M TOTO 3Ke CNOBa.

4 llosmaayit, tovnee Gulto Gur

l—n

2 v (t;) At; (M aHAJIOTMYHO 14
ca A0 [T

IIMCATh
lim
&by, Ay, .

BTOPOil CYMMH), HO TaKafd 3aluCh CJIAMIIKOM YK
rpomoazkal
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IOA YKasHBaeT OPAMHATH TOYek Ipadmka
b
y=1{(x), To wumTerpai S f(z)dr pasen

a
minomana GErypsl, oTpaHUIEHHON HAINEM
rpaduKoM, 0CBhI0 T B BePTHKAAAMYU L =d H
z=b.

Pasymeercs, JageKo He BCAKAA CyMMa
foxpmoro 4YmCIa 7 MAaNHX claraeMblx
CTPEMUTCA K OIpefeleHHOMY Lpejexy
Upm n —> : TaK, CKakeM, CyMMa R
cjaraeMblx, KasKgoe H3 KOTOPHIX PaBHO

paBHA, OYeBHAHO, /n © TpH

1
vr'
n — co HeorpaHWIeHHO BO3PAacTaeT, a ee
mpefea He MOKeT MMeTh HHKAKOTo KOHed-
goro sHademma. Ilouemy ke B HameM
ciaydae TaKoil mpefen 006A3aTelabHO [0J-
sKeH CyINECTBOBATEH?

Pazo6beM oTpe3ok IauHE b—a Ha 1 paB-

—a
HHX OPOMEKYTKOB JJIUHBI . Ecan

IJA4 IPOCTOTHI B3ATH CKOPOCTh ¥ MOCTOAH-

HOIT, TO MH HOJYYHM CYMMY 7 CaalaeMHX,
b—a
KasKJ0e M3 KOTOpPHX DPaBHO VAf=—=v —.

Burore Bes cyMMa (T. €. IPOATeHHELI Iy Th)
nv (b —a)
——s = p (b—a),

6ynmer papHa nvAf =

T. ¢. OHa He 3ABUCUT OT M. 3xech 09eHb
BayKHO, 9T0 KasKI0€ OTHAEIbHOE ClaraeMoe
yOpBaeT KaK pa3 B TAKOM OTHOUICHUH

1
(HpOIIOpIIHOEIaIIbHO 7), B KaxKOM pacTeTrT

U 4ucao 1 caaraeMmeix. Herpyzroo moHATE,
970 B Ciayd9ae IepeMeHHOU CHKOPOCTH M
pa30ueHs BCeTO HHTEPBAJA IIMHE b—a
Ha 7 PpaBHBEIX MAJHEIX OTPE3KOB MMeEeT
MEeCTO NIPUMEPHO TO 3{e 06CTOATEILCTBO —
y6uIBaHime CAMUX CAaraeMolx 00paTHO Ipo-
HOPIAOHAJNBHO pocTy uX 4mcia. Taw, upn
pasfueHnn KajKmoro MaJeHbKOIro OTPe3Ka
oauas Al Ha [Be papHEle 9actu Al
A,t, oTBedalOI(He 3TUM NOJOBUHKAM CJa-
raeMple MHTETPANBHON CYyMMBI OKAKYTCH
OpuMepio BIBOe MeHbIE IEPBOHAYATB-
HOTO, «0OmBIIOTO» CAaraeMoro; o u o6-
mee YMCIO CJIAaTaeMHIX TYT YABAUBaeTcsd,
TaK YTO IOPAMOK BEeJMIHHH! BCel CYyMMEL
me uaMeHurcA °. YuraTtemdio, KOoToOporo 3TO

5 3aMerhTe, UTO B TIPEMEpe C n CIIaraeMbiMU

no 7= yABOGHHE O0mMero uuc;a claraeMsx co-
n

NpOBOIKAAETCH YMeHLHIGHHEM Ka3¢I0T0o U3 cJa-

raeMuIX BCEro Sl B ‘iz pasa. I3 npumepe

Ta JKe ouepa-

co CAraeMbHMH, PaBHBIMU 75,

paccy:xenne eine He yGelmmo, MBl peKo-
MeHyeM OpojesaTh YIpaKHeHUA K 9TOMY
maparpady.

Jro pasbACHeHHWe IOJE3HO, eCIaU HCXO-
IuTh W3 MaTeMaTHIecKOro oOpefelieHust
uHTerpaja Kak upefeaa cymMmel. B ¢m-
3M9eCKHX JKe 3ajadax CYIeCTBOBAHME MH-
Terpajia, T. €. Opefieia PAcCMAaTPHBAEMEIX
«MHTETPaJbHEX CYMM», KAK IPaBHJIO, 09e-
pugHo. Hanpumep, odeBupmHo, 9T0 Temo,
ABHIKyINEecss € KOHEYHON (DOCTOAHHOU
UK HEeIOCTOSAHHOM) CKOPOCTHIO 33 KOHEU-
HOe BpeMs LpOUJeT BIOJHE OUPEeHeseH-
Hulii (koHeudsldt) oyTth. Haabime Mel mop-
po6GHO paccKakeM, KaK ¢ IOMOIMBI0 WH-
Terpaja BHYIHCINTH ILIOIMAAb KPUBOIHU-
HeiiHOU ¢urypsl (Belle Mbl Gerjio yske
KacaJmuch 9TOr0 BOIPOCa). 3Mdech TaKike,
0YeBUIHO, He BEIBEIBAET HMKAKOTO COMHeE-
HUA CaMO CYIIECTBOBAHME OTBETA 3a1adH,
T. €. ILIOMAJIU, & 3HAUMAT, W CYINECTBOBA-
HHE WHTerpaJa.

IMockonbKy mepeMeHHAs MHTEIPHPOBa-
HUA MOJKeT IPHHEMATH 3HAYeHUA a u b,
TO ACHO, 4T0 Ipeleabl HMHTerPUPOBAHHUSA
ABJAIOTCHA PA3MEPHHIMA BeIuIMHAMHU: HX
PasMepHOCTL COBIAJAET C Pa3MepPHOCTHIO
nmepeMeHHOU MHTETPHPOBAHUA (B OpEmMepe
IyThb—CKOPOCTH IPeAedsl HMHTIETPUpPOBA-
HUA WMEIOT Pa3MepHOCTb B Ppe Me H H).
(OrHocuTeIbHO Pa3MePHOCTH BCEro WH-
Terpaja CM. KOHeI[ 3Toro maparpada.)

fAcuo, 9ro BesMIMHA ONpEHENECHHOTO
MHTETPaJa 3aBUCUT JHMIHL OT 3HaUYeHUH
HOfBHTErPAAbHON QYHKIMM BH Y T P U
OPOMeKYTKA WHTeTPUPOBAHUSA; 3HATCHUS
QyHRIEE BHE 3TOTO IPOMeKYTKa Ha BeJIH-
9@EHY WHTEerpajia BAUATH HUKAK HE MOTYT
U HaC HHCKOJbKO He mHTepecylor. Tax,
npoiimeHHHE 0yTb 2 (a, b) 3aBucur, Ko-
HEYHO, JHINTL OT 3HAYEHUA CKOPOCTH ==
=v (f) BHYTPH LODPOMEKYyTKa HHTETPHPO-
BaHUA, HO COBCEM He 3aBUCUT OT TOTO,
Kakoii OBIA CKOPOCTH paHbIIe, OO MO-
MeHTa ¢=a, ¥ Karoil oHa OyJeT mOTOM
(mocie MoMeHTa f==b).

B § 1 ormeganmoch, 9TO0 OyTh MOKHO
olpejeauTh, BHINCINB IIOIMANs HA Ipa-
$uKe 3aBHCHMOCTH CKODPOCTH OT BPEeMEeHH.
Samagda HaxosmeHmA naomamgm S,
OrpaHUYeHHON CBepPXy JMHHEH ¢ 3afaH-
HBLIM YPaBHeHHMEM Y =Y (), CHH3Y — OChIO
abeimee (0csi0 x), ¢ OGOKOB — JIMHUAMHA
r=a u x=b, T. e. WIOWATU KPUBOAUHEL-

nuA UPUBOAUT K UETHIPEXKPATHOMY yMeHbIIe-
HUIO KQIKJOTO cJ1araeMoro, TaK UTO HOBAA CYMMa
cocTamifder JUiL IOJOBUHY TNepBOHAUANbHOM.
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noii mpaneyuuw ABDC, ocHOBaHHAMU KO-
TOPOIi ey AT MapaiiaeasHse oTpeskn A C
u BD npamux z=a # T =b, a GOROBHEIMH
cropoHamm — orpe3ok AB ocu aGemuce
u pyra CD nmEmm y=y (z) (pmc. 2),
CBOAMTCH K BHYNCJICHHIO MHTErpana

b

S= Sy(x)dz.

a

(3.2.5)

Yro6ul y6eauTbCs B 3TOM, AOCTATOTHO
cHoBa obOparuThea kK puc. 1.2, rme Mu
Temeph cUmTaeM, 94T0 Lo ocH abcmumcc
OTKIANHBAIOTCA 3SHAYeHHA (NPOM3BOJIb-
Hoii!) HesasmcuMoHl IepeMeHHOH z, 4 1O
ocn OpAMHAT -— 3HAYeHHA QYHRIUH Y =
=y (z) sroil mepeMeHHOH, IPHYEM BEJH-

&
2ayty

Puc. 3.2.2

ol waw 8y

9UHH & W Y PaccMarpuwBalTCA KaK pac-
cTofENA nepemennoil toaxku M =M (z, y)
oT oceit Koopaumuat (cM. § 1.2) BHe BeAKoH
CBASH ¢ TAKUMY QU3HMICCKAME TTOHATUAMY,
rak spemA mam nyrts. CyMma maomanei
salITpEXoBaHHEX Ha pumc. 1.2, ¢ npsamo-
VIOJXGHUKOB OyIeT B 9TOM CJydae paBna
n

> y(z,,) Az, a Takas ke cymMa, H300pa-
i=1

[=n
semmad ma puc. 1.2,6, — Xy (x) Az,
=1

B mpegmeme mpu Az, —> 0 3TH CyMMBH,
o ompefeaeHmo, o0pamanTcad B HH-
TeTpad, a CyMMa DLlIolNajeil mpsMmo-
YroAbHHKOB CTPEMHTCH K IJIOIAnu, Or-
paHHUeHHOH KPuUBOH ¥ (x), Tak KakK 4YeM
MeHbINEe RCe AZ,, TeM Oimiae K KDPHBOK
noMaHas (3y0uaras) JNMHMA, OrPaHUYA-
BaloImas npaMoyroabHuku (cp. puc. 1.3).

B 3sakalogenme OTMETHM, YTO OIpee-
JIeHHHI WHTErpax B3aBHCHT OT ITONILIH-
TerpaJibHO (QYHKIMM U TLPefesoB WHH-
TeTPHPOBAHHs, HO He 3aBUCUT OT 000-
3HadYeHWA NepeMeHHOH WHTeTpUPOBAHUA.

B camoM pene, mycTh [aHAa, CKajKkeM,
nmopbHTerpamdbuad GyHROUA
v(t)=3t*+35.

3amenns OykBy ¢ GYRBOH T, IONYyunM
v(z)=32*+ 5.

Ilpn BoUmciaeHmu wuHTETpaza 0Oe3pas-

JUYHO, KaK Ha3bBaJjJgach nepeMeHHad HH-

TerPUPOBAHNS, BAKHO TOJBKO, B KaKWX
npepenax OHA MEHAJAChH, KaKoBa ObLI&
byHRMUA pTOH LepemenHoli® llosromy

z(a, b)= Sbu(t)dt: Sbv(:c)dx:
={vwdun={v()a

nIm Jake (KOHe‘IHO, TaKafg 3anuch HU-
KOTHa He IpumMensiercs!)

b
z2(a, b)= S v (ug) duy.

a

IlepeMeHHYI0 HMHTEIrpupPOBAHUA  MOIKHO
0603Ha9IUTh (Ha3BaTh) KAK YIOMHO — 3TO
He BJuseT Ha pe3yabrar!

Ilepemennasi, xotopas ¢urypupyer
JUITE B IPOMEKYTOYHHIX BHIKJAIKAX,
a4 B OKOHYATEJLHEIH pPe3yJbrar HE BX0-
IuT, HasbBaeTcsa Hemoli mepemenHoii. Ta-
KuM 00pa3oM, IlepeMeHHAsA MHTCTPHUPOBa-
unst spasercs Hemoii. OGHYHYyI0, He He-
MYI0, DepeMeHHYIO MO;KHO 3aMeHATH APy-
roil TWING ONIIOBPEMEHHO BO BCEX FACTHX
QopMynIsl; HampmMep, CooTHolledme (z--
+1)? =a®+-2z+1 Henpsst mepenucarh TaK:
(x4 1P=0-++2t}+1. B unrerpaiax xe

b
MOJKBO lmcars z {a, b)= S v(t)ydt wnam

a
b

z(a, b)== S v(z)de,
Harone1r, odpatumcs K Bonpocy o p a 3-

MepHOCTH wunrerpaia. llo onpepe-

JIeHUIO,

b I=n

Sy(x) de= lim » y(z,) Az,

Axp>0 775

(3.2.6)

a

Hpu stoMm, ecau BeswmuyuHA & uU3MepHALTCA
B eUHNIAX €;, & BeJIWYHHA § — B eAUHHU-
nax e,, TO KaskIoe CIaraeMoe CToAImeit
B upasoi uactm (6) CYMMH mMeeT pasmep-

"HOCTDb eje, (MHOMKMTeNb Ax, HMeeT pas-

MePHOCTD €y, a MHOKETe b Yy (x;) — pas-

MEPHOCTH €,), TIOITOMY Ty Ke pasMmep-

HOCTDL WMEeT U TIPEfesl CYMMBI, T. €. HH-

trerpai. Taw, ecim CEOPOCTH v (!) m3me-

psAeTcs B cM/c, a BpeMA { — B ¢, TO OYTh
b

z (a, b):gu(l)dt u3MepAeTcA B eQn-

(22
HHrax (cMm/c)-c —cum; ecam abemmeca = m
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OPOMHATA Y H3MEPSHIOTCH B CAHTHMETPAX,
b
10 wiomags S = S y(z)dz m3mepgeTca

a
B KBAJPATHHX CAaHTEMETPax (CM-CM =cM?),
z 1. 0. Ilpm arom mepexof K HOBBIM eju-
HUNaM e, u3MepeHus T U K HOBBHIM eJIH-
HUIAM €, N3MePeHus J IPUBOAUT K YMHO-
JKeHMI0 wmHTerpasa (9) HA MHOMKHTEIb
kk,, Toe e, =k, m e,=kye,; npu >TOM
HOBRIA (B Kk, pas Gousmmii) MHTErpas
BEIPAJKACGT Ty ke BeJIMINHY, 9TO ¥ PaHbINe,
TOJbKO HBMEDPEHHYI0 B HOBHX eJMHHIAX
e;e;. Tak, nepexol oT CAHTEMETPOB K MUJI-
JEMeTPaM yBeaMIuBaeT IuCAeHHOe 3HaTe-

b

nne mwrom@agn S = S y(z)dz B 10-10=
a

=100 pas, a mepexom OT CaHTHMETPOB

B CEKYHAy K MeTpaM B MHHAYTY (¥ OT ce-

KyH K MUAYTaM) OPUBONHUT K HeoGXOmH-

MOCTH YMHOKUTH (DaEee BHIPAKEHHOE

B CaETHMETpaX) sHaueHue OyTH z(a, b)=

b

= S v(t)dt ma (0,01/%)-61—0:0,01 (zoBoe
a

3HaYeHUe IYTH, PasyMeercs,

BHpajKeHO B MeTpax).

Gymer yxe

Ynpancnenun
3.2.1. Paccmotpnte caydaii v=~Fkt-+s (paBHO-
yexopensoe gBmkernue), Haiigure nyTs 3a Bpems
OT a fio b, pa3buBas TOT HPOMEKYTOK BpeMeHu
HA m PAaBHEIX HHTEPBAJOB, BOCHOJb3YyiiTEChH
TeM, 4TO ciaraeMie cymM ofpasyroT apudmeTu-
geckylo nporpeccmo. Haitgute mpegesa CyMMH
upu m — o, CpaBHAETe MONYYEHHOE BHIPaKEHmE
¢ IIOIMAfbl0 Tpamemuu HA INOCKOCTU !, U, PaB-
HO#i OpolifleHHOMY HyTH.
3.2.2. PaccMoTpumre caydaii v=i® wmw Jaa
aTOTO Cciyuas HaliimTe NMyTh 3a Bpema or t=1
2
no t==2, 1. 8. HaWgATe HHTErpas S t2dt. Ian
1
3TOT0 MOMKHO BOCIIOJIB30BaThCA pasbHeHMeM HH-
Teppaia or 1 o 2 Ha m DaBHHX dgacTeil m co-

1 1
canTaTh CyMMY Nt]y proall -2 2 -+ Cpapmute
oTH ABe cyMMmu. [YKasanme. [[ag Bauncie-
HHA YKa3aHHHKX CYMM BocmojJbayiirechk gop-
Mymoit

1=+22+32+...+nz=”<n+1>6<2n+1) ]

2

3.2.3. BuuncimTe Sm"'dz, pasfuB o0Tpe3vK
1
or 1 /0 2 Ha m MEHBIIHX OTPE3KOB Az, JJIHIbI

KOTOPHIX COCTABJIANT ' EOMETPHIECKY IO
nmporpeccmnio, u IepeiifluTe 3aTeM K Ipe-
Ooeny mpu m —> .

§ 3. Cpasp MeKAY HMATErpAIOM H HPOH3-
BOJHOI

IIponsBopmas oT maTerpaja. B mpens-
nymux naparpadax MH paccMOTpenm OT-
JeJbHO IOHATAS LNPOMSBONHOM M HHTer-
pana. B mactosmem maparpade Mu (Ha
npmMepe IIYyTh—CKOPOCTH)  YCTAHOBHM
CBASL ME)KIy JTHMH ABYMA HOOHATHAMH,
KoTopas o6pammaeT ucIucjieHNe TPOUBBON-
HHX H HCIACICHHE HHTETPAJIOB B OJHY
cojlep:KaTeabHyI0 H 6OTaTyI0 IIPHIOIKe-
HUAME HayKy: Ougdepenyuasvroe u un-
meapaabroe UcHUcierle, WA Mamemamu-
yeckull anaaua.

Bypem cumraTth 3amaHHO# (H3BECTHOI)
3aBUCEMOCTE V=0 () MTHOBEHHOH# CKo-
poctu v or BpemeEm f. MoMeHT ¢=a
HaYajJa OyTH MH 3afuKcmpyeM pas u
HaBcerna (HoesN OTHPABIAETCA B IyTh
B MOMEHT ! ==a ¢ H3BECTHOTO HAM BOK3aJja);
PN 3TOM OPOXONMMEIA 3a BPeMs ot a 1o b
wyTh GymeT saBmCeTb OT MOMEHTa Bpe-
Menu b, Gymer SBAATECA QYHEKOHme i
b. Jas toro 4Yro6H DOAISPKHYTH B3TO
06CTOATeTBCTBO, Mil yciaoBmMcA ofosHa-
9aTh DOKA «KOHEYHHIT (HeoUpeaemeHHE!)
MOMEHT BpeMeHH He OYKBOH b, a, CKaskeM,
6ykBOI U — BeXb OepeMeHHEIe BeJIWIMHH
MH OpuBHEKIE (X0TH 3T0, pasyMeercsd,
JHML yCIoBHOSTH!) 0603HATATH mOCHe/l-
HEME OVKBaMH JaTHHCKOTO ajxdasura:

“

z(a, u)= S v (t)dt. (3.3.1)
Mmu 3HaeM, 9ro
z(a, uy=12(u)—z(a) (3.3.2)

(B mpuMepe ¢ TMOE3[OM HOCTOAHHYIO Z (a)
YMeCTHO faske CUmTaTh HyseM). Ilpommd-
depeHIMpPYeM JeBYIO M mpaBylo gacta (2)
(r. e. BO3bMeM IpPOHW3BONHHeE 0T ofemx
gacTeil); 3/leCh MB CUMTAEM BEJUIMHY U
(He3aBuCMMOil) LepeMeHHON, a a — Lo-
cToAHHOil, mIo®TOMY ciaraeMoe —z (a)

5 IDABOH __ d(—z(a) _
paBou 4acTu II0CTOAHHOE U Y —

=0. Mu momyuum
dz(a, u) _ dz(u)

du du °

Ho BCIbL IIPOM3BOMHAA OT KOODAMHATHI
TeJa OO0 BPEeMeHM eCThb He 9TO HMHOe, KaK
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MIrHOBEHHasT CKOPOCTh TejJa; I03TOMY

d
Zdl(lu):v(u)———cxopoc'rb B MOMEHT u W,
3HAYMT,
dz (a, u)
——=v ). (3.3.3)

ITopcrasuM croga sBaipaskenme (1) nyrm
z (@, u) B BHAe HHTETPAJA; TOJYUHAM

Fd; ({U(t) dt | =v (). (3.3.9)

9T0 PaBeHCTBO ABIAECTCA BasKHEWMHM
ofm@EM CBOHCTBOM ONPENeIeHHOTO MHTer-
para. B TaroM Busie oHO sgBasercsa oGmei

MareMaTH4ecKoll TeopeMoi; ero IpaBWIb-

R4

Pue. 3.3.1

1 2
HOCTb He BaBHCHUT OT TOIO, ABIAETICA JiH
v (f) cropocThl0 (a HMHTETPa] — LyTeM)
niau v (f) ecTb KaKasi-To APyTas BeIuInHa.

Hasa gwoGoft  dynrmmm, cramem Y (x),
nMeeM:
‘b
d
E(Sy(m)dm =y ), (3.3.4a)

riie Teneph MBI CHOBA 0603HAYaeM BePXHMI
(mepeMeHHHII) wUpejges UHTETPUPOBAHMSA
gepes

CrnomecHass GOPMYTHPOBRA TEOPEMEL Ta-
KOBA: NPOU3BOOHASL OM ONPEJeAeHH020 UH-
meepaaa NO €20 epTHEMY npedesy DasHa
aHauenuw NoJuHmeepasvholl PyrRKyuU om
sepxreeo npedeaa ummezpaaa.

Bruny samaocTu sT0it TeopeMur (ee Ha-
spBalor Teopemoit HeworTouwa—
JeiiGuunmal) maguMm Apyroil BEBOL
ee, OCHOBAHHHI HA PacCMOTPeHMH ILNO-
manu. llpomseofiHYI0 GyAeM BHYHCIATH
0 BCeM IPaBUJIaM, KaR Opefes OTHOIIe-
HUA DpupameHus QYHKOUU K Tpupame-
HHI0O HesasucuMod wepemeHmoi. HMraw,
oycTh

I(a, b)= S y (z)de.

a

1 B mexoropwix CTapeix yueOmmrax mandde-
PEHIUANBHOTO M WHTETPAJbHOrO HCUMCIEHHS
TeopeMy Hbioroma—Jlefibnuna HasHBal®W o0cHO6-
HOU meopemoll evlcutell mamemamuku; 3T0 Ha3Ba-
HHM€ 3BYIHT HECKOJIbKO BEICODEHHO, HO OHO
BIioJHE ONPaBJAHO.

ITOT MHTETpan ecTh IIOWaAb, OTPAHH-
9YeHHAdA CBePXY KPUBOH ¥ (z), CHHE3Y —
0CBIO I, & CJIEBA M CTIPaBA — BEPTHKAJAMIE
x=a un z=b (cM. puc. 2.2),

Kar maittu vpupamenme Al maTe-
rpana I nOpu MansoM wusMeHeHEE Ab
BepxsHero upefena b0? Ilo owpepmenenuic
OpUpAINEHus,

AT =I (a, b+ 0b)—I (a, b).

Ho nromans, pasuas unrerpany I (a, b+
-+ Ab), orauuaerca or uniomamm I (a, b)
TeM, 9T0 IPaBasg BEPTHRAJD CMECTHIACH
BIOpaBO elle Ha (Mamsoe) Ab (cp. pme. 1
n puc. 2.2). CiaenorarensHo, npupalgenne
Al ecth pasmocTh ABYX HIomajeli: mmo-
mafu oT a 10 b-+Ab u naomanm ot a mo b.
flecwo, wro Al ecTh naomamh TOHROIE
NOJOCKH, 3allTPUXOBaHHOI Ha puc. 1,
OCHOBAHMEM KOTopoli Ha ocum z (Wim
IpoeKnmeir KOTOPONM Ha 0Ch ) ABIALTCH
01pe30R aianH Ab,

Hceromas npoussonvas paBHa Ipefieny

dl (a, b) . AT

B e S
Ho, ouesupmo, 9ro npm crpemiaenmm Al
K HyIIO DIomanb noxocku Al mpubau-
AaeTcA K npomasenennio y (b) Ab — ee

mEpuUHE Ad Ha BHICOTY, a OTHOWIEHHE
Al

75— K Bexamumne y (b).
Tarkum o6pazoM, MB CHOBa HATJISNHG
yOemuinch B COPaBegIUBOCTHE TEOPEME
Heworona—JleiiGrumna:

b

|y (@de | =y @)

a

4
db

Onpepeaemumi UHTEIrpaj WM3BECTHOR
dysknuu y (r) nam v (f) ects QyHEUES
upefiesioB a, b MHTerpmpopaHmA — (QYHK-
nuA ABYX nepeMeHHHIX g m b. Dopmyia
(4) (nam (4a)) yraswiBaeT spaveHne IPOM3-
BOAHOI oTO QYHKIWM DO BepXHeMy IIpe-
fesy HMHTEIPUPOBAHHA — DO DepPeMeH-
Holl b; miske, B § 5, Mu HafigeM TaKKe 3Ha-
4eHue ee NPOUBBOAHOM 10 NepPeMeHHO a 2.

Hanroe B npensaymem wnaparpade
ompefieieHHe HMHTerpaja KaK Ipefena
CYMMBEI OODBACHHET POJb 5TOro BaskHEH-

2 IIo cymecTBY B3jech, KOHEYHO, pedub HJIeT
0 9acTHb X NPOH3BOAHLIX PyEKIUN [ (a,b) =
b

=Sy(z)dcc JBYX HepeMeRHBX ¢ M b

a

(cM. § 4.12).
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glero LOHATHA B pellieHuM (Qu3nIeCKUX
U TeoMETPMUYECKUX 3a1ad. B BBIUHCIE-
HUU DPOHAeHHOr0 IYTH N0 U3BECTHOH
{tepeMeHHOI) CKOPOCTH, B OLpe[eIeHAN
II0IHaayW KPHBOJUHENHOIl Tpalelunm u
B APYyTruX DpobieMaX, HPUBOAAIIUX K CO-
CTaBJISHHIO <HHTETPAABHBIX CYMM» (B Ja/b-
HeillmeM HaM BCTPETUTCS MHOTO IPHUMEPOB
Taknx wupoGuaem). Ho sTo onpepemenme
He faeT yHpoOHOro 06miero croco6a BHRIYHC-
JleHud mHTerpaga mium cmocoba Haxomme-
HuA wuHTerpaia B Buge (QOPMYJH Kak
dyHKIUm UpegenoB MHTETPUPOBAHUA .
Croco6 HaxokgeRusi Taroil QOPMYb
ciaeflyeT mW3 JOKasaHHoHl BHOIC TeopeMEl
0 npousBofgHoil oT wHTerpasa. Ilpm srom,
KpoMe cnoilcTBA DPOM3BOIHOH OT HMHTEr-
para, HCIONB3YeTCA ellle BTOpoe ¢BOMCTBO
ONpeleleHHOTO0 WHTErpana: onpedeer-
ublll ummezpas pasen HYAaw, Koz2da eepx-
HUL w RHUNCHWI npedeabl e2o cosnadaiom:

(3.3.5)

9T0 CBOMCTBO BHOOJHE OYEBUIHO — IOYTh
paBseH HYJ0, €CII PAaBHO HYJII0 BpeMA
LyTIH.

Cama dQopmyna, paiom@as 3HadeHHe
uHTerpasia KAk (QYHRIUIO OPefeJOB WH-
TeIrpUpPOBaHUA, OyjgeT BHBeAeHA TAKHM
crnocoboM B § 4.

Hurerpan or npomaBogHoii. B BHpa-
FHeHUN
b
{v@a

a

(3.3.6)

mopuATErpasbHaa QyHKOUA v (f) MOKer
OBITh KaRo#l yrogHO, U perynapHOro CIO-
co0a, rapaHTupyMoInero HaXosKueHNMe HH-
Terpaiaa UpH 10060 yHKIUYE v (), IPOCTO
me cymectsyer. Ilycrn, omHako, HaM Uo-
Be3jJI0 — MEI CyMeau HaliTu Takyw (yHK-
ouio F, uro mopgpiHTErpanbsHas QYHRIHA
v () ABIAETCS HPOMBBORHOI 9TOH QYHK-
man F

dF (t)

3t =D (t).

(3.3.7)

B stroM Hambo:iee GraronmpusTHOM caydae
geao oOCToUT CcOBCEM XOpOIoO: 37ech

3 JIymb B peKIX CIYYafAX M C TPYHZOM yHAa-
eTCHd IIPOBECTH CYMMHUPOBaHNE IIPOH3BOJIBHOTO
9@cia MAJHX claraeMex, Gurypupymomux B OI-
pejelenud maTerpasa (cM., HampuMep, yup. 2.2
z 2.3)

Jerko HalTH TOIHOe 3HAYeHHe MHTETPANAa.
s Toro 9ro6E BEOMCATEH I0, BCIOMHMM
upuban;keHHOe BHPAasKeHHe IPUDAIHeHus
¢yuarmuu F (cp. dopmyny (2.4.6)):

AF = F' (1) At = (t) A,

uan, B Oonee oOBYHHX 0003HAUCHHAX,
b

~

OTHOCAINUXCA K WHATErpaty Sf(:c) dz, rae

a

__dFf (=)
f(x) T~ TTdz !
AF ~ F (z) Az = f (x) Oz (3.3.8)
Benuuuna, crosimas B TpaBoil d9acrtu
paseHctBa (8), mpemcraBiasier cofoil Kak
a 4
.z'” T oz, T & .z"_; z

Pue. 3.3.2

Pas OmHO M3 TeX CJaraeMsix, CyMMa Ko-
TOPHX ompegeaser mHTerpai. llostomy,
HOJIOKUB, CKameM, A, =r,—z; , W, 3HA-
anr, AF=F (z,)—F (z,_,), MoxHO UpH-
OaM:KeHHO HAIMCATh

AF=F(z,)—F(z,.)) = f(z,)(z;, — ;) =
=f(z;) Az,. (3.3.9)

Pasencreo (9) aBnsgerca upubamueH-
HBIM; OHAKO 9eM MeHBINIe PABHOCTH MEKIY
T, u r,4, T. €. IpupaimeHue Azx;, TeM
oHo Tounee. Ho upm ymeHbmeHuHE pas-
HOCTH I,—I; ,=AZ;, T. €. Opu cOamxKe-
HOU Z, ® T, ,, YMEHBIIAeTCA W pa3iudue
mesxny f (z;) u f (z,_,); Ho3ToMy B mpasoil
gactn Gopmyas (9) ¢ OMMHAKOBEIM IIpa-
BOM, C OMHHAKOBOA CTeMEHBIO TOIHOCTH
Mo:kHO Hammears # f (z,4), u f(z;) —
MH BHOpadu DOCHEeNHAH BapWaHT.

Boimmmem rtemeps momobusie (9) dop-
MyaHR OIS BCe X IPOMEKYTKOB, Ha
KoTopsle pasbmra 06aacTh mMHTEIPHPOBA-
HuA, T. e. wHTepBaax oT a Ao b. Ilycrs,
HanpuMep, HHTePBaJ pasbur Ha UATH TPO-

MEeKYTKOB (pmc. 2), Tak dro I,=a,
z; =b; Torga

F (z,) — F (z) = f (z,) (B, — Zo),

F(zy) —F (%)) = [ (25) (23 — 2y),

F(zy) — F (2,) = [ (25) (B3 — ), 3.3.10)

F(zy) —F (z3) = [ () (B, — T3),
F(zg) — F (zy) = f (%) (2, — z,).
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CrnosmM aTn UATH paseHCTB. B JeBoi
9aCTH COKPATATCA BCe 3HadeHWMA (GYHK-
nuu F 0pyu mpoMesKyTOIHHX SHAYeHHAX Z,
0CTaHEeTCH TOJBKO

F(z5) — F (zo) =F (b) — F (a).

B ppaBoii 9acT:m Domywaiores Kak pas
TAKME CYMME[, C HOMONILI0 KOTOPHX ME
B § 1 npubaunskeHHO BHIPAKAIE HHTErPAJ
(raM MbI BHpa)kaau uyTs z (¢, b) npm
DaHHOH cropoctm v (¢)). Wraxk,

=5

F(b)—F(a)~ ;1 f@) (@ —z4)=
b

=2 f(@) e, ~ | f(2) dz,
’ a
dF
rae f(z)=g-.

UeM MeHbINe KajKmoe IpUpalieHme Az,
T. €. BeJWIMHA I;—Z, ;, TeM TOYHEE BHI-
paskernme (9) upmpameruws AF. Ho upu
VMeHBIIEHNN BCeX pasHocrell Az, =z;—
—;_; (M UpH HeOTPAaHWIEHHOM YyBeamde-
HAM 9YNCJIA OTPE3KOB AZ;) CYMMH CTpe-
MATcA K mHrerpany. Ilosromy pasemcTro

b
FO)—F@)=|{@de, rre f@)=",

(3.3.11)

ABAACTEA YiKe COBEPIIEHHO TOYHLIM.

ITocaregnee yTBep;KLeHAe TPEACTaBIAETCHA JO-
cTaTOYHO yOeAMTEIBHEIM, OZHAKO €ro MOMKHO
ofocroBaTe u Oosee ToWmHM TmofCueToM. Jleio
B TOM, 9TO OomubKa, fOmycKaeMas Kampuoii mo-
#obuo# (8) miam (9) dopmyiroit, Boobme ToBOPH,
ABIAETCA Keadpamuunoll: OHA TIPEMEPHO UpO-
TNOpNEOHAJbHA BTOPOH CTeNeHW AAWHE A? mHTep-
Bama, T. e. mMeeT BuJ c (At)?, rae Tuciao c=c (t)
OT ¢ B3aBHCHT J[OCTAaTOYHO CJaGo — ¢ BHONHE
YHOBIETBODUTENBHOR CTENEHBI0 TOYHOCTH €ro
MOKHO CYNTATh IOCTOAHHHM- (Bce 3T0 Gymer
mwoppo6ro ofbackeno B ra. 6). Taxum o6pasom,

b—a

npu Az = B KaK[IOM u8 BIpameHnuil (10)

(IMCNO KOTOPHX Temephb HAaf0 CYHTATH DPAaBHHM
He 5, a n) fomycKaercsi ommfKa, NPOTOPLHO-

1
HanbHaA At?=—7 (b —a)®. Ilosromy momnaz

omubKa, HaKaIJAMBaeMas 0OpPH CYMMHEDOBAHHH
TaKuX NPEONMKEHHHX PaBeHCTB, Gy[eT mpomop-

1 1
NUOHAJILHA n {:ﬁg (b — a)2:| =— (b —a)?, or-

KyZa ¥ BBITEKaeT, 4YTO OHA HeOrpaHMIeHHO
YMeHRIIAaeTCA NP N —> oo,

Qopmyna (11) ycramasimpaeT cBA3B
MeKIY 3a7adaMu 00 uHTerpaje m 0 IPou3-
Boguo#d. I3 osroit ¢gopmyam caemyer,
910 ecam OB yoamoch HAWTH TaKyio
dyrKnuo F, npoussognas KoTopoii paBHA
nofiLHTerpanbuoil ¢yukrmum f, To samaga
BHYMCICHAA WuHTerpasa Obuia O6b  pe-
meHa — HaM 0CTaJochk OB TOABKO LpU-
HATH 33 apPTYMeHT 5ToH (YHKIMM 3HATe-
HEA a @ b n HaliTH pPasHOCTH

F (b)—F (a).

Bsuny orpommoil BaskHOCTH $OPMYIH
(11) B caegyomux naparpagax MH AaguM
IpYro#l ee BHIBOX Ha oCHOBE Gomee mnoj-
pobHOTO paccMOTpeHHUS CBOWCTB WMHTET-
para u bOyHKmum F.

§ 4. Heonpenenennsiii muTerpas

B mpenmgymumx npaparpadax MB BBeam
LOHATHE OUPeJEeNeHHOr0 HHTEIpatza KaK
npefiesia CYMMHEI 0OJBIIOTO 9HMCIA MAaJBIX
ciaaraeMpix. B § 3 6Bl10 BHABIEHO TIiiaB-
HOe CBOICTBO OLIpeNe]eHHOT0 HHTerpaja:
TPOU3BOJNHAA OIPENEJeHHOTO HMHTerpasia
00 BepXHeMy Hpefeny HHTeIPAPOBAHUSA
paBHA DOABHTETPAJIbHON (yHKOUMT:

b
ecin z(a, b)= S v ()dt,

a (3.4.1)

d , b
0 z—i;b—):u(b).

Temeprs MBI X0TUM BOCHO.IB30BATECH ITUM
CBOCTBOM M1 BHYHUCIEHHA oNpefejeH-
HOTO WHTErpaa.

Mrak, OymeM mcKaThb Takylo QYHKIUIO
nepeMeHHo#l b, wDpousBojHAsg KoTopok
ecTs uspectHas ¢ynrmus v (b). OGosHa-
anM 3Ty QyHEDUIo Yepes F (b). Ilo onpe-
JeeHHIO,

ar (b) __
—— =v(0).

Pasemctso (2) He onpepmenser woi-
HOCTBIO (QyEkmmio F (b). Bemp upnfan-
JeHme 1060ff KOHCTAHTH K QyHKIHUH
He MeHfeT ee UPOU3BOJAHYIO; CIeloBa-
TeabHo, ecnm F (b) ymosmetsopser (2),
1o 1 ¢pyERmUa G (b)=F (b)-+C npu mio-
Goit mocTosiEEON C yHOBAETBOPSET TOMY
JK€ PaBEHCTBY.

QOyaknmio F (b), ynosreTBopAnIIyR
yeiuoBuI0 (2), Ha3HBAKWT HeonpedeseHHbM
unmeepasom Gyaxmun v (b); aHaJIOrHYHO,
ecim
dF (x)

= =/ (@),

(3.4.2)

(3.4.2a)
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TO TOBopAr, 9ro ¢yurmus F (x) ecrb

HeonpeeleHHbI NHTerpad yHRoun | ().

B sToM HazpaHMH OTpasKaOTCSA ABA CBOI-

¢TBa BenuauHnl (Qyurmun) F. Bo-nepshix,

$YyHRIuUA F uMeeT TAKYIO JKC HPOU3BONHYIO

mo b, Kak u (OUpeNeNeHHHH) HHIeTrpaJ
b

z(a, b), miu Sf(x)dx (cp. () u (2)

a

unu (2a)); mostomy F Taryke Ha3HBAIOT
«HTerpasoM». C apyTo#t CTOPOHE, 3Ta
¢yaroua ycaosmeMm (2) (mam (2a)) mox-
HOCTbIO He olpefieeHa, ubo K Heil Bcerma
MOKHO TIpmbaBUTH HIPOUBBOABHYIO IO-
cToAHEYI0O (; I03TOMY 3jlech IIPeICTaB-
JIIeTCH BIOJHE YMECTHBIM HPHIATaTeNb-
HOe «HeoUpeJeeHHEL».

Jl1o6oe pemrenue ypasaenumsa (2) (uaum
(2a)) MosKeT OTAMYATHCS OT ONHOTO Ka-
koro-HuOyAb ero pemeHus F (b) (uam
F (x)) Toapko Ha Ty mam uHYyK I o-
CTOSHHY I Beamdudy. B camom
aexe, ecan G (b) ects gpyroe peinemnne (2),
TOo Ias pasHoctm F—G moayuum

L F (B) — G (b)] =0 (b) — v (0) =0.

Ho npoussommas ogwoil aumb mocTosH-
Hoil (yHRmum pasBHa HYAI0 LPH JIOOBIX
3Ha4YeHUAX AaPryMeHTa — TOJBKO  HOJ-
HOCTBIO HOKOAIIEECH TEJIO BCE BPeMs mMeeT
HYIEeBYI0 CKOPOCTS.

Onpepenernuit muterpan z (@, b) co-
rnacHo (1) TosKe sABIseTCA OFHEM M3
pemeHnii ypasBHeHus (2). 3HaumT, u
z(a, b) MOKHO UpENCTAaBUTH B BUIE
z(a, y=F(b)+C, (3.4.3)
rpe F (b) — rakoe-to pemenme (2), C —
(HeonpenieneHHas1) MOCTOAHHASA, KOTOPYIO
HaMm Tpelyerca ompegeants. Las Toro
q9To0B go0uThCs 9TOTO, BOCIOAb3yeMCH
BTOPBIM CBOMCTBOM oOLpEAEIeHHOT0 WH-
Terpaja — PaBeHCTBOM ero HYJIO, KOrja
BePXHHU M HU:RHEUH IpemeJsl HHTeTpnpo-
BaHUA COBHOAJAIOT:
z{a, a)=0 (3.4.4)
{em. (3.5)). lloncrasasnsa B (3) b=a u
BCIONB3YA (4), moaydum

0=F(@)+C, 1. e C=—F)
OTCIOlIa OKOHYaTedJbHO HOoJIydaeM

z(a, by=F (b) — F (a), (3.4.5)

nin
b

S f@de="F (b)—F (@), Tae F'(z)=f(x).

a

(3.4.5a)

OrMermM, dYTO «HeoNpemeleHHOCTHY
¢ynknuu F (b) HuYyTH He MemIaeT BEI-
IHCJICHMIO C ee HOMONBIO OUPeAeIeHHOTO
uHTErpana umo ¢gopmyane (9), mam (Ha).
B camom neme, Bosbmem BMecto F (D)
Kakoe-HUOY[b NPyroe pedieHMe ypaBHEe-
Hust (2), Haupmmep G (b), oTamuarmeecs
or F (b) Ha mOCTOAHHYI0 BeamumHy C:

G(b)=F (b)--C.

BymeM BHUmcasaThk oupeneseHHEN wH-
Terpanx mo Qopmyne (5), 3aMeHHB TOIBKO
F uva G:

z(a, b)=G (b) — G (a) =[F (b))} C] —
—[F(a)+-C]=F (b) —F (a).

M moxydmim TOT Ke pesyabTaT, dTO
u BHIDe!

B npumepe myrb—ppemsa HeoupepeseH-
HB uHTEeTpanx ynob0Ho 0003HAYATH Tol Ke
OyKBOil 2z, Koropoit Mul o0o3HaUaeM ompe-
meJaeHHBH mHTerpaJt. llpum mamHOMR mOMLIH-
TerpanbHOl ¢yHxoum v (!) oupejeiseH-
HHH MHTErPAX 33BUCHT OT BEPXHET0 H OT
HEKHETO IPefieJI0B HHTerPUPOBaHuA, T. e.
apagercs ¢ynxmueir z=z (a, b) npByX
mepeMenHux a u b. Heoupenenenmrrit
HHTeTPAJI €CTh QYHKOUS OOHOH HmepeMeH-
Holl — oOosmauuMm ee ¢. WUraw, Heoupese-
JeHHBIH HMHTETPan ectb QYHKOuUA, YIOB-
JIeTBOPAIOMAA YCJIOBHUIO

’ dz (t
2 () =20y ).
C moMompio 3T0#l QyHKIUE OmpefieeHH B
mHTerpan z (a, b) ¢yurmmm v (f) mHaxo-
autea 1o Gopmyme

4
z(a, b)={v()dt =2z () —z (a).

a

(3.4.6)

(3.4.7)

ITpunsra cnepyoman KpaTKas 3amuch
Pa3HOCTU BHAUeHHH ONHOH u TOH sxe
OyYHKmun Ipu NBYX pasIudYHHX 3HAa9e-
HUAX HepeMeHHOIl:

2()a=2(b) —z(a).

B oroit sammcm caesa cromr QyHROmA
HeMO#l IHepeMeEHOH ¢, mpasee KoTopoit
CTABUTCHA BePTHKAJbHAA 9ePTa M y 9epPTH
CBEPXy To 3HaUYeHHe NIePEeMeHHOH, npm
KOTOPOM MBI XOTHM B3ATh QYHKIOHIO CO

(3.4.8)
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3HAKOM ILIIOC, & CHHB3Y — TOo 3HadveHHe,
upum KoTopoM ¢yHKIuA Oepercs co 3Ha-
KOM MuUHYC.

IlopcraBasas B ¢urypupyomuit 8 (7)
uHTeTpan QYyHEOuo v (1), BHPayKEHHYIO
gepe3 z () cormacHo (6), a B mHpaByio

qacth (7) — Brpamenue (8), moaydmm
TOKIECTBO
I3 b b
S 2’ (t) dt:z(t)l : (3.4.9)
2 a
uiIa, B Apyrux o0o3HAUYEHUX,
b
b
SF/ (z)de=F (z)| . (3.4.9a)
a

OfpatuTe BHHMAHWE Ha IOXOJKee PACIO-
JoskeHNe @ w b cimeBa u cnpasa, o0aerdaio-
mee 3anoMuHaHENe Gopmyast (9) (uan (9a)).

Mut pmocratouno mompoGHO o0oGCYIMIAN
caM0 IOHATAEe HeoIpeleJeHHOTO uHTer-
paxa; mopa mepeiltu K npumepam. Pac-
CcMOTpUM 3afiady o0 IIyTH, NIPOHJeHHOM
33 BpeMs OT a [0 b npym CKOPOCTH [BUKE-
Hus v () =%, Vcromsrii myTh pasen ompe-
JOeJeHHOMY HHTerpajy

b

z(a, by= S 12dt.

a

B aroit 3ajtaue HeonpesieneHHBIH THTETPAT
z (¢) HoxydaeTcsi U3 PEIICHHA YPAaBHEHUA

dzd(tt) =v(t) =1 (3.4.10)
Ho wmm 3maeMm, dtO %t:):fitz, 3HAYNT,
:‘Li:t@_ :-,13(3t2) = {2, CnemoBaTenbEO,
ypasEeEmo (10} yzoBnerBopser ¢ynkunusa
2 ()=5 +C, @.4.11)

rae C — IPOM3BOJLHAS HOCTOSHHAs, KO-
TOPYIO MOYKHO HPHUHSTL U PABHOI HYJII0 —
Belb, KaK MBI 3HaeM, OT 3TOT0 pPa3HOCTH
3HavYeHuil QyHKOuUM 2z LPH IBYX 3HaAYe-
HEAX He3aBuCuMoidl IepeMeHHO#l  HuU-
CKOJBKO He 3aBUCHT.

Honcrasum (10) u (11) B8 dopmyay (9):
b

t3

Stzdt=—3—

b B3 a8

s 3

a

B gactEOM ciayuae a=1, b=—2 wumeem

2
‘Stzdt:.s—

1

7
= 2,333.

e
| =~

Tarkum o6pasoM, ¢ MOMOIIBIO Heompee-
JeHHOTO WHTeTpajla MH B HECKOJIBKHX
CTPOUKAX MOJYYMIHM T O UYHO DPe3yrb-
TAT, K KOTOPOMY MBI MYYnTeldbHO npubiu-
Maguch B § 1 UnciaeHHBIMH pacdeTaMH.

Ounpepenenntiit mHTErpag ecTh Ipepes
CYMM BHfa

v(t) G —t) v () Ga—t) ...

IpH CTPEMIEHHMH K HYJII0 KajK{oro ciaa-
raeMoro M COOTBETCTBYIOHMIEM yBeJIuIeHUR
gpcia CAaTaeMBX; Juasi ero npubamskeH-
HOTO BBIIHMCIAEHHS HY:XKHO pasbuTh o00-
JacTh WHTeTPUPOBAHHSI HAa HECKOJIBKO
HHTEpBaJIOB, HaliTm npubamikeHHOe B3HA-
YeHWe nyTH vA! B KayKIOM UHTEPBaJe
U Ca0KUTh nX. YTo0H DoXyInTh X0POIIYIo
TOYHOCTh, HYMKHO ¢JenaTh MHOTO apud-
MetndeckuXx omepanuit, Ho ecnw ussecren
HeompefieTeHHEI uHTETrpaa 2z (), T. e.
u3BeCTHA OYIKNus, IDPOU3BOAHASA KOTO-
po#l paBRa IOABIHTETrpaibHOH  PYHKE-
nuu v (¢), To aioboit oupefeeHHHH uH-
b

Terpax Sv(t)dt nosyJaeTcs HeMeJJIeHHO

a

mo gopmyae (9). Ymenue Haxoqurh QyHK-
Uy ¢ 3aJaHHOIl Ipou3BOAHOM (HeoIpesme-
JeHHBEe UHTETPAJH) (HEOSKUIAHHO» Jaer
MOIIHBIHA cmoco0 BEUmMCIeHus cymM (om-
peleeHHHX UHTeTPajoB).

Heonpeneaenuslil uATErpas HHOTIA Ha-
3HBAIOT nepsoobpasnoll @Pynryuell, BoC-
OpuHEMasi 9TOT TepMUH Kak oOpaTHHIH
K IOHATHIO (IIPOM3BONHAS»: PeUYs WAeT
o Toit Pymkmmm, or Koropoit Gepercsa (u3-
BECTHAsi HaM) npowsBofHasA. Tepmun
«mepBoo0pasHas» IMHPOKO HCHOJb3YyeTCsH
yieOHHKaMl, KOTOpHe HAYMHAT WHTer-
panbHOe HCUUCIeHme AMeHHO C HeoIpe-
JleJleHHBX WHTerpajsioB, & ounpelejeHHEE
HHTETPAJB BBOMAT 1o03;ke. MBIl 3TOT Tep-
MUH HCIIONB30BaTh He OydeM.

Heoupenesmennsiii wmHTEIpan  Bcerfa
MOKHO BHPA3uTh dYepe3 olpeneJeHHbE

+
v

2(t)=C+ [ v (2)da.

o

(3.4.12)

Ilpumensis 1npaBmio o OPOM3BOTHOM
OIPeIeIGHHOT0 HHTErpaja 110 BepXHeMy
mpejieary, JeTKO IIPOBEPHUTH, 4TO 3aJaH-
Hasa dopmynoit (12) dyurnus z (¢) ymos-
agersopsier (6) npm a06HX IOCTOAHHEIX
Cu a,

Bo Bcex 3ajavax B oTBeT BCerga BXO-
AUT PasHOCTh 3HaueHuil z (b)—z (a), Ko-
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Topas He 3asucut o1 C u a,. Illoaromy (12)
MOKHO 3aIHCaTh KOpoUe:

t

z(t) = S v(x)dz.

Haxonen, d9acto Hnmmyt eme Kopoue:

s()={vyar (3.4.13)
A1oT ciocob samumcm BechbMa ymorTpeGmre-
JeH, @ ME ToKe OyleM HM IOJb30BATHCH;
OTHAKO Hajo uMeTh B Bujay, 4TO DaBeH-
crBo (13), B cymHOCTH, HELPAaBUIBHO .
Ero Mo0KHO CPAaBHHUTH C TeMH TPaMMAaTH-
qecky wmiam POPMAJIBHO JOTHIECKU Helpa-
BHJIBHHME BHIPAKeHHsIMHU, KOTOpHe IIH-
POKO LPUMEHSIOTCS B Pa3ToBOPHOI peun,
BceM (Kpome jerefl ¥ IeJaHTOB-IPUIUP)
IOHATHR ¥ OpHHEMAIcs 0e3 Bo3paske-
Huil, Bpofie BHPaKeHUH «C'beCThb elne ofiHy
TAPeJOYKy» WIM (ILIIOHYTh Ha 3TO J1eJ0Y.
B MaTeMaTuke MOCTATOYHO HYaCTO IIPHMe-
HAITCA He COBCeM TOUHHE, HO JOCTATOTHO
NOHATHEE 3AOMCH M BHIpAsKeHUs; 0OHTHO
0HE HEKAaK#mX 3aTpylHeHH# HHU y KOTO
HEe BBI3BIBAIOT.

B sanmenm (13) HapymeHO OCHOBHOE
npaBmlo, COLIAcHO KoropoMy (memas!)
nepeMeHHas] HHTETPUPOBAHUA He HMeer
opaBa MCLOJB30BATHCA B OKOHYATETBHOM
pesyabrate. Ymorpebaasa KpaTKylo 3a-
mmes (13), Hamo BceTHa HOMHHTH, 9TO
3T JHIIL YCJIOBHOE COKPaIleHUe TOYHOTO
supasenus (12), B roropoM C =z (a,).

Nssectnre HaM GOPMYJIEL IS OPOU3-
BONHEIX [aloT IepBylo Tabamiy Heolpe-
HdeJJeHHEX MHTeTPAJIOB:

Sdt:t, Stdt::-t;-, Stzdt:i;—,

a 1
S T

2

Kpome toro, pesymprarter ymp. 2.4.2 m
2.4.3, m03BOJAIOT HANHUCATE:

rodt — - 2 —
—9 — 2 B,
Jir=a fyia=g

Has

9THX

TOTO UYTOOH IpoBepuTh a00yI0 M3
dopmyn, mMocraTogHO HAWTH OpPOM3-

1 3amerpTe, 9TO B JeBoif uwactm (13) cromT
KagaA-T0 G yarnmA z(f), a B OpaBoi —
HeoOpefieleHHEI WMHTETpajy, T. €. CeMe i-
ctBo F()-+C &y HEKIDHIHE OTIAIAIOMUXCA
oflHA OT ApYyroil Ha KOHCTamTy (mOO B 3ammcm
F (t)+C +gmcio C 1pom3BOILHO).

BOJHYI0 0T upaBo#l uactm. Ecam upnm
2TOM HoaydnmrTcsi GYHKOus, CTOAIAS IOX
HHTETpasoM, T0 (opMyia BepHa.

IlonpoGHo crocoGe HaxommeHHus He-
OIIpefleJICHHBIX HMHTETPAJIOB OT Pa3iamd-
HBX QyHKIM paccMarpwBaoICA B . O.
Bumaromapss cBsA3u MeKAy WHTEIPAIOM
¥ IPOU3BOIHON ymaeTcs HAHTH HHTETPAJIBE
Goabmoro gumeaa (QyHKRIHI.

3agada HHTETPHPOBAHUSA SABIACTCS TeX-
Hu4ecKkn Oojee CHOKHOH, dWeM 3amaua
HAXOMIeHUsA NPOU3BONHBEIX. ITa CIOMK-
HOCTH OPOSABAAETCH, B YaCTHOCTH, B TOM,
970 OpH MHTEIPUPOBAHUYU DPANMOHAIBHBIX
(e cofep:kammX KopHeit) axrebpamde-
CKUX BHIPa;KeHHH B OTBeTe WHOTA IOAB-
IA0TCA TorapudMu ¥ o0paTHEE TPETOHO-
MeTpHYecKue QYHKNUH; TPA HHTETPAPO-~
BaHuHW anrebpanvdecKnx BHpPayKeHUI ¢ Kop-
HAMH Pe3yabTaT MOKeT BHIPAsKaThCS NPH
MOMOIIM HOBHEIX, He BIEMEHTaPHBIX, yHK-
Iu#, KOTOPHe HEAb3sT BHPA3UTh € IO-
MOmMpbIO KOHEUHOTO Ymcia felicTBHidl Ha,
anre6pandecKuMu, CTeIEHHHIME M TPHUTO-
HoMeTpuIecKuME QyHKIusMu (cp. § 5.5).
Onmako TPYAHOCTH BHIPAKEHUS WHTETr-
pa;oB He MNOJKHEL 33acIOHATH IPUHIHU-
OHAABHYI0 IPOCTOTY M SICHOCTH HOHATHSA
muTerpana. Ecaum Hexbssa (Maum TPYIHO)
cocuuTath wuHTErpad mo Gopmyne (da),
TO €70 BCerja MOMHO NOACYUTATH Npubian-
HEHHO IPU ITOMOIIA XOTH W TPYMNOEMKHX,
HO B IpPHHI@IE BecbMa IPOCTHIX pacde-
TOB.

B mocaenuee BpeMsi, B CBsA3W ¢ LOABJIE-
HEeM KapMaHHBIX KOMOBIOTEDOB BHITHC-
menme cymM 10, 20 mam 50 wienos cTaio
TOCTATOYHO IIPOCTHIM JleiaoM, TPeGyomuM
10—30 MuH B 3aBHCHMOCTH OT CIOKHOCTH
moAEHTerpaibHoro BHpaskeHus. Iloatomy
BO MHOTHX CJIYy4YasiXx TaKoe IpPSIMoe BHI-
9yCJHeHHE OKAa3BIBAeTCH OPENIIOYTHTe ] b-
HHM [I0 CPABHEHHIO C HOJYYeHHEM CJIOMK-
mnx ¢opmyn. B gumesumke 3amedaTesb-
uoro ¢msmra Iupnxo Depmm npuBepeH
pacder [OBOJABHO INPOCTOTO OILpefleeH-
Horo mHTerpama. Heemorpsa Ha To dTo
COOTBETCTBYIOMUIT eMy HeonpefeaeHHHIT
MHTETPajJ BHpaskaucs depes QGYHKOHU
APKCHHYC ¥ HATypanbHuil morapudm,
QepMu mpefmodes HafTH WHTETPA] dHC-
JeHHo, He Noabaysich dQopmymonn (Ha).

Hawubomee Orcrphie m TOYHEE CIOCOORE
9ICIeHHOTO WHTeI'PUPOBAHMS PaccMaTpU-
Balorca Bo MHorux KHurax. Hpatko o6
5TOM PacCKa3aHo, HaOpUMep, B KHHTe

[15].
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Ynpaoscuenun
1
3.4.1. BriuuciauTe HMTerpajEl:  a) Stzdt;

0
I U gt St
6) S t2dt; B) S—tz—; r S-ﬁ
1 1 1
3.4.2. a) Haiigure naomags TPpAMOYTOJBHOTO
TPeyroJAbHUKA ¢ OCHOBAaHHeM b M BEICOTOH ~ Opm
HoMoITy uHTerpada. [¥Y k a 3 a H u e. CoBMecTuTe®
HayajJo KOoPAWHAT C BePHIHHOH OCTPOTO YTia
TPeyroJbHUKA, a BePIIyHY HPAMOTO yTia pac-
moJoxuTe Ha ocu aberuce (puc. 1, a). Haitgute
ypaBHeHNe THHOTeHY3H B 9TOH cucTeMe KOODAH-
HAaT ¥ BHYUCAUTE IIOIMALS KAK MHTETpad.]
6) HaliguTe mIOIags TOTO JKe TPEYrOAbHUKA,
COBMECTHB BepIINHY NPAMOro yria ¢ HadalloM
KOOPAMHAT, a4 BEPHIMHY OCTPOTO yria — C To49-
xoit (b, 0) (puc. 1, 6). [Yraszauue. Boc-
TMONb3yiiTeCh OUEBHAHEIM CBOHCTBOM MHTerpala

CYMME ABYX QyHRIumii: S (f+8)dze= S fdz +
+ S gda:.]

3amMeuanune. He noamymaiirecs TeM,

yro Bam @DpuxogmTca yuorpeGaATs  ycmadA
A TOJyd9eHWA OOMEH3BECTHOTO pe3yibTaTa

S,= 5 bk, — BeAb MeTORH HMHTEr PHPOBAHUA

UPEMEHUMH W TaM, Tfe 3JeMEeHTADPHEE CHOCOOH
HaxXOMKACHNA IUIOmaieif OKasHBAaWTICA Geccmiub-
HeIMA!

3.4.3. a) Haligure miomanp 1oy mapalolnoi
y=az2? (puc. 2, @), OrPaHWNEHHYIO BEPTHKAIbLIO
Z=z, m 0CBI0 abCIMCC; BHpasnTe IJIOMARb depe3
KOOPAMHATH x4, Yo KoHHa pAyru OA mapa-
GoJEL.

6) Tor sxe Bompoc A caydas Tapabodsl,
TmpoXoAfAmeil dYepes HAYAJO KOOPAWHAT, TOPH-
BOHTANbHAA KAcCaTeNbHASL K KOTOPOHl HIPOXORHAT
uyepes ee TOIRY B (xg, yp) (puc. 2, 6). [Y ka3 a-
gsme. OTBeT MOMHO HOJNYIATH HEMeHAJEHHO,
ToJAb3YACH pesyibraToM yup. Ja. Tem me menee
He TOJEHUTeCh M ChejaiiTe Bee ,I0 TOPAARY,
HE CTpeMsCh COKPATATH PaboTy ¢ IOMOIBIO OCTPO-
yMuON HaXofku. Y paBHeHme Tapaboin ciemyeT
HckaTh B Bupe y=kz3+tpz-+tq, Tae BeamdmpH
k, p, ¢ MOMKHO HAWTH W3 YCAOBHMH ITPOXOKIEHHESA
JUHUM Yepe3 TOURW (I, Yo) M HAYAIO KOOPEMHAT
(0, 0) 1 m3 ycioBuA TOPU3OHTAIBHOCTH KacaTedb-
Hoil g mapabode B Touxe (zy, Yyo). Ilmomans
BHIpasuTe depe3s o, Yo. Ecam Bu He Mosxere
HCHIOJAL30BATL pe3yiabTaT yOp. 3a, TO cOEpBa
TIOCTYIMTE KAK YKA3aHO BHINE — ¥ MOJYYeHHHIA
pPeayiabTaT caM  DOACKaKeT CBA3L  MEKAY
yop. a n 6.]

3.4.4. 3amumnre BHparkeHue ILIOMANA MOIY-
Kpyra pagmyca r (puc. 3) B BHfie OIpe[eJIEeHHOTO
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upTerpada. [Y ka3 aumnme. Bocmoabsyirech
ypaBHenmeM oxpy:uocTH: x-yi=r2. ]

3.4.5. HaiigpTe Beapupmpy MHTErpala
§ 1),

dx .
S T g2 10 Qopyyne Tpamemuit (oM.

mpuHAs 3HaveHud n=35 m n=10. Boaucaenma
BefluTe ¢ YeTHIPbMA 3HAKAME HOCJe 3allATOH.
3ameganmnme. Toumoe 3HageHme B3TOTO
mETeTpaia pasmHo m/4=0,785398 (cM. panee
yop. 5.2.4); OpmbiamxenHoe BHYUNCAEHYE NHTe-
rpaiia jlaeT BO3MOKHOCTh HalTnm mpmbiamxenHoe
sHavYeHMe YMcaAa T.
3.4.6. IlocTpoitTe rpagur Qyurnum £ (r)=
x
= S y (z) dz, rge rpajux Pyskumm y (z) mso-
a
GpaskeH Ha puc. 4. 3Ha4eHHA a NpUMHUTe PaB-
upvu 0; 4; 8.
3.4.7. Mocrpoiite rpadur Pyuximm

x

F(z)= S y (z) dz,
0

Tae rpadurn (BosMmosKHHE) QyHxmmm y (r) wso-
OpasKeHH Ha pmc. 5.
3.4.8. Ilocrpoifte Kpusne

F(z)= S ¢ (z) dz,
0

rpadurn ¢yErnum ¢ (r) (BO3MO)KHEIE) m3olpa-
skeusl Ha puc. 0.6 m 0.7 (em. ¢. 484). CpaBumte
F (z) ¢ dysrumamm y (z), Tpaduxm KOTOPHX
n300pazkenn Ha puc. 2.5.5 m 2.5.6.
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M= paccMaTpuBadu BEIIIE CAMHI IPocTOi
caydai oLpeflesleHHOr0 MHTETpasa, KOT/Ia
HONbIHTErpaibHasg QYHKIHA  OJ0MKH-
TeJbHA W BePXHUH Ipefes MHTErPUPO-
paHUA GoJxblle HUIKHETO:

b
z(a, b):Sv(t)dt, v(t)>0 u b>a.

B s10oM caywae wumTerpan, ouesmgHO,
NOJOKUTeeH, TAK KAK OH PaBeH Opefeay
CYMMBI HOJIOKATEJIBHHEX cjaraeMhx. Mm-
TerpaJ mMeeT HPoCcTo ¢uandecKuil CMBICI
nyrtu (ecam v=v (f) — 3T0 CKOPOCThH)
um oaomapgu (ecam v=v (f) —
ypaBHeHme KpuBoil). A xarmMm Oyjer
3HAK HHTerpaja 0T OTPHILOAaTeJd b
H o ii ¢ynknum, 1. e. B caydae v (£) < 0?

OcraBum 1oka B cuie yciaoBme b > a.
B Bmpaenun cymmm (mepexoffmeil B
mpefieie B MHTEIPAJN) B KaKIAOM WieHe
MHOMKUTEJb Af IOJOKUTEJeH, MHOKHA-
Tenb v (¢) OoTpHIaTeNeH, Kafoe CJarae-
Moe OTPHI{aTeJBHO, CyMMa OTPHIATEILHA,
HHTETPaJ TaKKe oTpunaTenaen. Hrak,
ecam v (1) << 0 opu a < ¢ < b (rar uTO
3mechk b > a), To
b

o <o.

a

B caywae npumenna cmuicn oTsera mpocrt:
OTPUOATENBHOE 3HAUeHWE ¥ 03HAYAET, 4TO
ABHKeHNE HPOMCXORHT B CTOPOHY, IIpoO-
THBOIOJIOKEYIO NOJ0KUTeIbHOMY HAIIPAB-
JeHWIO, T. €. HaOpaBIeHHI0 BO3pacra-
HUs KoopiuHarh z. IlyTh, npoimemmerit
B OTPUIATeABHOM HAUPAaBIEHUH, ME
BCEIJIa CUMTaeM OTPUIATeNbHEM. Ilpn
TAKOM JIBMJKeHHH Z yMeHbIIaercs, z (b) <

<z (a). O6masn dopmyma \
z2(0)=1z(a)+z(a, b):z(a)—[—gvdt

a

b
n [v@)dt=z0)—z()

0CTaeTCAA HOPHM 9TOM B CHIe — TOJBKO
BO BTOpOH ee ¢gopMe obe 9acTu paBeHCTBa
OTPUOATe bHE.
B ciyuae 3 HaKomepeMeHHO i
CKOPOCTH MOKEeT CAYIUTHCSH, B YACTHOCTH,
b

470 Sv(t)dt:O, xota b>a u bta.
a
Jdro mpomsoiiier, ecam wacTh BpeMeHH
0T @ 10 b Tes0 BUTANOCH B ONHY CTOPOHY,
a [PYryo 9acTh BPeMeHM — B HPOTHBO-
HOJIOHYI0 CTOPOHY, B pe3yabTaTe 4ero
K MOMEHTY b 0HO BEpHYJ0Ch B HCXONHOC
NOJIOeHAe, T. €. B TO HOJOKeHHE, B KO-
TOPOM HAXOJMIOCh B MOMEHT d.
O6partumca k 3ajave o mIOmAmH LOJ,
kpusoil. Ilpu b > a un v (¢) > 0 urTerpan
PaBeH IUTOMAA#M, oTPaHHMIeHHoll KpmBoi
v=0v(f), ochklo ¢t W BepTURANAMHU ¢ —a,
t=b (puc. 1, a). IIpu v<<0 uw b >a,

b
KAaK ME 3HAeM, Svdt<0. B stom cny-

a .
9ae KPUEBAas JeKAT HAe ocu abemmec
(pme. 1, 6); mosTomy, AAsS TOTO YTOGHE
COXPAHHTH 33KOH, L0 KOTOPOMY ILIO-
Iajb paBHA MHTEIPATY, HeOGXOMUMO CUH-
TaTh INIOM@@k OTPHATeJJbHOMH,
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KorJa Kpueasg v=v (f) JesRkaT HH K e
ocu abcmuce.
BosbMem Temeps 3HaKonepeMeHHYIO
¢dyHRUMIO, HaupuMep cuHycommy v (t)=
=p/2)
" 7 ©=u
7
7 a /A
g
Iz
a g
7 ;a z
o=p0C)
Pue. 3.5.1 .

=sin ¢ (puc. 2). Herpymuo Bumers, 4910
ILIOmMAAb, 3ajaBaeMasd 3TOH KpPHBOH Ha
OTPe3Ke, PaBHOM nepuojy GyHKIuu, T. €.
or =0 nmo t=2=, mo HameMy oupejeie-

o

/.

ﬂWn z

HUI0, paBHA HYIW. ITO 3HAYAT, 9TO ILIO-
magh INepBOM MOAYBOJHLI, KOTOPYIO MEI

— ﬂ -
Puec. 3.5.2 ]

CUHuTaeM HOHOH{HTeﬂbHOﬁ, COKpamaeTCH
Zn i iy e L &y
. ! I i L 1] .
T i T L T T i T
K4 7 2

Puc. 3.5.3

€ OTPUIlaTeJabHOH MI0MANbI0 BTOPOH HoMy-
BOJIHEL 1.

Oupenenensslii uHTerpasa obobuiaercs
¥ Ha caydail, Korfga BepXHuil npejesa

a a
. — % ——t
) c 5 7 5oz
Puc. 3.5.4

! Ecim mepej HaMm CTOUT BONPOC O TOM,
CKOJIbKO HY;KHO KPacKd, 9T0o0H 3axpacuTh 3a-
INTpUXOBaHHKE Ha puc. 2 obiacrum, TO Taroe
onmpejenenne IIOmMAaTiu, pasyveercs, Oyner Gec-
nmoxesHo. B aToM cayuae Ha o pa3duTh Bech mH-
Terpajl Ha 9acT¥, B Ka:KJ0H U3 KOTOPHIX sin x co-
XpanAeT OAMIU H TOT ;Ke 3HAK (B JAHHOM Ciyyae
Ha /e acTu — oT 0 ;[0 7 1 0T = Ko 2T), NOACIU-
TaTh UHTErpal N0 KAKIOI YaCTH OTIEJbHO
# CJOHATE a0COMIOTHHE BeJIMYNHHE HHTETPAJLOB,
OTHOCAIMUXCA K OTIACHABITEIM YaCTHAM.

MeHbIle HmKHero. B arom cayuae
MHEl yiKe He OymeM roBopuTh 0 OyTH,
BpeMeHm, ckopoct:m (cp. § 1), a obpa-
TAMCA K ONpeflelleHHI0 MHTerpada Kak
cymmul (cM.§ 2). PasbuBas cHoBa oTpe-
30K oT a mo b (puc. 3) Ha n wacTeit
OpOMEeKYTOUHEIMY 3HAYCHUAMH &y, Ly, . . .,
t,.1, yOemmMmesi, 4ro Bce Af Temeph oOT-
punareabHsl. Jlerko mposepurh, 9To
b «
gu(t)dt:_gu(t)dt,

a b

(3.5.1)

TaK Kak npm m1000M pasGueHHnm oTpe3Ka
[a, b] coorBercTByIOmMMe CyMMH OygyT
OTIM4YaThCA 3HaKaMu BCeX Al Bo Bcex
cJIaTraeMbIX.

CymecTBerHOe CBOHCTBO mHTErpajia co-
CTOUT B TOM, 9To 00JacTh MHTErpupoBa-
HUS MOMKHO pa30buTh Ha dacTH: IyTh,
OpOMJeHHbIA 3a BpeMs 0T a (HA9aJyo)
mo b (xoHen), MOKHO HPeNCTABHTH Kak
CYMMY IyTH, OPOHIEHHOTO 3a& BpeMA OT a
o ¢ (IIPOMEsRYTOIHOTO MOMeHTa BPeMeHH)
n or ¢ o b (puc. 4, a):

b 4

Su(t)dt:&u(t)dt—!—gbv(t)dt.

a a 4

(3.5.2)

IIpm momomu coorHomenus (1) MomHO
pacupocTpaHuTh gopmyay (2) m Ha cay-
4aif, KOT[la ¢ JIe’KUT He BHYTPH IPOMe-
wytrka la, bl, a Bme ero. Ilycrs,
Haupumep, ¢ > b > a (puc. 4, 6). Torna,
09eBHIIHO,

] b e
gu(t)dt_—_gu(t)dt-;-gu(t)dt.

a a b

(3.5.3)

Ilepenecem mocaepHee caaraemoe BiIeBO
# BocHoabayemcst (1):

4 [4 b

Sudt——Svdt:&cv(t)dt—{—gv(t)dt:

a b a [4

b
= S vdt. (3.5.4)

Tarkum 06pasom, MBI HOXYIuIN PABEHCTRO,
B TOYHOCTH CoBHIafamlmee ¢ (2).
AHBJIOTHYHO MOKHO PAacCMOTPeTh BCe
Apyrye CAy4ad B3aWMHOTO PACIOJOReHHS
apeesn @, b, ¢ — To4eK HWHCIOBOU ocm
(BceTo mMeeTCs IIECTH BAPHAHTOB PacHo-
J0KeHHsI 9THX To4eK). UmraTesb serxo
CMOKeT PAcCMOTpPETh MX CaMOCTOATEJbHO
u ybemurbcs, duTo Qopmyna (2) Bepma
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BO BCe€X 39TuX CJaydasdX, T. e. He3aBACHMO
OT B3a®MHOTO PACHOJOKeHHA Tuceda (T0-
9ex) a, b, c.

Bce st cBolfictBa oUnpegeneHHHX HMH-
TerpajsoB MH BHBeJm WCXOIS H3 OIpene-
JeHusl WHTErPaja KaK IOpefeia CYMMHIL.
Ho »astm cBoiicTBa caemyiorT Takmke us
BHpaKeHUS OLIPe/leIeHHOTO HHTerpaJa Je-
Pe3 HeolupegeJeHHEH. B camoMm Jeue,
IycTh HEOUNpe[eJeHHBIH HHTErPas

{ema=z@.

Torpa
Sbv(t)dtzz ) — z (a)

;

gav () dt =1z[(a) — 2 ()) = — Sbv(t)dt.

Ananormuso

Sv(t)dt:z(b)—z(a), {v(t)dt:z(c)—

a
b

—z(@) n [v@d=z0)—2()

[

OTKyHAa
b ¢ b
froa=fvoatjvoa

OCHOBHO# 33KOH 0 TOM, 9TO LPOH3BOJ-
Rasg 0T HHTeTPAJa PaBHA IOABHTETPAIb-
HoHl QyHKIEE, OTHOCHTCS K IPOHM3BONHOM
mo BepxHeMy Ipepneny. Heam ompenesen-
HBI WHTeTPaJ paccMaTPUBATh KaK QyHK-
MU0 eTO HAJKHETO Ipefiesia OPH 3aKpen-
JeHHOM (DOCTOSHHOM) BepXHeM Ipejele,
TO OTBET HOJYIHAT BHAK (MHEHYCH:

b

dz(a, b d
'_EzE_):E jreya|=—v(@). @55
IlprunAy 1moABTeHMS 3RaKa MHHYC

B 9T0o PopMyie JerKo HOHATb, PacCMarT-
puBaf HHTErPA] KAK ILIOIARb: IIOJOKH-
TeJbHOE HpupallcHme Ag, O0YEBHIHO,
yMeHbmMaeT maomanp (pumc. 5)2 Dop-

2 [laomapb, OTPAHHYEHHAS BePTHKANLHHIMM
apaAMEME t=a-FAe, t=b, xpmBoE v=v (1)
¥ OChIO £, Me H b II e NJIOIMafw, OFPAHHICHHOH
BePTHKANLHKME OPAMEME t=a, {=5, KPUBOH U
ocbio £,

MaJbHO TOT jKe Pe3yabTaT MOMKHO HOJY-
9uTh, HLEPECTABUB NPEAEHH (OpPH OTOM
HaM OpUieTCcss U3MeHHTH 3HAK) H 3aTeM
OpHMeHASA W3BeCTHHH 3aK0H 0 OPOoE3BOX-
HOI IO BepXHEMY Hpefieiy:

da d

a \ b

LA Sbu(t)dt :ia(— Sav(t)dt =

=y (a).

B ¢psasu ¢ BOIIPOCOM O 3HaKe HHTEerpaja

OTMeTHM IpuMep, dYacTO BHBHBAOIMAH
HefloyMeHHe y HadmHaomux. PaccMorpum
dx 1
S =7 (3.5.6)
v vlE)
Pue. 3.5.5 |
A a z+dz b z

3T0 pPaBEHCTBO BELITEKAeT W3 HaIEHHOTO
paHee 3HAUeHMA IPOM3BOLHOU

d (1/z) 1

dz ~— z °
Ilpapuner am smak y maTerpama? Mo-
HeT JH 6bITI) OTpPHUIiaTeJIbHBIM IzIHTeI‘paJI

oT monouTenpEON Gynrnun —? He mpo-

THBOPEYHT JIX ITOT 3HAK CHACJAHHEM BHING
YTBeP/KACHHEAM?

Hame nemoyMmeHme cBS3aHO ¢ TeM, 9TO
dopmyay (6) MBI 3anmcanm HEAKKYpPaTHO.
Ecay mnepemmcarh ee B IOJHOM Buje

d 1 .
oLl

TO yKe Heab3sd OymeT TOBOPHTH O TOM,
9T0 3HaK MHTeTPajga BCeIja oTpEOaTejeH,
TaK KaK 3T0 3aBHCHT eIe OT 3HaKa =T
BeauduHH C.

B peficrBurensHOCTE BCe YTBEPIHIeHHSA
0 3HaKe OTHOCHJWCH K oEpeje e H-
HOMY mHTerpaxy. BosbmeMm

b

Ilpu]d >a (u ecaim mpuroM u a B b,
Kasfloe B OTAEJBHOCTH, LOJOKATeIbHEL)
HHTETPAJ LOJOKUTOAEH, KaK H JOJKHO
Outh, 7. ¢. (Qopmyma (6) HmpaBuabHa,
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OPEBOJAT K BEPHOMY pesyJabTaTy A
ompefielleHHOTO METerpama. 3aberas Ble-

dz
penx, OTMETHM, 49To C METErpajoM S;z—

CBA3aHH J[pyrue, yske He (QUKTHUBHHE,
a HCTHHHEE TPYAHOCTH, KOTOPHeE OyZyT
paccMoTpeHH B § 9.2.

§ 6. Ilpumepn W npmAOKeHMs

B ra. 2 n npegmigymux naparpagax ri. 3
MBI PacCMaTPUBAJU COOTHOHICHHE MeKIY
IyTeM ¥ CKOPOCTHIO, COOTHOIIEHNE MEMKILY
YPaBHEHMEM KpPUBOH W ILIODIAJbI0 IIOK
9TOHl KPWBOH. ITH COOTHOWEHWS Lpef-
CTABJIAIT c000i Te KOHKPeTHHE BOIPOCH,
Ha I0YBe KOTOPEIX HCTOPHYECKH CJOIKE-
auch guddepeHnuanbioe H WHTETPATbHOE
meaucaenus. Ho noHstus OpomsBommoi
B UHTeTPaja OPUMeHHME, KOHeYHO, He
TOXBKO K MePeducieHHHM BOIpPoCcaM,
2 K Ype3BHHUaliHo MuPOKOMY KPyry #B-
leHWil, K CaMHM Ppa3JuIHEIM 00JaCTAM
HayKd, TeXHUKH, USHA. B cymuocTm
TroBOpsA, UPOM3BONHAS, MHTEIPAT U Teo-
pema Hbiotrona—JleiiGauna, ¢urcupyio-
mas CBSI3h MERAY HHMM, LPECTaBIAIT
cobol onpefiemeHHHI #A3HK, HamGomee
npucIocobeHHH ST OLHCAHUS 3aKOHOB
OPUPONHL

Yaamuitcss, 'HaumEalomuit u3ydeHme
WHOCTPAHHOTO A3BIKA, YTOOH HPUBHKHYTH
K HeMy, IOBTOPseT OFHOTHIHEE LIPOCTHE
¢pa3s: «Ha CTOJE CTOMT CTAKaH», <HA
cTOJIe JesKuT xjged», «Ha NNy CHAHAT
KOIIKa», «Ha IOJY CHEUT MHIILY. BoT
TaK JKe B Hadaje WN3y4YeHHUsA BHCIIeH
MaTeMaTHKU HAN0 HA MHOTUX HOXOMKHUX
OPUMEePaX HOBTOPATH COOTHOMEHU A MEKIY
npou3BofdHoH u mHTerpanoM. Ciepea mamo
HayuuThCAd WHOCTPAHHOMY SI3HIKY, & IIO-
TOM Y:Ke BEICKa3HBaTh HA 9TOM $i3HIKe
onpefiesieHHEIe MBICIAM, YTBEDIKICHUA, HKe-
gaEmsA. Tak w MBl cHagajga HayduMes
BHPAKaTh XOPOIIO0 M3BeCTHEIE COOTHOMIIE-
HuA u GopMyampoBaTh 3ajauu Ha H3EIKe
MaTeMaTH9eCKOTO aHAJHM3a, 4 yiKe IOTOM
Oydgem pemaTh 9TH 3afa9u M LOJYYaTh
HOBEE pe3ylNbrarTh .

1Tere rosopmi: «MaTeMaTHKH — 3TO POA
¢pannysos: croutr mM uro-unGo cKasaTh, Kak
OHH CPa3y IepeBOJAT CKA3aHHOE HAa CBOH A3KK —
¥ 3TO OKA3HBAETCH COBCEM He TeM, 9To BH mepBo-
HAY9AJBHO MMeNH B BuAy». C 3THM DepeRInKaeTca
W3BeCTHOE BEICKA3HIBAHNE 3aMeYaTeJ]bHOTO ame-
PHKAHCKOTO (QW3MKa, TBOPHA COBPEMEHHOH Tep-
MopmHaMukn JKosaiim Yuanapga I'm66ca
(1839—1903). Ilpm obcy:Kienmm BoIpoca O TOM,
YeMy CJeAyeT B HporpaMMax OKAa3HBaTh IIpef-

IlpuBefeM HECKOJBKO THOWYHEIX LPH-
MePOB, WIAKCIPUPYIOIMUX COMepIHaHue
HacTosAmeHd TaAaBH; GOABMKHCTBO 5THX
OpuMepoB OYAYT LUPOROIHEHH B PA3BUTHL
B JaJbHeHIIHX TAaBax.

1. YcropeHHe ¥ DPaBHo-
VCKOPeHHOe RBHUKeHHE, DPa-
6ora cmaw. B ra. 2 m 3 mu no-
CTOSIHHO paccMaTpuBaju IepeMelleHUe
TeJI X CKOPOCTH ABMIKEHHS KaK IOPOU3BOJ-
HYI0 0T KOOPAHHATH Tesa 10 BPeMeHH.
HO ImocJge Toro KakK MBI HallTX MITHOBeH-~

dz (t)

HYIO CKOpPOCTb U (t):_dT M oOpefeNHIn

ee BaBUCHMOCTb OT BPeMeHm, CTAHOBHTCSH
YMECTHEIM BOLIPOC O «CKOPOCTH M3MEHeHHU s
cKopocTu». Berio aToro Bompoca MH yie
Kacagues B § 2.7.

IlpoussomEas ckopoctu » (f) mo mpe-
MeHU

dv (t)
dt

.

=ua(t) (3.6.1)

Ha3BIBAGTICS Yckopenlem m 00o3HAYaeTCA
obrrano Gykeoit a (accélération — ycko-
peEme no-ppaHmyscku). Tax waxk pas-
MeDHOCTH CKOPOCTH CcM/c mim M/c, To
pPasMepHOCTh ycKopeHHs cm/c? mam m/c2.

damumeM CKOpoCTb B BHIe IPOUSBOJ-

. d
HOll OT IyTm IO BpeMeHU v:ﬁ U TofCTa-
suM B (1). Torpma noxyumm
d /dz d?z
o= (@)=a (3.6.2)

TmoYTeHme: A3HKaM, 0co0eHHO JIATHHM M Ipede-
cxoMy, mim MaTeMatmke, I'm60c cxasax: «MaTe-
MaTHKa — 9TO TOKe S3HK». JTo GHUIO ero eams-
creennoe — u TeM Oosee Becomoe — HyOGaMYHOE
BHCTyIUIeHHe [0 o0IquM BOIpocaM MpenojapBa-
HuA. Eme MHOro panbmie mo9YTH TO 3Ke YTBEP:K-
Jan spamennThit lammiteo Taanmae it (1564—
1642), sagBMBINM, 970 «3aKOHH HNPHPOAH 3a-
OMCAaHbl B BeJHYallleldd KHHIe, KOTOpasd Bcerma
OTKpHTA Hepefi HAIMMH IJa3aMy (A pasyMei-
Bcenennyw), Ho ee mejb3s MOHATH, HE HAYIHB-
MnCh CHavajJa HOHMMATh H3HK, Ha KOTOPOM
OHAa HamucaHa, — a HAOMCAaHA OHA HA A3HKE
maremMatnxm®. (Ilpaspa, panee Tlandmieii He-
CHOJBKO HEOKANAHHO JJIA HAC ¢ Bamm 3asBiser,
9T0 «ee (MAaTeMATHKH) OYKBH — 3TO TPEyroib-
HHUKN, OKPY)KHOCTM M Jpyrue reoMerpmdeckume-
¢urypel, ©Oe3 KOTOPHX HEBO3MOMKHO MTOHATE
ee CioBa», paccMaTpmBasl TeM CAMBIM KAaK fA3HIK
TPUPOAH TeoMeTpmio, a He Amddepernuansnoe
H mWETerpaxbHoe wucumcieHus. Ho Beab Hafo
HMeTh B BUJY, UTO BO BpeMeHa I'anniless HUKAKOE
MaTeMaTHKA, OTJIMYHON OT FeOMETPHH JPEeBHHX
rpexoB, eme He ObUIO — XpeJBUAETH CO3[AHME
Jleitbunuem m HploToroM BEICIEH MaTeMaTHKME
nX OpAMoil mpexmecTBennmK lanuield, pasy-—
MeeTcs1, He MOF.)
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‘Taxum oGpasoM, yckopenue pasHo emopol
NPOU3EOOHOI Om RYMU No 8peMeHU.

3aMeTuM, KaK Pa3YMHO NOCTABJIEHHI
moKazaTenu  (IBOHKH) B  BHPakKeHUH
d%z

TiEe PasmepHOCTE  YCKOpDEHHMA HWMEHHO

z
4> orGpaceBas GespasMepHLIe 3HAKH d,

moJiy9aeM HPaBHIBHYI PasMEPHOCTH BTO-
poit Tpou3BOTHOI.

Ecaun yckopenme xak ¢yHEKOUA Bpe-
MeHH HaM HBBECTHO, T0 B3HAYCHHE U=

=v () MTHOBEHHOH CKOpPOCTH MOJKHO 3a-

dv
mucaTh B BHIe HHTerpajiga OT a(t):a? .

¢

o) =v,+ [ a@)d.

ty

(3.6.3)

{(3necs v, =v (¢,) — MTHOBEHHAS CKOPOCTh
B HAYaJBHEIL MOMeHT BpeMeHu @ =fy;
qT0o0p YOeMHTHCSA B DTOM, JOCTATOTHO
poncTaButhk B 00e wactu (3) 3HaUeHHE
t=t,.) B dacrtHOCTH, ecim YyCKOpeHHe
noctosHEHO (a =const, caywait pasHoycko-
DPeHHozo NBUenus), 1o um3 (3) caemyeT
t

v(l)y=v,}+a g dt =vy+a(t —1,), (3.6.4)
to
I

v()=at-b, rne b=v,— at,,
(3.6.4a)

T. e. CKOPOCTH PaBHOYCKOPEeHHOTO BH-
JKOHMS ABASETCE JUHe HHOH (QyHK-
nue# BpeMeHH.

3rasa ckopocTh »=v (f) NBUIKEHHMSA, MH
MO3keM BHUMCAMTb H KOODPAMHATY 2=
=z (f) (1. e. BRINUCATDH 3aKOH OBUNCEHUR):

¢

z(t)=2z2,} S v () dt,

t

(3.6.5)

win B cuxy (3)
¢

= zy vy (t —85) + § {aa|a,

(3.6.5a)

rge  z,—2z (¢,) — HaYaJbHOe IOJIOKEHHe
{KoopimHaTa) Tena B MOMeHT ¢, (moz-
¢TaBbTe B 00¢ wacTu (D) sHadeHme I=f,).
Pazymeercss, B o6meM cBoeM Bmue ¢op-
myna (ba) mamonarasgHa. Ommako ecam

a=const, To CKOPOCTb ¥ 3aJa€TCA HECIO -
voit gopuvioit (4a) (mam (4)) m coorHO-
medne (da) UO3BOJHET IOJHOCTHIO ONH-
carb S3KOH [JBMIKeHHA Tela:

b4
2()=z2,+ | (@4-v)dt=

%

12 —

=z a8 b — =2 tbe,

rae c:—%tﬁ-——bto-{—zo

(3.6.6)

(mpoBephTe, 9T0 OPOW3BOMHAS OT HPABOH
gactz (6) mo ¢ coBmajaeT ¢ IpaBoil 9acThIO
(4a)). Taxum ob6pasoM, 3aBHCHMOCTb KO-
OPAUHATEHL Z T€JIa 0T BpeMeHN ¢ IPH PaBHO-
YCKODEHHOM JBHKeHHH SBJIsAeTCA K B a JI-

a ey
s R i
- —
~"
5
Pue. 3.6.1

patud9doid. B wactHOCTH, B Cayuae
cBOGOMHOTO HAfleHWsI TeJ HMeeM d=—g,
rae g~9,8 M/c? (3HaKk MUHYC CBA3aH C TOM,
9T0 MOJOKATEIBHEM Mb CIATaeM HaIpaB-
aenue Beepx). Ilomaras B (4), (4a) m (6)
a=—g, TOJyYNM u3BeCTHHE (OPMYNHL:
¢
v(t)=v,— S gdt=—=vy— gt — 1)) =
4
=vy— gy,

e t,—i—t, — 9TO ¢HOBOE» BpeMs, OT-
CUNTHIBAEMOE OT MOMeHTa [ =l,, u

1) =20+ | [Do— gt — to)]dt =
#, :

=z} S (vo — gty) dty =2y + oty _"62'“ t
0

B cBssm ¢ ycKopeHmeM BCIOMHEM eIe,
910 paloma CUAK paBHA NPOH3BEJCHHIO
cuai F Ha myTh § (MH 3fech CUHTaeM
OyTh WiE TepeMelieHRe COBHAJAIIUM
¢ HampasaeHmeM cmabi; puc. 1). Omuaxo
sTa ¢opMmysa IpEMeHNMa JuIIb B CIY-
9ae MOCTOSHCTBA CUIH — 06CTOATENBCTBO,
KOTOpOe peanbHO MOYTH HUKOTHA MecTa
He mMeeT. B ciydae me mepeMeHHOH cHIIH
F unpmxommrcs pasbusaTh Bech myTh (OT
2=z, B0 KaKOTO-TO Apyroro (mepeMen-
HOTO) SHa9YeHHS KOOPHHHATH 2) Ha MaJble
WHTOPBaNH JAMEH AZ W CYMMHApPOBaTb
BupakeHns FAz, momydaeMEle B Ipef-
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HOJOKEeHAM, 9YTO Ha PaccMaTPmBAEMOM
MajioM HHTepBaje [JUBH Az cmjga He
MeHfeTcA (eIme He ycIejJa ONIyTUMO H3-
MeHATHCA). Tak MBI ODPHXOAEM K «HHTEr-
pansHO#l cymme» X F Az, B KOTOpo#l musA
HONYIeHAS BHPKEHUA RJIA IPojesaH-
Hoil paboTh A Hajo eme 3aTeM NepeiiTh
K Ipefeay, CYATasE Bce OTPe3Kn Az
ReoTpaHmueHHO YyOnBaomumu. Ilocnen-
Hee 00CTOATEJBCTBO IIO3BOJAET CYATATH
dz
dt
PesKe HOCTOSHHON M IIOTOMY BHPAasHUTh
IAuHEYy Az OTpe3Ka KaK Ipoum3BeleHHE
CHOPOCTH ¥ Ha BpeMsi Afl, B TeueHHE KO-
TOPOro 9TOT OTPe30K mpoxofurtcsa. Tem
caMhM cyMma BRpakeHmit X FAz 3ame-
HiAeTCs Ha cyMMY DFvA?, 9TO mO3BOJsET
npeacrasuTh pabory A nubGo B BHme uH-
Terpaja, Ife 3a IePeMeHHYIO NIpUHATA
KoopimHaTa z, qub0 B BHe HWHTerpasna,
TRe IlepeMeHHOH CIy:KWT BpeMA i:
z 4

A =SFdz= S Fudt,

2 %y

BcenomenM Teneps, 4ro cmaa F pasHa
npoumssefieHHI0 Mma, TAe m — Macca Teaa,

CHROPOCTE V= Ha KamKIOM TaKOM OT-

(3.6.7)

dv '
a a=_;—ycroperne (3axorn Heworomal).
Ilostomy (7) MoykHO mepemmcaTh Tak:

A=m Stﬂvdt.

= (3.6.8)
t!)

dv
Ilockonbry, oueBumEO, GyHKIMA v AB-
172

aAeTes mpomsBOpEOH oT 4 (cp. § 2.3), To

OKOHYaATEeJbHO IIOJyuyaeM
¢ muv? mug

122
A—m (—2—) t, :——2 5 >
rae v=v (z2) m V=0 (2,): TpoflenaHHAH
mv}

2 2
meaa  (pa-

3ymeercs, pabora A m nmpupameHme Ku-
HEeTHIeCKOH sHePTuH MOTYT OJHOBPEeMEHHO
0Ka3aTbCsl OTPUIATEAbHEIMH).

Ilo noBomy nanbHeHmero oGCY:;KEeHHSA
BAaTPOHYTHIX 3eCh TeM CM. TjaBu 9
u 10 xHErH.

2. Pacraskenne mpoBoIgO-
kn. PaccmMoTpuM  DonBemleHHHA — 8a
BOPXHEE KOHeN OPYT, HPERCTaBIAOMuUM
co0oit METPOBEI KYCOK MeJHOU IPOBOJOKH
aunamerpom 0,4 cM; copammBaeTcsa, Ho
KaKoNl JJWHH PacTAHeTCS 3TOT KYCOK

(3.6.9)

paboma A paBHA npUpPAUEHLIO
s 2

. mv
KUuHemuieckouw 3sHepeuu 5

OPOBOJAOKH IOfi BJAMSHEEM COOCTBeRHOTO
Beca? PacTsxeHnme npoBONOKE CBA3aHO
¢ IPHJIOAKeHHOH cmiaofl ¢ mOMOIIBIO Tak
Ha3KBaEMOTO B3aKOHa TFT'yra?,
COpPaBeNMBOTO LUPH CPaBHATEJBHC He-
fonpmux cmaaX (um PACTSIKEHHAX) W
YTBepsKAalmero, 9To degopmayus (pacmsa-
aenue) I npamo nponopyuoHasbHe RPuU-
aoxcennoli cuae F u daune L npososoru
u 06pamHo nponopyUoHalbia naouadu S
ee ceyenus:

1 FL
l=% % (3.6.10)
rme £ — nocTosHHME MHOMKETEIb, 33aBH-
cAMUE OT MaTepHaia, ®3 KOTOPOTO clie-
JIaHa IIPOBOJIOKAa, M HA3BBAaeMHIH M 0-
ayaem IOmura,.

PaszyMmeercs, MH He MOKeM Cpasy Iof-
craBuTh B Qopmyay (10) smecto L pgaumy
1 M (100 cM) KycKa HPOBONIOKH, & BMECTO
F — cuny tshrecTH, JierRo HAXoOEMYyIo
mo o0seMy HpyTa M mIOTHOCTH Mefiu, uO0
meificTBYIOIMas Ha 0THeJbHEE YYaCTKH LIOJ-
BellleHHOH IPOBOJIOKY cuiaa Oymer pasHol
i PasHHX y4YacTKOB: eCim Jias TOYKH
nonseca A aTa cuaa AeficTBuTenBHO GyneT
PaBHA Becy BCer'0 KyCKa IPOBOJOKH, TO
oas sroporo (cBobomEOTo) KoHOma B oHa
Gymer paBHa HyNI0, n0o 9TOT KoHeH COB-
ceM He Oyner HarpysxeH (puc. 2). Iostomy
HaM DPAXOAuUTCA Pa3éuTh BCIO IPOBOIOKY,
KOTOPOH 0TBeHaeT PUKCHUPYIOMAs BBHICOTHE
KOOpIuHATA Z, HA MAaJbe YIaCTKH JJIHHbE
Az: nns KaskgoTo TAKOTO ydacTKa, yHa-
JeHHOTO Ha 2 0T cBOOoAHOTO KOHIA B mpo-
BOJOKH, CWJIy MOKHO CYHTaTh IIOCTOSH-
HO#l ¥ paBHOH BECYy 9aCTH OPYTa [JIHHEL 2
F =pgSz, rne p — mioTHOCTH Mefm, g —
yckopenne cBoOopHoro majeHus, V=~5z—
00peM paccMaTpUBaeMOH gYaCcTH IpyTa.
Tarkum 00pasoM, 3TOMY MajoOMy YYaCTRY
HMPOBOJOKHA [UIMHK AZ 0TBeUaeT yAIUHCHAE

__pg Szbz
M=%

=% 244, (3.6.11)
a o0mee yAJIZHeHHe BceHl IPOBOJOKR
TOJYIaeTCsl CyMMUPOBAaHAeM (MHTEIPUPO-
BaHEeM) BCEX TaKHX (3JIeMeHTapHHIX
YAIuHeHUI»:

100

= [ et 5)
[

00_ pg (100)2
o E 2 -
(3.6.11a)
2 Pobepr TI'y=x (1635—1703) — BHpAalo-
MniACA AHIIWACKAA YYeHHN, COBPEMEHHHMK (B

BO MHOTHX CJy9aaX Haydnkhrii onmonent) 1. Heio-
TOHA.
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IToncraBnasa clofga YACAeHHEE 3HAUe-
mus g=980 cm/e?, p=8,9 r/emd®, E=
=9,8 - 10'® r/(cM-c?), momydaeM

980.8,9 - 104

—_— o~~~ . —5

l= -9,8-1013"’4’5 1075 cmM

(sametsTe, uro mEOKETeTL (100)2=10*

B gucamTene npobm mMeeT PasMepPHOCTH
2

cM?).

Us

Pue. 3.6.2

3.  BuTexranue

AUIKOCTMW.
IlpencraBuM ceGe cocyl uUpPOM3BOJIBHON
dopMu (pHc. 3), W3 KOTOPOTO BHITEKAeT

KERKocTh. Macca mumroctH, Haxos-
me¥css B JAHHHII MOMEHT B cocyjle, pPaB-
Ha M. Ira BeamuuHa ecTb GyHKOUA Bpe-
meEn: M=M (t). Hunrocrb coGupaercsa
B APYIOM cOCyIe; Maccy ee BO BTOPOM
cocyie obGosHaumm depe3 m (f). IHycrb
W=W (t) — Macca HHIKOCTH, BHTEKaIO-
Ias u3 IePBOro cocyaa B eUHUINY Bpe-
MeHH; 3T BeIHINHE — ROMOK KUATKOCTI—
uMeeT pasMepHoOCTh r/c. Beamamum m, M
m W cBasaHH Mempay co0od CooTHomIe-
HESIMH

W e wa, m—w.

v T (3.6.12)

Te ke (pudpdepeEnuanbubie, T, €. CBA-
33aHHEE C IPOU3BONHEIMHA) COOTHOIIEHUSI
MOKHO 3alpcaTh B HWHATETrPAJbLHOM BHIE.
Ilycte B HeKOTOPHI HAaYambHLI MOMEHT
BPeMeHH [, Macca RUJAKOCTZ B NepBOM
cocyme pasusnack M (t,)=M,, a BTopon
cocyr Oun mycer: m (4,)=0. Torma

2,
m(t,) = S W (¢) dt,

%

M () =M () — g W (t) dt.

%y

(3.6.13)

TaxuM o0pasoM, Macca KUAKOCTH B OI-
peneneHHEHE MOMeHT BpeMeHH I, BEHIpa-
JKaeTcsl WHTETPAJIOM, B KOTOPOM IlePeMeH-

Hasl WHTeTPUPOBAHMA IpoGeraeTr Bce 3HA-
YeHHA OT I, A0 Ii.

Yno6uee zamenuts B (13) ¢, Ha £, a me-
PeMeHHYI0 HHTETPUPOBAHUA I€PEUMEHO-
BaTh (BOCHOJB3OBABIIMCH TeM, 4TO OHA

Hemas), o003HaYHWB ee, cKa;eMm, Oyk-
Boit <. Torga momyamm
4
m) =W (:)ds,
i, ‘
MO)=M(t)— | W ()d. (3.6.13a)
tO
BnopoueM, wame mpocro nmmyr -
¢
m (t) = S W (t)dt,
Z :
M ()= M (t;) — S W (1) dt, (3.6.136)

%

He ofpam@as BHUMAHHA HA TO, 9TO 376Ch
opHa GykBa ¢ MMeeT [BA PA3HBIX CMEICTA:
IepeMeHHON WHTEeIrPUPOBAHHUA I apryMeR-~
ta Qyaxmuir M () m m (f) (cormagaio-
mero ¢ BePXHUM IpefesioM MHTErpajioB).
B s1oM otHOmewmm 3anmcu (13) m (13a)
togHee, geM (130).

Hanucasnbe Boime GopMyasl COOTBET-
CTBYIOT OIBITY, B KOTOPOM B Pa3jIHYHbLIe
MOMEHTH BpemeHmM maMmepsioTcs M u mo-
TOK mIKocTm W.

Ho gacro 3agaua craBsurcs tak: W —
PacXon RKUIKOCTH 33BUCUT W3BECTHEIM 00-
pa3oM OT ee JaBAEHUA, T. €. OT BHICOTHI
croaba xugxkoctTu k. B cBoio ouepeps,
opm gauBoi ¢opme cocyma BeiuamHA h
3asucur ot M. Tarum o6pa3oM, u3BecTeH
pacxon W rak (yHKOUS OT MAacCH KUJ-
KoCTH, Haxofamencsa B cocyne: W=W(M).
Torna pasencreo (12) npuobpetaer Bug

M WM

e (3.6.14)

PaseHcTBa TaKOrO PONA, CBA3HIBAIIINE
HeM3BecTHYH QYHKRIUIO (B HameM Cay-
qae — ¢yERmuo M=M (t)) ¢ ee mpous-
BOMHOHK, HasmBawTea Jugdepenyuans-
HEMU YpasHenuaMu; TakuM o6pasoM (14) —
aTo JAuddepeHnuantbHoe ypaBHeHHE C
HeH3BeCTHOH (Lojieskamell oupeneleHHAIO)
¢ynrnueir M (). Temy o puddepen-
OUAIBHBIX yPaBHEHHAX, a TakKyke o0Cym-

deHne [OCTaBIeHHOTO 37ech BOMpPoca
MBEL OpOHOJKUM B Ti. 0.
4, KoumencaTop. Haxommenr-

HE# B KoHfeHcaTope H (puc. 4) sapag
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(konmgecTBO BJIEKTPUIECTBA) 0GO3HATHM
gepes g. B cucreme egmrun CU ¢ usme-
psaercsi B Kydorax (obosmagenne — Hur).
JNeKTPHUYECKUA TOK j, MPOTeRAIOMMANH IO
opoBoAy, HpeacTaBasgeT coboil Komamue-
CTBO DJEKTPHYECTBA, IPOTEKAIOMEe B eH-
HUIly BpeMeHM; OH H3MepseTcs B aMie-
pax {(oGosmauenwme — A). OpmumH ammoep
ecTh TOK B ONHH KYJIOH B CeKyHOY:
1 A=1 Kux/e¢; nauporns, KoIn9eCcTBO 3JIEK-
TpAYecTBa MMeeT PasMepHoCTh A-c (B cu-
£ v/ r
e
/57—‘ K

=

Pue. 3.6.4

L

creme CY emmHMma A OTHOCHTCA K 9HCIy
OCHOBHBIX).

3apsAjx KoHIeHCATOpa ® M TOK CBA3AHEL
MeKLy co0oft paBeHCTBOM

-Z—f:j (3.6.15)
(mososkuTeNbHOE HAUPaBIeHWEe TOKa Ha
PHMc. 4 yKaszaHO cTpeakoi). Ecianm 3agmana
WIH HKCOepPUMeHTANbHO oOIpefleNieHa 3a-
BHCMMOCTh j=j () TOKa OT BpeMeHH, TO
MO;KHO HAIMCATh HHTErpPAJbHOE COOTHO-

meHune
t

gt =q(t)+ | i@

¢

(3.6.15a)

o

Ecin nama emrxocms C KoHOeHcaToDa, TO
majieHue HAUPsyKeHAsT HA KOHJAEHCATODe
MOKHO BHIPa3UTh depes g:

q
Y=

TOrMa NajieHde HaOpshKeHUS Ha CONPO-
THBJeHEE R paBHO

¢p="FEo— 9y =Ey—*,

rpe E, — nanpsixeHue Oatapeu. Ilo 3a-
koHy OMa TeKymuil dUepe3d COLpOTHBIIe-

. 1
HUe R TOR paBen ]:F(EO—%>’ n,

noaysaeM aud § e-

moabsysick  (15),
YypaBHeHHG®H

PeHOHEAIABbHOE®

dg __ 1’ q
a=r(E—%).

3 3apadom Kondemcamopa MH OymeM HaszH-
BaTh BEIPAKEHHOE B KYJOHAX KOJMZECTBO IIOJIO-
KATEALHOI'0 HJIEKTPHIeCTBA Ha JeBOH WJIacTHHE
KoHfieHcaTopa K (cM. pmc. 4).

{3.6.16)

ITonpoGHo 3amaum ¢ KoHmeHcaTopamu Gy-

IyT pacCMOTpeHH B IOCJAeRHEel IJIaBe
BTOPOf 9YaCTH KHHTH.
5. ArMocpepHOE oaBuxe-

Hue. MplcaeEHO BHieuM B aTMocdepe
BEePTUKAJBHEIR CTOXG BO3AyXa € HOCTOHH-
HEIM cedenmeM S (cm?). IlmoTHOCTE BOB-
nyxa p (r/cM®) 3aBHCHT OT BHICOTH £ Haj
IoBepXHOCTHI0 Jeman. OO0BeM TOHKOTO
CI0d, 3aKJII0UeHHOTO Memay h m h-+Ah
(puc. 5), paBer SAh. BEyTpH sroro Tom-
KOro ¢ao0si IJOTHOCTH p (A) MOMKHO cum-
TaTh HEW3MEHHO — WMEHHO [Jd DTOro
canoit u Gpamcsi ToEKUM. B maEHOM mpm-
Mepe mOX AA MOKHO HOHUMATH BeJAMIHHY
1 mam 10 M u masxe (C HECKOJBKO MeHB-
melt TouHOCTHI0) 100 M, HOCKOABLKY npm
H3MeHeHWHW BHCOTH Ha 1 KM IIOTHOCTB
BO3gyXa MeHsgercsi Bcero Ha 12—14 %.

O6weM caos Tonmuuu Ak pasen SAR,
a, 3Ha9YUT, Macca BO3AyXa B 9TOM cijoe,
o oupegeneHNio IIOTHOCTH, paBHa Am=
=pSAh.

Has Toro 4ToGs Haiitm Maccy Bosgyxa
B ¢T0/106, OPOCTHPAIOIEMCH OT BHICOTH
hy Mo hy, HAM HATO COCTABUTH CyMMY BHI-
paskenuit pSAh, rae S mOcTOSIHHO, a p
MeHAeTCA ¢ HU3MeHeHHeM k. Jra CyMMa
pacumpocTpaHeHa Ha Bce dacTu Ak, Ha
KOTopHEe pa3bur Ham cToab BO3AyXa.
Heorpanugenno ymMeHbIIas Bce TONNTHHEL

Pne. 3.6.5

Pre. 3.6.6

Ah oTHENBHEIX CIO0EB,
K HHTerpajy

ME ODAXOJUM

(3.6.17)

Macca BoagyXa B cTosibe OT MOBEPXHOCTH
deman (h=0) pmo BhicOTH h paBHa

h
m(0, ky=15 { o (%) dh,

4]

(3.6.17a)
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Macca Bo3sjyxa, HaXoiAmerocs BHIIE 3a-

ZaHHOK BHICOTH X, PpaBHa
[+

m=._S S o (k) dh,

h

(3.6.176)

THAEe CHMBOJ 0O B KaUeCTBE BepXHero mpe-
Jeda HMHTerpaja 3aMeHseT oOYeHb GoJb-
moe gucao H — rtaxkoe Goxbmoe, 9To IpH
DaJbHEHMIeM ero yBeJMYeHHH BeJudMHA
HHTerpaga OPAKTUIOCKH HE MeHIeTCs.

HasieEne P Ha HeKoTopoil BHcoTe 7,
YMHOKeHHOe Ha IuTomanb S, paBHo cuie,
¢ KOTOpoil IPHUTATHBAETCA K 3eMie Bech
€ToJN6 BO3AYXa, HAXORAIIHWACSA BHIIIE BEI-
cotsl k. Cmia TAroTeHMs paBHa Macce,
YMHOKeHHOH Ha ycKOpeHHe CBOOOIHOIO
mameHus ¢ g, oTKyja

P(h)= S go (k) dh.

h

(3.6.18)

IMonesysice gopmymon (5.5), momydaum

oTCIONA InpdepeEnUadTbHOE
YPaBsBHeHUeE

dP

T =—80(h). (3.6.19)

Ypasuenme (19) momuo OGsuro 6B Hanm-
caTh W Cpasy, paccMaTpuBas paBHOBecHe
TOHKOTO cJ0s1 dh, Ha KOTOPHII CHH3Y
nelicrByer nasiaenme P (h), cBepxy nmas-
aenue P (h-+dh); pasHomelicTBYIOmAsT
9THUX ABYX CHJ YDPABHOBEHMIMBAET NPHUTH-

MeHHe K JeMile Macch, 3aKJ0UeHHON
B cloe.

Hanee ata Tema Gymer HpOmoOIKeHA
B ra. 11.

6. O 65 em MHcoonmpayem mHTerpaib-
HOe HMCYUCJIeHNEe [ BHYUCIeHHs 00he-
MoB Tea. PasobbeM Teno ofmero ob6pema
V (puc. 6) Ha TOHKHE NIACTHHKNM LJO-
CKOCTAME Z==cOnst; 3mech ME HCIOJb-
3yeM CHCTeMy KOODAWHAT B NpPOCTpaH-
CTBe, 3ajlaBaeMyio ochbio alcmmce z, 0ChIo
opAuHAT Y Ha (TOPH30HTAILHOH) ILIO-
croctu 20y, a TarkKe (BePTUKAJIBHOMN)
ocvlo annauram Oz (TpeTbs KOOpPHHMHAT-
Hag ock B mnpocrpaHeree). O6mem AV
TOHKOTO CIOA Telxa, OTPAHNICHHOro ILIO-
CKOCTSIME, COOTBETCTBYIOMUME 3HAUCHUAM

¢ B GoapmuEcTBE CIyuaes MOMKHO CYHTATH
JIODYCTHEMEIM IPeANOJOKEHNe O IOCTOAHCTBE NJIA
paccMaTpuBaeMHX BHICOT 2 HAjJ ypoBHeM 3eMim
yekopeEnsi cBoGofiHOro TafieHWss g 1 IOBEePX-
HOCTh 3eMiIm TpepliojaraTh IJIOCKOH; BIpodeM,
06a >TH]HpeAIONOKEHMA HUKAK HE OTpPaKalorcd
Ha HAMX pAacCYK[IEHHAX.

z B z-+Az annnwkaTs, npuOamkeHHO pa-
BeH IpousseleHmio Iuromagu S (z) ce-
geHNs Ha ToamuHy Az caosa. OTcopa
caenyeT, 4ro ecam mmomans S=S (z)
TOPUBOHTAJILHOTO CedeHWs TejJa HaM M3-
BECTHA, TO 00BeM Teja MomeT OHTH BHI-
qncaeH Ho opMyie

V:?S(z)dz,

Zo

(3.6.20)

rjae z, 1 z;, — HaUMeHbINee n HauboJibmiee
3HaYeHNsa anlInKaTe B mOpejenax Ha-
oero TeJaa.

bt

S
N

1
1
1
1
{

7]

Pue. 3.6.7 Pume. 3.6.8

IlpumennmM »Ty dopmMyny K NpPaBHIb-
HOH dYeTHpexyrombHoi mupamume. Ilo-
CTABUM IMPaMHUJy HA ee BepliuHy, IpH-
yeM COBMECTHM BePINHHY ¢ HAavaJoM KO-
OpAWHAT, & O0Chb CHMMETPUH HHDPAMHAJIEL
manpasuM o ocu z (puc. 7). Ilycts Bm-
coTa TNHpaMuiH paBHA 2, a OCHOBaHWE
ee (OKasaBImeecss CBepXy) INpencTaBiseT
co6oii KBajpaT co cTopoHoii a. W3 reo-
METPHY H3BECTHO, 9T0 CeU9eHUe IMUPAMHIL
TOPHM3OHTAJIBHOA IJTOCKOCTHIO Ha BHICOTE 2
npeficTaBasgeT coboil TAKMKE KBANPAT, CTO-
POEHA b KOTOPOTO OTHOCUTCA K @, Kak 2 K A:

r4

=b(z)=a— CnenoBaTenbE0, M0
2
manb cederma S (z)=0 = %E 22" O6pem
OHpaMHIbL

k
S z%dz.

0

B
a? a?
V == S _;L? szz = *h—z
0
Bocnoaszyemes pesyabTatom § 4:
h

1
S 2%z = z3, S 2%dz —
0

1

5 1
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a. 3. Yro Taxkoe mHETErpax

Torma momydmM BeIpaskenue ob0nema Im-
PaMujibl

A T S
V—F?h -—_3—(12}1.
Obver nupamudv, paser 00HOL mpemu
npouseedenus naowadu 0CHOBAHUSL Ha 6bi-
‘comy nupaxudu. BEBoIH 3Toil GopMyIH
B cTepeoMeTpuu 0e3 NOpuMeHeHUS WHTe-
TpanoB B3HAYATEJBHO CJIOKHEE.

K Bompocy o wucnomb3opaHHM wWHTe-
TPAJIBHOTO HCIUCIEHAsI [Is1 BHIUCIEHUS
00beMOB MB BepHeMcs B Td. 7.

Bor eme opmm mpumep, ropasgo Gomee a¢-
dexTunii, weM pasoOpanmsle Bhmre. IlocTaBmM
33731y onOpefelenusa o0BeMa YuruHdpuueckozo
«onwma», T. e. dacTu (UPAMOTQ0 KPYTOBOTO)
OEJIRHApPA, OTCEKAaeMOr0 OT Hero IpPoXoaAmeit
gepes puamMerp AB oCHoBaHHMA ILIOCKOCTBIO,
obpasyiomeil ¢ ocmoBaumeMm yroa 45° (puc. 8);
pagmyc MIgHAPA AJNA HPOCTOTH IPHMEM paB-

suM 1 (cp., Bopouem, yup. 3). Ceuenue KOHHTA -

IJIOCKOCTBI0, HEePHeHIUKYIAPHON puamerpy AB
m ypajeHHoil oT menrpa O OCHOBAaHHUA Ha pac-~
crosmme OM=z, mpepcraBaser coloit mpaMo-
YTOJbHEIT paBHOOEIPEHHH TPEYroJbHUK (IpA-
MOYTONBLHHIT TpeyroibHUK MPQ ¢ ocrpum

yriaoMm @P =45°), rarer MP roroporo paBeH
VOP?* — 012 =V1 — 22, Ho rorpiam PQ = PM=

N t
=VI—2® u S,ypy=S(e)=5MP -PQ=

1
= 5 (1 —2?). Hostomy » cuity popmyns (20),

rge Temepb HAJ0 TONBLKO 1IMCATH T BMECTO Z,
ofseM V KonHTa paBeH

—

V= S —2’(1——-:1:2)dm=i' §(1—22)dz=
-1

2
+1
=

+1 z3

-1 3

(a,uecr. MH HCIOILBYSM OIeBHHBI® CBOHCTBA
b

b
mHTerpana: S cfde=c¢ S fdz, rae ¢ — umesoe, o
a a

b b b
| ¢ +8rde={ az 4 | gaz ).

" mEM

3amerpre, 910 00BEM pPacCMaTpPMBAEMOTO
(KPYIJIOTO TeJa» PaBeH pPANMOHANBHOR Jpodm
¥ HUKAK HEe CBA3AH C THCJAOM =!

Yupancuenusn

3.6.1. Bumsegmre gopmyay ana obbema (IIpo-
M3BONBHON) THpaMufHl, HUCOOAB3YA CBOHCTBA
TmapajlIeTbHEX CeYeHHi.

3.6.2. Hafigmre 00BeM (LPAMOTO KPYTOBOIO)
KOHYCa BHICOTH %, OCHOBAHUEM KOTOPOTO CJLYKAT
Kpyr paguyca R. MamenuTcsa Jam pe3ynbTart,
eclli paccMaTpuBaeMH# (KPYroBoil) KOHYC He
GyneT HpAMEIM, T. €. €CJH ero BepiiuHa He GymeT
paciroiloReHa B TOYHOCTH Haf IEHTPOM OCHO=
Bauusi?

3.6.3. Haiigmre 060peM (KOMETA», OTCEKAEMOTO
oT mIIMHApaA pagmyca R IIOCKOCTBIO, IPOXOmA=
meil Yepes AuaMeTP OCHOBAHMA IWIMHAPA I CO-
CTaBAANMEeR ¢ OCHOBAHMEM W3BECTHHIH yrox do,

3.6.4. BocuoabsoBaBmmch ¢dopMynod paA

ofpeMa MUIMHAPUYECKOTO KOIETA, HalijuTe Be=
1

JMuERy WHTErpaja S yVi—ydy.
0
* % %

B ra. 2 u 3 paccMOTpeHH _IOHATHS IPO-
M3BOJHOII W mHTErpana, HeKOTOPHEe ca-
MBEle IPOCTEIE WX CBOHCTBa3H PACKPHITA
CBsI3b MeRIy HHTeTPAIOM K HPOH3BOJ-
Hoil — [pYTHMH CJIOBaMH, 37ech HaMe-
geH OCHOBHOH KOCTSAK IIOHATHH W TeopeM
TaK HA3LIBAEMOH BEICIIEH MaTeMaTHKH,
Texnura AauddepeEOUPOBAaHAA U HHTETr-
pUpPOBaHM, T. €. BOOPOCH HPAKTHIECKOTO
BHUHCICHAA MPOU3BOTHHX ¥ MHTETPAJIOB
OT pasawdHHX (QYHKOWA, OTHECeHH K
1. 4—5 KHuru; B ™. 2 # 3 IOpHBe-
IeHo TOABKO HECKOINBKO CAMBIX IPOCTHIX
IpHEMePOB.

XodgeTea MOCOBETOBATH ydJameMycs He
U3MepATH BA;KHOCTH (M Jaske TPYAHOCTH)
Toro WX MHOTO pasgena TucioM GopMys,
WX CJOKHOCTBIO M TPOMO3JIKOCTHIO. B meii-
CTBUTEJIBHOCTH CAMOE Ba;KHOe U TPyAHOe —
HMeHHO MareMaruiecKasl (OpMYJIHPOBKA
3afain B BHUe aareGpamdecKoro ypas-
HeHUd, WIN UHTETpana, umin anddepen-
MUaJbHOTO YPAaBHEHNs, HO He CIeqyIomue
3a pTOlt cTafguei npeobpaszosadus. MeRHO
Ha 3T0 Hamo o0paTnTh rJIaBHOE BHUMAHME.

Ilourn wKa;xmpiit ¢usuk 3HAeT, 4To TE
paboThl, KOTOPHE eMy He yhajoch cje-
7aTh (M KOTOpHE TeM BpeMeHeM OBIIM
cmenaHHR ApyruMu!), He Onuim EM cfe-
JaHHK I[OTOMY, 9T0, OTPAHHIMBAACH 00-
pasMHIIIeHEeM, OH He pemajics
HepeBeCTH CBOY MBICIA Ha MaTeMaTHIeCKHil
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A3BK, o0geub mX B Qopmy ypasHe-
Auit. Yo ke 10 BHUNUCTUTEALHBIX TPYA-
HOCTeli B UYeTKO IIOCTaBJeHHOH 3afade
¢ FCHBIM (M3WYECKEM CcofepaHneM, TO
OHM BCerja IpeofojeBalTcsd — ecau He
TOUHHIM PACIeTOM, TO NPHOIMKEHHBIMU
MeTOHaMM,

Ecam nociaegEme Tpu maparpada mo-
Ka3aJmch 9YHUTATeN 10 TPYIHBIMH, IIeJIeco-
06pa3HO IepPednTaTh TJI. 2 H 3 eme pas.

Bo3HHKHOBeHNE (BHICIIEH MaTeMaTHKHM», T. €.
dudPepenyuarvhozo U UNME2PAILHO20 UCHUCAE-
Hus, ABHIOCH TePeJOMHEIM MOMeHTOM BO Bceil
WCTOPHH 49eJIOBEYeCKO# KyJNBTYpH: ¢ HX COBJAA-
HreM JIof HOJYYMIA B pyKY MOINHEIA anmapar,
IPHECHOCOGNEHEHRE ANA aHalA3a BCEBO3MOKHEIX
Oponeccos, A TayGokoro oObACHeHmA Quau-
gecKEX fABJeHM, A8 TOCTPOeHAS HAy9HOH Kap-
tuHE  MmEpa. CoOcrTBeHHO, TepBhle  3a/add,
orHocAmmecd K puddepeHnuansHoMy ¥ HHTe-
rpaibHOMY MCUACIACHHAM, ¢ GONBIIMM HCKYCCT-
BOM peIIajd eme jApeBHerpeyecKme MEICJIATENH,
B HepByI0 OuePefb TeHMaJbHHA A pxumMme[n
Cmpakysckmit (287—212 po H. 5.), ycuemHo
TPHMEHABIINA MAaTeMATHKY K KOHCTPYHPOBAHMIO
MeXaHH3MOB M MAamMWE (co3faHHAas WM BOeHHAsA
TexHAKAa IpuBeja B yKac PHMIAH, OCa;KIaBIIAX
ero popmbie Cmparysw). Tak, Apxumen ymend
TIPOBOAUTDH KacaTelbHEe K KPHBHM B ONPEefeNATh
IJTOMAa/IM, OrPaHAYeHH e KPHBLIMY JHHUAMA: OH
yclemHo pelllnd Bajgady IpPOBejeHHsA KacaTelb-
HOH K Tax HasHBaeMOil apxumedosoli cnupasu,
T. €. K JHHAW, KOTOPYIO ONHCHBAaeT YJIHKTKA, paB-
HoMepHO IIOA3ymiad WMo CIHIE Kojeca, Bpamaio-
merocA ¢ DOCTOAHHOH YIAOBOM CKOPOCTHIO,
a TakMKe Bajaly keadpamypwu napaboabi, T. €.
HaxoskfeHHs IUIOmajy cermeHTa mapabomn. On-
Hako B TO BpeMs NomoOHHe 3ajadd, KOTODHe
HiHe Ge3 BCAKOro TPyHa pemaer ai00oil cTyAeHT
AN fade IIKOJILHHK-CTAPMEKIACCHNK, OBIA
HOCTYIHH passe 910 ApxmMeny: ofmero merona,
ITPHMeHEMOTO KO BCeM 3aJadaM TaKoTO poja, He
cymecTsoBalo, ¥ Kajkgasd M3 BAX TtpeGosana
BecbMa SHAUMTENLHHEX ycuwimi. Ja OpmMuTHB-
HHji ypoBeHb aHTHYHON TeXHMKM M He TpeGoBal
pemreHAst TaKHX 33jad, KOTOPHE JMIIL CBAfE-
TeLCTBOBATN 00 M300peTaTeIbHOCTY PeIINBINEro
HX y9eHOro, HO He IPHMEHAJNACE HI B KaKMX BHe-
MaTeMaTHUecKNX NPoGiIeMax: MEICIANTENHN JpPeB-
HOCTH, KaX MpaBMiIo, paccMaTpPHBajgm MaTeMa-
TEKY He KaK MOIIHHIA MeTOJ pelleHHs NpaKTH-
gecKHX 3ajad, a JHb KAK TeopeTHIecKylo
HayKy, COBEDPHIIEHCTBO KOTOPOH KONMpyeT Iiy-
GoXyI0 TapMOHMIO MEPA, HO O0BACHAET MAD JIAIIL
8 amcTO pmaocoderom cmucae. (UyTh an He enuH-
CTBEHHEIM HCKIIOUEHMEM 37ech O TOT e Ap-
xmMen, B TPYAax KOTOPOro MaTeMaTHKa Opra-

HAYeCKHN HePellieTalach ¢ MeXaHuKOH # (H3HKoil.
Ho Bems Apxmmen OwuT reHmit, — W 3gech, Kak
M BO MHOTOM APYroM, OoH 3HAYHTEILHO 0GOTHAJ
cBoe Bpems.) CraTmieckmil Xapakrep IKE3HR
B JlpesHeit I'permu, moutTm He 3HABIICH cepnes-
HEIX MEXaHHSMOB, jKM3HH, KOHIEHTDHpYIOmeRca
Ha TOPOACKMX INOMANAX, BOKPYT JBOPIOB H
XpaMoB, YKpAalleHHHX IPeKpacHEIMH  crary-
AIMH, CTOJID ¥Ke HETIOMBMAHEIMH, KAK CaMU XPaMel
HMJX TOPOACKMe IJIOMANHM, HOPOAMI CBOMCTBEH-
Hylo MarTeMaTHKe [ADeBHHX memadusuky — 3za-
TpemeHye pPaccMaTPMBATL TeKymne TPOLECCH
¥ CTpewileHme OTPAHMIMTLCH ONHMMH JIMIIbL 3a-
CTHBIUMMH (COCTOSHUAMMAY, OTPaskeHHEM KOTO-
pHX pua 3HameBMTOTO E BRKJIMpga Anex-
caHpuiicKoro (Havano 3 B. 7o H. 3.) gpmimcs
CTOJB JacTHe B eT0 PACCYIKACHUAX NENOYKA PaB-
HHX (KOHIDYSHTHHIX) TPeyTOJBLHAKOB.

Meragusnka IPeBHUX CTala HeMHCIHMA B ye-
JOBHAX PAcHBETA HTANBAHCKAX TOPOJOB B XV—
XVI BB. W UOABIEHHA NEPBHX MaHygakTyp,
Tpe/ReIABUINY BOSHUKHOBEHEE B CKOPOM Gyxy-
MeM MAlMMHHOTO NPOM3BOACTBA, — B HTOT me-
pHon OHua MOTJIa JIUIIE TOPMOBHTH HeoGXoquMuri
HaydHHHN mporpecc. Bemuwmit Tamumneo T a-
anmgein (1564—1642) poepsrie rpommo mpo-
BO3rJIAcHI, 9TO KJIIOYOM K TaiiHaM BceeneHHod
ABIAETCA MaTeMarHKa (CM. CHOCKY Ha c, 98).
Iop sausHmem Tanmien ero HemocpexerseHHhe
Y9eHIKH — co3paTenb 6apoMerpa SpaHmKenncTa
Toppmuenmam (1608—1647) u reoMeTp
Bonapenrypa KaBaabepwm (1598—1647),
OPOROJIKAA [IRNI0 CTONB MIOGHMOTO MX yumremem
ApxmMepa, pelIMAM MBOTO YACTHHX 3ajag,
KOTODHIE CerofiHsA OTHOCAT K BHICIIe MaTeMarnKe,
B vactHoctu, KaBannepm wpuHamiemxmr MeTox
BHIYUCNIEHHA 00BEMOB, 09eHb GIM3KHME K pa3sn-
THM BhIOle TocTpoeBuAM, Iadamneit ke BOEDBHe
3amemn,uno 3ailaga 06 onpedesenuu nymu no
M3BECTHOH  cKopocmu TPAKTHTECKM COBIanaer
€O CcTONHL 3aHMMaBmel eme Apxmmena 3a1avel
0 nazoxclenuu naowadel Epusosumeiinvy Pu-
eyp; npomommas lamunen, Toppmuemmn yera-
HOBII, 9T0 o0paTHaA 3a7ada o6 OMYCKAR LY cKO-
pocmu no nymu POMCTBEHHA 3a1aue nposedenus
Kacameabroli k (kpusotd) aunuu. Ho obmux me-
TOZIOB PeIIeHNs TAKAX 3a7ad, o6mero arroparma,
HO3BOJIAIIEr0 «CUNTaTh, He paccysriamy,
BpeMA eme He OBLIO.

He Guuto nopofHOTo Merosa u y 3HaMeHHTOro.
HNoranna Kenmaepa (1571~1630) — BHEJalo-
Werocsi acTpoHOMA M MATeMATHKA, OTKPETHS
KOTOPOTO CHIPATH CTONB OOTBIIYI0 POIL B CO3-
AaHEH Hay4HOM CHCTEME MEpa. [[7a cBoero spe-
menu Kemmep Guit, GeccmopHo, KpymmEefimuy Ma-
CTePOM HHTETPUPOBAHHA (KOTOPOE TOTAA M HH-
TeTPHPOBAHMENM-TO  eme  He  HasHBANOCD).
B 1614 r. oH (BTOPMYHO) KeHHTICH; B CBSI3H CO

B TO
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TAJIUJIEQ TAJIJIE

HNOI'AHH REIJIEP

cBafleOHEIMH TOPIRECTBAMH eMy NpPHOLIOCH 3a-
KyOoaTh HeMajlo BmHA — W TpHm 3ToM Iemimep
ybemuica B TpyjHOCTH OompefeleRUA (0 pajHy-
caM OCHOBaHmiT 00UKM M ee BhIcoTe) 00BeMa BHH-
HHX 009eK, MMeOImUX J0CTATOYHO pa3HooGpas-
Hyo $opMy. 3amHTepecOBaBINAChL BTHM BOILIpO-
coM, Kemmep B cuegyromewM, 1615 r. BHIryckaer
-couuHeHne «CrepeoMeTpHsA BHHHHX Gouex,lpe-
‘AMYHIECTBeHHO aBCTDHHCKHX, KaK MMEIONUX ca-
MYI0 BHTOTHYI0 PopMy» («c TpHCOefWHEHHeM KO-
‘IOJIHEHHSI K apXMMeJOBOH CTepeoOMeTpum», —
‘YBEIOMJIAJ elle 4HTAaTeNA ABTOP); 37AeCh OH CO-
-Gpanr MHO)KeCcTBO 3afgad Ha oNlpegeleHme o0nhe-
MOB TeJ, OTPaHHYeHHHX KPHUBEIMH MOBePXHO-
'CTAMH, — QOPMYJH LI 0GBeMOB TAKHX Tel,
‘HEIH® HONyYaeMEe ¢ IIOMOIBI0 HHTErpajLHOTO

PEIE JERAPT

ucIHcneHHA (cM. § 7.10),
¢ GONBIIMM MCKYCCTBOM.
VcruaHLIM «OpefTedeii» BHCIIEH MaTeMATHKH
ABwica $paHnys Pewe JTexapr (1596—
1650), BOWH W JUIUIOMAT, eCTeCTBOMCIETATEND
7 aOCTPaKTHHI MBHCIHTENb, cO3gaTedp TaX Ha-
BHIBAEMOH anasumuneckoli ceomempuu (Meroga
KOOpAMHAT B reoMeTpmu; cp. 1. 1) m raydoxmit
¢mrocod, IpoBO3TMACHBIIEN  MOBHABaEMOCTH
MEpa M [eKJIapPHPOBABINNI OCHOBHHE IPHHIIUIE
AMAJNEKTHRH, PONb B JKUSHA BCEBOSMOKHHX Ipo-
IeccoB, N3ydeHHe KOTOPHX, 1o Jlexapry, coctan-
JseT OCHOBHYIO 3ajady MaTeMarmkm. IIpm srom
Herapr ray0oko ycoBeplIeHCTBOBAN MaTeMaTH-
9eCKYI0 CHMBOIMKY M MATeMATHYECKAH S3HK,
OPUJIAB eMy COBPeMEHHHH BH[; 9T0 CHI'PAJO
09eHb GOXBNIYIO POTB B AaldpHeilmeM Lporpecce
¥ AeMOKDATH3aIUH MaTeMAaTUdeCKHX 3HaHmiL.
COBpeMeHHNKOM ¥ 9acTHTHO CONePHHKOM He-
Kapra OHT eme ofuH (paHNyscKEi Y9eHH#E —
fopucr mo mpodeccunm m rayboxumit MareMaTmi-
moburens [Iep @ e p M a (1601 —1665). Depma
He3aBucmMO oOT Jlekapra W pgajke HECKOIBKO
PaHbIIIe €10 (XOTh OMyGIMKOBAHO 9TO GHITO T03HKe)
TaKKe paspaboral cHCTeMy HCIOAb30BAHES Me-
TOJla KOOPAWMHAT M aiArefpamdecKUX BHKIAZOK
B TeoMeTpHH, KOTOpas HolHe HA3HBAETCA aHa-
aurH9eckoil reomerpueit. IIpm stoM TpaxToBEKA
teMul y @epma Owita, moskanyit, Golee 6am3KOiR
K COBpeMeHHOM, ueM y Jlexapra, — u ecim 3Ha-
deHHe cOYHHeHNH [lekapra B HCTOPHU HayKH OKa-
3aJ10¢h TOPa3fo GOdXBmmM, TO 5T0 CBA3aHO B iep-
BYI0 OYePeAb ¢ TEAaroTHIeCKOH aKTHBHOCTHIO
Hexapra m ¢ Gojiee coBepmieHHOH cHCTEMO ero
samuceif (c TogoGHEIM e WOMOKEHTEM MH CTOIIK-
HeMCsl # TOBOPA 0 co3jaHum AuddepeEnuansHOTO
I EATETPANBHOTO NCUHCIeHnit). OpHospeMeHHo

Kennep Haxomur
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IBEP ®EPMA

¢ aTiM Depma 3aHEMANCA M TEMH BOIPOCAMH,
KoTOpHe HEHe OTHOCAT K ofJiacTH MaTeMaTHde-
CKOro aHanu3a: eMy OpmHajJIeKaT TOHATHE dudh-
depenyuara (cM. HmKe § 4.1) u obmee samevaHme
O TOM, YTO mowciz.u MaARcUMYMA U MURUMYM T
(eaadroit) Ppynryuu doaxcno omeenams pasercmeo
HYa10 ee npoussodnoll (9TO yTBepiKIeHHe CeroIHs
HasuBaT TeopemMo i ®e pwma), a Tarke
OCTPOYMHELIE BHIYHCIEHNA BeJRYHH HEKOTOPHX
WHTETPaNOB (BaUpEMep, BaMmeSeHELH B ymp.
3.2.3 merosr BHEOAa dopmynan (5.2.1)). Ormens-
HHe Pes3yJbTaTH B 00JacTy aBadusa mMell Takixe
u Jlerapr. .
Maagmay cospemenEnkom Jlexapra m @epua
6w rosnavmenn XpuctmaH T ilreHc
(1629—1695), cosparens BONEOBOH TeopuK cBeTa,
nmpociaaBmpumics ceomMm paforamm mo TpH-
MeHEHAK MareMaTHKH K MeXaHmKe W (U3HKe
(eMy DpmHajJIe;XWT, BaNpmMep, CTPOras Mare-
MaTmdeckas TeopmA  MAaATHHKOBHX  YacOB;
(em. § 7.9). OpEaKO B CBOBX HCCNeiCEaBENAX I'ofi-
TeHC DOJBL30BAJCA apXamJeCKUMH DpHeMaMU
ApeBEAX, B 9acTHOCTH ApXBMeja, CYRTasd, 4TO
Godee Horasi METOLPKA He Jlaer BMKAKHMX Hpe-
mMyHiecTB, 00 JGYI 3apady OH MOKET PeIlNuTh
o crapmHKe» {(HO JJIA TOTO 9TO0H TaKBM cuo-
coboM ceofomno pewaTh MBOTOUHCIeEHRE TDYI-
BHe Bajau®, Hajo Guao Owirteh IlofireHcom).
VIcTEEBHME COBJaTeNfAMR EHCmed MarteMa-
THKE DO DPaBy CYATAIOTCA KpynEelmme Mucam-
Tenm XVII B. aEramuasmeE Mcaaxk HroToH
(1643—1727) » wemen Tordpmz Bmabrenpm
JNett6mmn (1646—1746); c6a’ oBm Gesyc-
CJIOBHO NpBHAMjIe’kaT K YHCIY caMHX Tayformx
yUeHHX, KOTCPHX 3HaeT BCH wuCTopma HayKu.
HMeEEO M DPWHANJICKAT CBABHOE BBJCIKEBHE

XPHCTHAH TIONI'EHC

HCAAK HBIOTOH

HOBOTO WCYHCIeHMs, Ienodka ¢opMysa, Ho3Be-
Jagiomux 0ea TpyJa HailTH,IpOM3BOXHEYH II060%
anrefpamdecky 3ajaHHo@ (YyEKmmm, M TOXHOE
TOHMMaHWe CBSI3M Me/KAY DPOH3BOOHOH H HH-
TErpaloM H 3HaYeHMs 3TOM ¢BA3M, [OCTABIA-
et o6muil aArOpMIM BHUNC/ICHHS MHTETPATIOB
nyTeM O0pameHAs K COACKY IPOMBBOAHEIX (CM.
IrI. 4 1 5). .

I'. B. Jleiit6ann Grn DowcTHHe yHABEPCANH-
HEIM y9eHHM: €70 HaydyHHe WHTepeCck BRIOTIATH
¢nmocodmio, ¢uIONOrEI, HMCTOPHIO, IICEXOJIO-
THIO (rjie o GHUI OJHNM N3 THOHEPOB MPOHAKHO-
BeHna B cdepu «BeccosHaTeALHOro»); GHOMOTHIO
(o sBIAeTCA ONHMM W3 NpejIIeCTBeHHHAKOB
5BOJIIONMOHEOTO yueHHs), TeoJOTHI) B TOpHOE
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roTePUJ BUNBIEJIBM JIETBHUI]

JleJI0; MaTeMaTHKy B MeXaHHKy (B MexaHHKe
JleitfHuny TpAHAIOKAT HOHATHE  GKUBOH
CEJNHD, T. €. KHHeTAYecKo#l pHeprmu); Hapagy
C STHM OH OHJI BechbMa aXTHMBeH KaK HOJATHK H
AAmIoMar (OH crpeMmwiics K TPHMHDPEHHIO He-
MeIKHX KHAMECTB, BHIS B DepCHEKTHBE HX
ofbefuHeHAE B efUHOE FOCYAAapcTBO, W MEUTAJ
06 00neuHeHAR KATOJNHIECKOH IIEPKBH ¢ Ipo-
TecTAHTCKOI) W Kax opraHU3aTop HAydHEX aKa-
feMmii; B 9acTHOCTH, OH SIBHICA CO3paTeleM H
mepshM mpeanpeHToM IIpycckoil akagemun Hayx
B DepimHe m HecKOJIBKO pa3 0ecemosax ¢ pyc-
cxmm mapeM Ilerpom I o cospmarmm Poccmiickoit
aKafeMnH Hayk (KoTopas BHOCIECTBHNM OblIa
yuperieHa B IIOJHOM COOTBETCTBHH ¢ ero mpej-
NoKeHHAME M TOKeJaHHAME)., MareMarmdecKuit
aHaJm3 mMmea y JlefiGHEDa, KOTOpOMYy, B d9acT-
HOCTH, TpHAHAJJIEKAT ¥ COBPeMeHHEE TepPMHHE
«apomssofEasy (Ableitung, mo-HeMenxm) m «uH-
Terpam» °, dopmy, mocrarogHo GIM3Ky0 K Opn-
HATO# B Hacroameid xHure. IlponssofHyio QyHK-

dy
nuy y=F (z) JleitGuur 0603HATAT CHMBOIOM p]

mpm 3ToM «fuddepeHmEANLD dy B dz OH TOHHMAJ
Kak «upejelbHEIEY 3HaUeHNs OpmHpameEHi Ay m
Az, K KOTOPHM ME IPHXORWM PN HeOr paHMIeH-
soM yMeHpmeHnd Az (caoBa «Opemely M COOTBET-
«¢cTByIOIIero NoHATHA y JleiitGHuna elme He OLLTO).
-9TOT TOOXOM OTBeYaJ BBefleHHI0 HPOM3BORHOML
*kag TaHreHca yria, o0pasoBaHHOTO Kacartelb-

§ [lepsonadanbHo JlefilHmn roBOpHI IPOCTO
ceymma (@ (CYMMaTOPHOE NCUNCJIEHHE» BMeCTO
-«AHTETPAJILHOTOY); TepMUHH Unmezpas (OT Ja-
TEHCKOTO integer — HENHH) W UHMe2pasbHOE
‘ucyuesenie OHIIA TpPEJJIOJKEHH €r0 YYeHMKAMH,
‘oparbavu  fIxo6om u HWorammom Beprymin,
@ ¢ 2aTy3ra3MoM UpmEATH JleiiGummem.

HOi#i K rpadmKy ¢yHKIEE ¢ ocbi0 Oz: MaloMy Az
orBeddeT MauHi rpeyrodsHmKE ABC (cm.
BC Ay

puc. 7.8.1), rae tg a; =1p =g Koraa Az He-
OrpaHAYeHHO yMeHpIIaeTcs, DpHpameHns Ar m
Ay sameHsorcs pmbpdepeRnmanamm dr m dy,
a cexymaa A C guanHer ds («arddepeRnuan JIIAHR
pyrmy; cM. § 7.8) oGpamaercsa B KacaTeJbHYIO
(raxo#f TpeyronbEmk JleitGHmI Ha3KBAA rapak-
mepUCMUecKUM).

JleAGEALN, BesvecKu MONYEepPKUBAIOMUil aj-
TOPATMHMYECKYI0 CTOPOHY HOBOTO HCYHCIEHNS,
cucTeMy OPaBHA, aBTOMATHYECKE TapPaHTADPYIO=
mAX OPaBUIBHHEA DPe3yisTaT OPE HAXOKIeHAH
TIPOM3BONHEIX, Paspaboral Tax:Ke METONHEKY 00-
pameHna ¢ puddepeBmmaaMu, 0 KOTOPOHA MEL
eme CKajkeM B IV, 4; WCHOJb30BaHME DTOM Me=-
TORUKA M JlOCTABJIAeT DPemeNTypy BEIUHCIACHWS
mpomsBonHuX. HMHTerpanm or ¢yHrmum y=f ()
Jleitbuny 0603HA9ad COBPEeMEHHEIM CHMBOJIOM

S f (x) dz.

HeycranHas mDefarormueckas pfesTedbHOCTh
JlefibEnna W ypmauBasg cucreMa o0Go3HadeHHHT m
TePMAHOB OPHBEIN K TOMY, 9YT0 YeJOBEYEeCTBO
BOCIIPUHAINO BHCIIYI0O MATEMATHAKY B CO3JaEHOM
nM puge. Hapsagy ¢ stum JleiiGHMI cunraercH
KJIaccukoM d¢uimocodpmn (3mech OH BO MHOTOM
TPONOKAI B yray6ma Jlekapra); eMy mpmHam-~
JeRAT TaXKe P MNTyGOKmX upeil, 9acTAYHO pea-
amsopaBHEX Jumb B XIX nm XX BB., Hanpumep
Hpesi MaTeMaTWYeCKHX MAMMH, MECIb O «Ieo-
MeTpHYeCKOM NCYMCIEHMH», W3 KOTOpoil Bmoc-
JefCTBHA  POAHIOCH CcOBPeMeHHOe BEeKTOpPHOE
HcuucIeHre; TONHTKA «AJTOPATMH3AIMHE MBI~
NeHWA», upm Koropod, kark mucan Jleibwmi,
cnopsmpue 6oiee He OyAyT HY:KIATHCA B JIIHTENb-
HEIX TpeHHAX, MOCKOABKY OJUH W3 HAX BCerha
CMOIKET cKasaTh gpyromy: «Hy wro &, mpose-
puM, KTO 13 Ha¢ OPas, — BLYACIAM, MIUIOCTHBEIT
rocysaps» (HaGPOCKH TAKOIQ (HCYACIEHAS BH-
CKasmBaHmily, ocrapmueca B 6ymarax Jleiibrnma,
0dYeHL OIM3KH K MaTeMarHueckoit Jormre XIX
n XX BB.).

CopepuieHHO Hesasmcumo or Jleii6Huma =
AasKe HECKOABKO DaHBIIE K TEM JKe HjefM OpH~
mea n J. HploroH — I OgHOBPEeMEHHOCTH 3TOTO
BEJIMKOTO OTKPHITHsI, He3aBHCHMO CJeJaHHOTO
JABYMA V9eHEIMH, BO MEHOTOM DasSIMIBLIME MEHIY
coboil (4T0 cKa3aloCh M Ha TYTAX, KAKHMH HpH-
nuE OHE K anddepeHNHadpHOMY B HMHTEr pallb-
HoMy wcqmcieHuAM ®), Iyume Bcero meMoHcTpH-

¢ @unocod JleHAOHAL, Bo MHOTOM PYKOBOM-
CTBOBAJICA TeM, UTO OH HA3HBAaJX «MeTaQuamioi
Oeckomeano Maunx» (mmddepernuanos); ero
BeJim CO3JaHHHHN MM fA3HK, Pa3’BuTas CHMBOJIMKA
B TepMHMHOIOIWA, CBOHCTBEHHEE HOBOMY MCUH-
ciaennto. Ousng ke HploTon mcxopma m3 copep-
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PyeT CBOEBPeMEHHOCTH, ¥ Hem30€KHOCTH IPaH-
JmosHoN HayuHOH pesomonum XVII s.! Hrio-
TOH OHJI, moKaayid, Goabmme (U3MKOM H acTpo-
HOMOM, 9eM MaTeMaTHKOM; ero POJb B CO3JaHMH
$mBEKE ¥ B CTaHOBJEHWH Hay4YHOTO MeETOja
B ecTeCTBOSHAHMY HHWKAK He MO;KeT OHTH Ipe-
yBeamdeHa, HpynHeiimuit MaTeMarHR H MeXa-
Ak XVIII—XIX BB, Hozep JIynJl arp a B x
{1736—1813), ¢ KOTOPEHIM MH eme BCTPETHMCH
HUKe, cKasalx xak-to o HrloroHe: «Bot cgacrin-
BeliImil M3 BceX JIofel: BeIL CHCTEMa MHUPa MO-
sKeT OHITH OTKPHTA TOJBKO eHHOKAHRY. ToT sme
CMBICH MMeeT ¥ 3HaMeHHTOE [BYCTUIINE COBPEeMEH-
Huka HelotoHa Anercadgpa Iloma (1688 —
1744), masectHoe y Hac B Depesoje Mapmaka:

«BHI 3TOT MHp ray0oKOH TBMOi OKyTaH,
Ila 6ymer cser! M Bor asmica HeioTOH.»

Ilia HeloroHa TPOM3BONHASA, KOHETHO, OTOMK=
JIeCTBIANACH €O CKOPOCTBIO: GBOHCTBA TPOH3BOI-
HOHl BOCHPHHMMAINCH UM KaX (QH3WIeCKHe CBOii-
crtBa cropocrer. Ilpm arom HrroroHy He Ty:xpa
6nu1a 1 fopMaNBEHO-MaTeMaTHIECKAsA TEOPHA Tpo-
HM3BOJHHX (I AHTErPAJIOB), OCHOBAHHAA Ha HEKO-
TOpOM BapHaHTE TeopHHE TPefenos. OAHAKO IPH
‘OTCYTCTBHY CaMOTO OLIpefelieHAs Tpefela oHa He
Jenana ero HoctpoeHHs Goliee GesyKopHsHeH-
HEMA, 9eM (JormiecKkn He OeccOOpHEE) MAHMIY-
Januum JIefH0HERNIA ¢ GecKOHeYHO MAaJIKIMHA, a JIAIIb
YTAMEIANa NX; BO3MOJKHO, WTO ¢ BTHM CBA3aHO
1 10 00CTOATENBCTBO, 910 BiInARKe JleiiGANa Ha
eBpomeHCKyI0 MaTeMaTHMKy fABHO IPeB30ILIO
poab HsioToHa.

Ilpomssogayo HpOTOH Ha3HBal @gawkcuel,
@ HCXONHYI0 (QYHROUWIO, JIA KOTOPOH BHYNCIA-
eTcs OpoM3BofHaA, ~— @Pawenmoli (OT JATHHCKOTO
caosa fluere — Tedb; DSTEM TONYEPKUBAIOCEH,
YTO PacCMarpUBaeMile BEIWIMHE ABIAOTCA Ne~
‘peMeHHHIMN); TPH 5TOM (PIIOKCHA BOSHAKAJNA KaK
.CKOPOCTH M3MeHeHmA (UIIOEHTH, a (uIoeHTa BOC-
CTAHABIMBAJIACH MO (MIOKCHE KaK TyTh HO CKO-
poctd. 11 cBoe mamoxenre aHanu3a HpioToH Ha-
YHHAET ¢ ABYX OCHOBHHIX 3aJa4, K KOTOPHIM CBO-
JATCA BCe OCTAJbHHE.

1. JinmHa DpoiifleHHOro mWyTH faHa, Tpedyercs
#ajiTH CKOPOCTH HBHKEHHS B NpeiIo;keHHOe
8pem.

3KaTeJbHOTO CMHIC]IA HOBEIX UOHATHH M MX POJH
B ecTecTBO3HAHMHU. (3aMeTmM, 9TO aHAIRTUIEC-
KYI0O TeOMETPHI0 TOKEe CO3HAJNH OHOBPEMEHHO
n HesasmcuMo Jlexapr m Depma, TpudeM aTm
y9eHHe TayKe DPHHAANEKAIM K PASHHEM OCHXO-
JOTMIeCKEM THIaM: JlexapTa 3/ech MOKHO CPaB-
EaTh ¢ JleitOunneM, a BecbMa ray6oxo IyBCTBY-
omero ¢usnky @DepMa (eMy, HaOpmmep, Ipm-
HaJJIeKAT 3aMeYaTeJbHE HPHHIUI, YTBEDPIK-
jamomuil, 9T0 mpaexmopus ceema 6ce2da makosa,
4mo ona obecnewusaem Ovicmpeiiwee €20 pacnpo-
mpanenue) — ¢ HbioroHOM.)

2. CKopocTh [BWKeHWs pjaHa, Tpeldyerca
Hailtn JjiuHy DOpOeHHOr0 B TPEIOKeHHO
BpeMA IyTH.

910, 0YeBHHHO, 3anaY¥ HAXOKAEHHUA WIPOH3-
BONHOH 3afaHHOR QYHKINE X HaXoKneHus PyHK-
MY T0 ee TPOM3BONHON, T. €, 33ja4a BEYHCIIE-
HES HeoOpejeleHHOr0 mHTerpaia. To, 9To orm
ABe 3a1a4n (B TeOMETPHYECKOH MX MOCTAHOBKE —
TmpoBefieENe KacareldbHOH X paHHON KpEBOH m
BHUHCIeHHe OrpaHMYeHHOH# 3TOH KPHBOH Mo~
majn) ABIAIOTCA B3aHMHO-00paTHHIMHE, OBLIO,
BHIUMO, BOeDRHE 00HADy:KeHo yuutedeM Hrlo-
Tona Mcaakom Bappoy (1630—1677), xo-
TOPHII BIOCAEACTBEY (PeAKHI CIydail B MCTOPHA
Haykn!) oTRasaNesAs or AOKHOCTH mTpodeccopa
KemOpmmxcKoro yHEHBEpCHTETA B TOJB3Y CBOETO
TeHERaipHOTO y4eHHKa, cauras, aro HeooToH 6o-
jiee ero jocTomH OHThL Tpodeccopom. OpHaxo
CEeTORHA TpelJioKeHHe O CBA3® MeKAy NPOH3-
BOZHHMH M HHTErpajJaMu He CIydaiiHo HashBaior
He umeHeM Bappoy, a mveEamMy HiroToHa 1 JIefi6-
HEOA — Befb TOJBKO 5TH [BA BEJIAKHX YYCHHIX
DOHANTHM BCK cHAy oOHapyseHHoTo Bappoy (m
otipuroro JleiiGEHneM HezaBmcumo) daKTa B3a-
mMHOH obpaTHocT: omepanuit nuddepeEnmposa-
HEA W WHTETPEPOBAHMSA, BO3MOKHOCTE TOJOKATE
3TOT (aKT B OCHOBY WIMPOKOIO MCYMCIEHHAS IIPO-
H3BOJHKIX W HHTerpaios. M mmeHHO Iposopim-
soctnm HrioroHa m JleGHMODa MaremaTmueckmit
anRanm3 00A3aH TeM GYDPHHM PacIlBeToM, KOTOPHI
HavaJcA cpasy 3a IePBHME TyOIAKamumaMm o
BEICTYIUIEHHAMHA 3THX [BYX BeJIAKAX yYeHHX
¥ KOTODHI HOMCTWHE 03HAayad HACTYILIeHHe HO-
BOA OPH — DPH BEJIMKHMX HAYYHHX OTKPHTHIA,
OypHOro mTypMa TaiiH OpPMpoAs Ha 6aaro geso-
Bexa. Ilpm 5ToM B OTHONIEHNH HOTHTOK MPHIOKe~
Hua pauddepeEnuaasHOrO W HETETPAIbLHOrO HC-
9HCIeHNs K PACKPHTHIO 3aKOHOB IPHPONH HPHO-
purer, OeccmopHO, NPHHAJNEKHT BelHKOMY
ecrecTBOMCIHTaTeN!0 HEpoOTOHY, or KOTOpOTO
uper o0mas Hed O TOM, Yr0 3aKOHE TPHPOH
JNOUKHH  mMeThb  QopMy  dugdepenyuasvhnr
ypasneruli, CBA3LBAIOMNAX Te GYHKINY, KOTODHE
OIHACHBAIOT paccMaTpUBaemoe AsileHne. HrloToRy
TOpHHA/JIERAT OPMYARPOBKA OCHOBHHX ypaBHe-
Hpit IBm:KeHHsA (00 BTOoM MH HOupobHee cHaykem
B ri. 9 1 10), KOoTopHe OH 3aTeM OPHMeHH K BhI-
BOZIY 3aXOHA TATOTeHHA, K M3YYeBHIO JBIDKeHHI
HeGeCHHX Tell B K JOBOJBHO CJIOMKHEIM 3a7adaM
He0ecHOH MeXaHHKH (CP. ¢ HPOMUTHPOBAHHEHM
BHIe BHCKA3WBaHMeM Jlarpamixa o Halotome),
Wuenno ¢ pabor HeortoBa, mo cymectsy, poxn-
aach OCHOBAHHAS Ha MCIOJNL30BAHMK IIYGOKOTO
MaTeMaTHd9ecKOTO aumapaTa TeopeTHYecKas QH-
3MKa, HEHe B CBOEH copiepartelbHON wacTn fa-
JleKO BHINE[MAas 33 OpefesdH pemasnrnxcd Hoio-
TOHOM 33Ja%, & B MaTeMaTHIeCKON JacTH ommparo-
mascAd Ha BeCh MAacCHUB COBDPeMeHHOl Haykm



110

Ta. 3. 9ro Taroe HHTErpan

MHOTOKPATHO DpPeBHINAIINHA cosnaHHoe HrloTo-
HoM m Jleitbmmnem anddepeRnuantsHoe X HHTE~
TpalbHOEe HMCYHCIEHHE,

OGosmagan ¢uaoxcno (DpomssojgHyio) Hbio-
TOH TOYKOi, DOCTaBIeHHOHR Haj GykBoil, cHMBO-
NE3APYIONed HCXOAHYI0 (YHKIHIO: TAK, TPON3~,
BoHYH0 (YHKOEH y OH sammchBat xak Y. (Ce-
TOXHA 5T0 0003HaueHHe TPOM3BOJHON COXpaHH-
JIoch B MeXaHHKe; MH, OXHAKO, UM IOJIH30BATHCA
He Gymem.) Omepanmio nepexofa OT (QIIOKCHE
X ¢aoente HBI0TOR Tpefino:xmi 0G03HAYATE TOY=
Ko0if, IOCTaBNEHHO# CHH3y: Tak, eciad y=z?
B y1=2z, TO B BTOI cHCTeMe 06o3HaYeHmMA §==},

u y;=y. Taxme]0GosHaueHAS NOJKYHAOT CHM-
MeTpHeii; TeopeMa 0 CBf3M MeKAY IPOH3BONHON
 HHTErpajioM 31eck MOKeT OHTH 8ammcaHa TaK:
y=y (THe BHpPaKeHHe § MOKHO NOENMATb J{BO-
AKO — KaK (UIIOKCEI0 OT GYHKIME y M KaK QIio-
eHTy oT yHEnmu §). OfHako HHHe dTa KpacH-
Basl 3aOACHh HMMEET /ML YHCTO MCTOPHIECKOe
3HadYeHme (Aa m caM HbIOTOH He GEUT 3jech.0co-
Genno wmocheposareneH). OGosmaueHme y’ JAL
OpOH3BOJHOH ¢yHEKNEE OGN0 BBeAeHO j PpaH-
nysckuM marematnroMm OriocreHom Homm, ¢ mve-
HeM KOTOPOFO MHL €me BCTPeTAMcCH HIDKe.



I'nasa 4

BBIYNCJIEHNE ITPOU3BO/IHbBIX

Vno6use m HariAgHbe CIOCO0H 3ammcH
Tex “MiIM HMHHX COOTHOMEHHWA M HPOCTHE
npasmiaa (aJATOPUTMEL), IO3BOAAIONIAS Me-
- XaHHYECKH, 0e3 pasMHIIJIeRHil, IPOM3-
BOXATHL 6e30mubGoUYHLIe BHYUCICHUSd, HI-
paoT 0YeHL OONBIIYI0 POAL H B MPOIECCe
ofyuenus MaTeMaTHKe, W B pasBATUA
camoii Maremarmikm. Tak, BHEammeeca
MecTo B mcTopuum MareMarmKd Jlerapra
mian Jlelibnuma OO cBsA3aHO HE TOJLKO
¢ HX MaTeMaTHYecKuMH NOCTI:ReHHAMH,
HO M ¢ pa3paloTaHHHMHA 3THMH yYSHHIMH
HOBHIME YHOOGHHMEH cmocof0aMm 3ammcH,
B YACTHOCTH ¢ co3gaHmeM JleiGRumeM
A3pKka (mcuncieHnsa) AupdepeHnuaios.

B ra. 2 Mul pa3o0pand CMHCI IOHATHA
IpOM3BOJHON ¥ NPHBEJIX IEPBHE IpPO-
CcTelimme NpEMEpPH HAXOKACHHA IIPOM3-
BOLHEIX. Jajaueli HACTOAMmMEH IJIaBH
aBageTcd paspaboTka o0muX DPaBHI BH-
qucIeHAd IPOU3BOIHEX OT PasIdIHHX
$yHKOuUil: 0T MHOrO4JIEHOB; ParmHOHAIb-
Aux QyHrnmi j(GyrKnumii, TpemcTaBUMBIX
B BHUIC OTHONmEHHs MHOTOWIEHOB); al-
re6pamieckux QyHKIHA, COZePHAIUX He-
M3BECTHOE IO, 3HAKOM KODH:S (COpep:Ka-
mux ApoGHEE CTeHeHM HEm3BECTHOTIO);
IOKA3aTCABHHX I JorapupMmieckux Pyn-
KIUiA; TPATOHOMETPHYCCKUX  QyHKIMil
u ap. {MH yKaskeM, KaK, sHas IPOHU3BOJ-
Hie TexX mWIN HWHHX QYHEKNUA, HaiT;
IPOM3BOHEIS OHPEedeHANX WX KomOum-
Hamuii: cyMMH QYHKROHH, OpOH3BEeHUA
Aan 9acTHOrO QYHKIUiA, CIOKHOH QyHK-
gng. TaGnupa IDPom3BOZHHX B KOHIE
rumrm (cM. IIpmtoskenme I) mognTo:KmT
conepwaume § 1—12,

§ 1. Jdnddepenmuan

N3 omupenesenns NOpPOU3BONHONE CJIEAyeT
TaKoi crocob (aJATOpPUTM) ee BHIACACHMIA:
HY/KHO 3a4aThCsl KAKAM-TO 3HAYeHHEM I
n ‘mpmpamermem Az, Haimm f(z) @

(z+Az), ®BaiiTm unpmpameHme Af=
=f (z4-Az) —f (z), cocTaBUTL OTHOIIEHME

Af . 0
4; B Oepedtn K mpefexy mpa Az — 0.

A
Opmaxo gopMylTa HAIA OTHONEHHUS ZfZ’ rae
Az — IPOA3BONBLHOS PUKCHPOBAHHOE YHCIIO,

KaKk NPaBHIO, OKAasHBaeTcs ClIoKHee Qop-
. A d,

MyJIH I1d ODpeXedaa lim Kf‘:—t’
Ax—>0 z dx

T. e.
A IpOU3BOAHOIL,

IIosromy B gamsHelimem M gacro Gy-
JeM IHcaTh TaKde (PoPMyJs, KOTOPHe
CIPAaBeNJUBEL TOJALKO B Ipefese, IPH
IpHpamennd, cTpeMAmeMca K Hydio. [Ipn
MalHXx Az arH ¢gopMyan OyXyT <IOYTH
COPaBeJIUBEY, T. €. TOYHHE PaBeHCTBA
B HOX 3aMEHATCA NPUOIIHGKeHANMIE, 4 IPH
Goabmux Az OHM MOTYT OKAa3aThCAd H
BoBce HeBepHHMH., UToGH 5TO HOmYEPH-
HyTH, BMecTo Ay, Az Mu Oymem nmcarh
dy, dz. Ham Hy;xHO TOIBKO BHPaGOTATh
TaKWe IpaBUia MefCTBHH C BeJMIAHAME
dy, dz, HasuBaeMuMu Jugbhe peryuaranut,
KOTOpHE ofecmedaT BHIOIHEHHE OCHOB-
HOTO paBeHCTBa
d
L=y (z). @G.1.1)

3amerum, 49ro pasencrso (1) ¢urypum-
poeazxo y mac yxxke B ri. 2. Tam, ogHako,
oHO 'He OHJIO WCTHHHBIM PaBEHCTBOM,
a Jadmb ycaoBumeM 00 0003HATCHHAX —
oHO osHA%amo, 9ro sammcH Y (z) u dy/dz
uMenT ofuH H TOT j;Ke CMucJI. Temepsp
e MH XxoTuM paccmarpmsarh (1) xak
Hacrodmee (cCofep;xaTejbHOE) PaBeHCTBO,
YKA3LIBAIOIEE CBA3D MOMKAY IPOM3BOXHOMN
y' (z) oynknuu u guddepennualamm dy
n dr caMoil QYyHKIUA y W HE3aBHCHMOTO
mepeMeHHOro x: IpoussogHasa Yy’ (x) Hoi-
Ha OeTh paBHa OTHOIEHWI dy/dz
auddepeHTIATIOB.

Brime 6n10 modydeRo DpuOamKeHHOS
BHIpAKeHME [JIA OpHpameHusd

y(z 4 Az) — y (z) = Ay =~ y' Az,

Momxmo cxaszaTh, 49ro (2) «CTaHOBHUTCA
TOYHHM B mpeflexe», mpm Az — 0. 3xecsh
ClI0Ba «TOYHO B Ipejee» He CBOXATCH,
pasyMeercs, JHMb K TOMy, 9TO OpE Az=
=0 neBas m mpasasd c¢TopomH (2) copma-
gaoT (paBEHN HYXK) — OHH HOTIepHKH-

(4.1.2)

1 Or naarmacroro caosa differentia — pas-
HOCTH, UpEpamienme; TakmMm o0pasoM, pyccKaM
CIOBOM «HIPHpAINEHME» MH HA3HBAaeM BeJIWINHH
Ay’m Az, a naruEcKkaM TepMmuOM «gaddeper-
OA’JI» — (HOYTH DpUpamersud» dy d dr.
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Tn, 4. Brigyacnende OpoH3BOHBIX

BAIOT, 4TO IIPH OYEHH MAJHX Arx JeBad &
mpaBasa gactd (2) «moYTE PaBHEY B TOM
CMBICJIE, UTO MX PAasHOCTH ropasfo MeHb-
me caMuX STHX BHpaskeHuii. B camom
melle, pasHOCTH JeBoOit W ITpaBoi gacTed (2)
Ipd MAJHX AZ mMeeT HOPSAOK MAJOCTH
(Az)? anm eme Bmme (cM. Komer § 2.4),
TaK ITO OHA jAeHcTBUTEABHO (pasyMeeTcd,
upr y'=~0) ropasmo MeHbIle BEIWINH
Ay m y' Az, mMelomux NePBHIT IOPANOK
MajiocTH: Haske pasienuB obe dacTu (2)
Ha 04eHb Majoe 4icio Az, MH BCe PaBHO
npugeM K <I0YTH TOYHOMY» PaBeHCTBY.

Z & &4

g W22

4

AV
O

4.7

RONEEN

Pme. 4.1.1 Vi

N
&

z

VceaosmMes Teneph 3aMeHaTh (2) T o 9-
H H M , pPABEHCTBOM

dy=y' (=) d=. (4.1.2a)

IogcemM sTo moumpobGmee. Mu Gygem
CUNTATH, IT0 Jugigiepenyuan He3asucuMoll
nepemenholi dx, WO ONPEXENEHHIO, He OT-
amgaetcA or cnpupamenus Az, [locne
aToro dugepenyuan dy gynryuu y=y ()
ompefenaM (ToIHHM!) paBeHCTBOM (2a)Z,

KOTOpOe MOKHO NOOOJHHUTL TaK:
dy=y (z)-de=y'(z)- ba. (4.1.26)

TaxuM o6pasoM, fuddepeHnuan dy GyHEK-
nam y=y (x) oriamdaercA OT ee Ipupa-

meHnA Ay — BeAb [Jid OpHEpameHus
Ay poncrBerHoe (26) pasemcTBo (2)
BHIIIOJIHALTCA JIAIIH OpuGIAAeHHO:
Ay~y'(z)Az, B TO BpPeMA KaK TO4-

HOe PaBeHCTBO [UId UpmpameHma Ay=
=f (z+Az) — f (x) mMeer Buf
Ay=y' (z)dz o,

rge © — BeamemHA 6Gojiee BBICOKOTO IIO-
pAnka wmagoctd, 9eMm Az, Imemmo aro
MH ¥ WMEJIN B BHAY, TOBOPsA, ITO PaBeH-
crBo (2), miam

Ay
'Z;Ny ((E),

(4.1.3)

2 3ameThTe, 9T0 B TO BpeMs KAk npnGimxeH-
HOE PAaBEHCTBO (2) ABIAETCA Te o pPe Mo i,
KOTOpAas HY/KAAeTCsA B AOKA3ATeNbCTBE (Hymiza-
erca B [OKA3aTedbCTBe TOT (AKT, ITO BeJNINHA O
B mpasoit dactm (3) mMeer Gojee BHICOKmMiE Wo-

ABJIIAETCA «TOYHHIM B IOpepese». caMo Oo

A
ceGe oTHOmMEHNE KZ_ BOOOWIEe TOBOPHA, OT-
. Ay ’
T ! P— ]
amgEo oT Yy’ (x), HO BOT Ali_rg i =Y (@),

HOCKOJIBKY IPHE MaJHX Az ciaaraeMHM
¢ B IpaBoif uacTu (3) MOKHO npeHeGPEUb.
Ommaxo 3Tw CIIoBa o mpefesde, 0 mMpeHEG-
peiKeHWHM KaKOf-TO 49acTbio (HOPMYJIb
CTAHOBATCA WS3NHITHAMA INPH HEePeXofe
OT «I3HKAa NPHPAMEHAN» K «A3HRY Aud-
depeanmuaiony: cootnomenua (1) @ (2a),
(26), mcmonesyiomume pamddepeHmTUANH,
ABIANTCA yiKe OOHYHBIMA (TOYHHIMH) pa-
BOHCTBAMI,

Bee 10 moppo6GHO ofcy:Rmasocs B § 2.4

B CBA3H ¢ BOUPOCOM O TpUGIAKeHHOM BHIIHUCIE-
Hou 3HaYeHndl pyEKOAA (c. 65 u ciex.). pu BH-
gucyieHUU, CKakeM, B3HaUeHuil (QyBKuum y=gz2
BIA y; =23 MEL ¢ TIOJHHM 0CHOBAHHEEM HOJIACaeM,
9ro ecim Azr mamo, To Ayx2zx Az, cooTBeTCT-
BeHHO Ay;=_:3x2Az, HOCKOIBKY CHelABEas IpRE
atoM ommOKa 6yaer HeomyTumo mana. Tax, nputG-
JAmKeHHOe DPaBeHCTBO Ayx2xAr o3Hawaer, dro
upupaigeEre Ay umomamm (y=z°) KBaxpaTa
ABCD co cropoHoil AB=z (puc. 1) npn n3meHe-
HAW JYIMHH ¢r0 CTOPOHH Ha Az MOKHO 3aMeHHUTH
cymmoii Iomamefi ABYX OPAMOYTOJBHUKOB
BB.c;C m DDyc,C, UpeHeGpeTas UpPA MAIOM
BB,= Az (ropa3smo MeHemuM ®X!) KBanpaTHKOM
Ce,Cyc, mnomama (Az)?. OGpamascs & QyBERUHRE
n=z° m moiarag, cKaxkeM, z=2, y (z)=8,
COCTAaBUM CIeRYIIMyl0 Tabimny DOpapamesni
Ay, =y, (x4 Ar)—y, (z) m puddepeanmamon
dyy=yj(x) Az »srofi dyurouu, a TaKiKe IO~
N Ay —dy,

rpemEocTel = An; NpuSImKeHROM
dopmynr (2):
Az 1 0,5 0,2 0,1
Ay, 19 7,625 2,648 1,261
dy, 12 6 2,4 1,2
of/Ay; | 37% | 21% 9% 5%
Az 0,05 0,01 0,001
Ay, 0,615 0,1206 0,012006
dyy 0,6 0,12 0,012
ofdyy | 2,5% 0,5% 0,05%

PANOK MAJOCTH, 9eM Az miin Ay), paBeHCTBO (2a)
(u (26)) aBaAeTCA oW pefelle HI e M — OHO
omnpepeisieT BeJwIuHy dy.
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dra TtabnEma BechMa HATAANHO RITIOCTPHPYET
yTBep:KfeHRe 0 ToM, 9UT0 ¢opmyda (2) «rouHa
B Ipefexe».

Bonee momHHe cBefieHAR 00 «OCTATOIHOM
ureHe» ¢ nmpuGamKeEHoE ¢opmynn (2) 6yayT
moxydeER B 1. 6. Tam MH pgoramkeM, 4T0 o
MOKHO NpeAcTaBATh B BHAe cyMMH a (Az) -
4+ (Az)24-., . ., kooddunmeHTH ay b, . . . KOTODPOH
He 3aBHCHT or Az, Ho mpm mManmx npupameBmsx
Az Bce crememm (Az)?, (Az)® m 1. #. Topasno
MeHbINE caMmoOif BenmumHH Ar; moaroMy |o|=
=la (Az)®+b (Az)34-. ..] ropasmo MeEbIIe
(npomopumoEansHOro |Az|l) mrddepenmmana
|dy|=]y’ (z) Az|. Pasymeercst, mociemHee yT-
BepiJleERe TepsAerT cmay npu y' (z)=0, xorma
maddepeEnnan dy o6pamaerca B HyIh H MeHBIIE
€r0 IONOKHATEbHAA BeJMYHHA [S| OHTH HHKAK
He MOKET; OJHAKO OGHTHO W 3[1eCh MOKHO IIOJIb-
s0BaThcA OpubamxeHweM (2), upeHeGperas
KpaifHe maznoit ommOko#E o. Ciuyuam sKe OTCyTCT=
BEA y GYHKOUA y=y (z) OpomsBOgHOH (W pug-
depernuana) (cp., Baupumep, § 7.2) mEMeIOT oK~
30THYECKEH XapaKrep», — 4 MH DeKOMEHZYeM
YATATENI0 TOKA IPOCTO MTHOPHPOBATH HX.

IHousarme pmuddepennmana wm 3anuch

dy o o
2, A nponsBofHofi LI BBefeHsl Jleti6-

HUTEM, KOTOPHN Ipm 5STOM HE CJH-
KOM 3agyMHBaiica HAJ COREpsKaHmeM
noHATAA «AuddepeHnmaiy; ropasno Goaee
HHTEPECOBAJM €ro NOpaBEiIa OIepupo-
BaanA ¢ AnddepeRnuanaMu, cOCTABHBINNE
JeHCHATIEBCKOE «mcumciIeHme puddepeH-
nuaiaosy. HeTpynHo, opmHaKo, HPHAATH
noHATHKN AuddepeHNmana TOYHHHM CMBICI
¥ laske OPOWLIIOCTPHPOBATH €ro Ha uep-
Tesxe.

ParercTBO (3) MOKHO mepen#mcaTh TaK:

Ay=dy-¢; (4.1.3a)

¢ HIM CBSI3aHA PaclpocTPaHeHHAS HOPMY-
IUpoBKa: Jugepenyuan  Fynryuu —
Mo eaaeHas AUHEUHAL Yacmb ee npupa-
wenus., Ipyrumum cxoBaMu, puddepen-
nmaa  dy=y’ {()Az (=y (z) dz) =Bua-
eTca A HMHe W HOHN ¢QyHrmueds mpupa-
menus Az, B TO BpeMd KaK OpuUpamieHue
Ay, BOOOmE TOBOPs, 3aBHCUT 0T Ax HO-
BOJIPHO CjomHO (me jgumHeiuso) 3, C npy-
To# CTOPOHH, dy IPeAcTaBiasAeT Co0ol
«IJIaBHYI0 YacThy OpwpameHad Ay QyHK-

3 NImdpdepernuan dy=y'(z) Az dyaxnuu 3aBu-
CHT OT [ B ¥ X d4mces (OePeMeHHHX) z M Az —
OH sBasgeTcs GYyHKRIMHEEHE ABYX IHmepe-
MeHEHHX (ImEefiHON ©HO0o mnepemenHoil Az,
HO I0BOJILHO CJIOKHO, BO0OIe ToBO P, 3aBHCAILL
0T TePEMEeHHOL Z).

nE@ B TOM CMEBICJIE, UTO IPH Malex Az
BTOpOe ciaaraeMoe B nmpaBoil wacrm (3a)
TOpas/lo MEHBINE IEePBOTO.

BeomomMuuM Temeph, 4TO IPOM3BORHAM
y' () paBHa TaHreHcy yria o HAKIOHA
KacaTeJpHOM K Tpadury QyHKRIuE Y=
=y (z) (cm. § 2.5). IlosToMy, eciam Ha
puc. 2 PQ=Az, 710
NQ,=tgo - Ae=y (z) Az =dy,

B TO BpeMsa KaK HOpmpamesnme (PyHKIER
Ay=y (z-+Az) — y (x) n306paskaercsa
orpesrom M,Q,. U3 pumc. 2 BugHo, 4TO
opm Manex Az pudpdepennmuman dy Gymer
O6au3ok K OpupameHuio Ay @yHKOAA,

2y w °

e

7

Puc. 4.1.2

B TO BpeMd KaK Ipd 6Goapmux Az 3TG
y:ke, BoOOme roBOpA, OymeT He TaK.
Oxparko Takoe rpaduuecKoe UpercTaBie--
mne panddepennuana GYHKDUE HY:KHO-
JUmMb [asd OPaBWIBHOIO IOHAMAHEASL
CyTH WCHOONb30BaHUA HAuddepeHmumana
B DpuEOJUIKCHHHX BHYHACHEHHAX, B He-
CHKOJIbKO MHOH PopMme (6e3 HCTONTb30BAHUA.
caMoro cioBa «ufpdepeHnmANy) onUCcaH~
Horo B § 2.4. B 2701 ke TiaBe HaM Hy;KHa:
Oyzmer numb TexHUKA paboTs ¢ nupdepen-

n@ajfaMu, CHMBOJIHYECKOE (UCIHCICHHE
nudPepeHINANOBY; TOUHHH Ke CMBICI
HOHATAA «AudpepeHINAN», CBA3AHHBIR

¢ puc. 2, ICUOab30BATHCA HUTHE HE GyHer,
— 0 4YuTaTenb BIOJHE MOKET MPOCTO.
0 HeM 3a6HTb.

Ilomatmio anddepeHmuana MomKHO-
TaK;Ke IPUAaTh IPO3PAYHHE MeXaHHTe-
ckuit embica. IlpennonosxumM, 910 Ha puc. 2
abcomeca x — 9T0 BpeMd (MMEHHO 3TOT
cMuIcaT mMeeT Oyrsa £ B CKOOKAx y KoHOA
ocum afcmmee), a opAmmHaTta y (@ad z) —
nyTh; HAC WHTEPecyeT IPONEcC M3MeHe-
HuA IyTHE cO BpemeHeM y=y (z), wim,
B OPHUBLMHHX HaM IO . 2 u 3 ofosHa-
yenusax, z=z (t). IlpepcTaBiemue o Io-
CTOAHHO MeHAIOMmEeACs HOJ BAXAHUEM Ka-
KHX-TO CHJI CKOPOCTH HE CIHITKOM IIPO-
CTO; TO09TOMY NPH W3YICHHH HBUKEHIA,
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Tx. 4. Boiuncinenne UpoA3SBONHBIX

B OKPEeCTHOCTH KaKOT0-TO MOMeHTa Bpe-
MeHH (II0JIOYKeHYIe TOJAa B 3TOT MOMEHT H30-
OpamaeTca Toukoi M rpaduxa maBEEe-
HusA) yAOGHO CYuTaTh, YTO HAYMHAL C 3TO-
ro MOMEHTA CKOpPOCTH IlepecTaja M3Me-
HAThCA (TO IPEIOJOKeHNe PAaBHOCHIb-
HO ImioTe3e 0 TOM, 4TO B paccMaTpuBae-
Mulif MOMEHT BPEMEHH MH «OTRIIYLIN)
Bce JeificTBylomue HAa TeJIO0 CUJbI, IPEIo-
CTABHUB €My jajee JBATATHCA N0 WHEPI(AN,
T. €. C IOCTOAHHOI CKOPOCThIO, CM. Ia. 9).
Torga HauwHASA ¢ 2TOr0 MOMEHTAa L CKO-
pPOCTh BCe BpeMA Gyer ocTaBaThCca PABHOM

o d
MI'HOBeHHON  cKOpoCTH v(w):% B MO-
dz .
MeAT T (n.rm 5 B MOMeHT [), m mpOii-

TeHHEI 32 BPeMA Az myTh Gy[eT paBeH
v (z)Azx=y Az=dy. (Ha puc. 2 pasmo-
MEPHOMY ABWKSHHIO Tejda 0TB3IaeT OPsA-
Masx [, B TO BpeMa Kaxk rpapuRoM me-
XOIHOIO ~— H2DABHOM3DHOTO — JBUKEHUA
cay;gar quaua L) [Ipu sansix Ar (mian
At) aToT rudoTeTHIscKuil HyTh NQ, (=dy
mwian dz) OyA2T OTAHIATHCHA OT UCTUHHOTO
oyru M,Q, (=Ay mra Az) BecbMa Ma-
10 — Ha Maayio Beamduny NM,=s Go-
Jee BBICOKOrO mopanka, 4eM P (=Ax
amr At) L.

Mpasmra monnzoBanma guppepenamnua-
JgaMa JOTKEE OLITh TaKMMA, 4TOOLI BH-
moaHAT0ch coorHomeHms (1): maa aroro
8 opMynax Ana nudphepeHUATIOB HYHHO
cpasy orOpacsIBaTh WiIeHH, NPOIOPIIAO-
maapabie (dz)? wiu Gomee BHEICOKHM CTe-
neHaAM dr.

PaccmorpuMm ogun mpocTedmuii mpm-
Mep; CPaBHHM Ha HOM TEeXHAKY paloTh
¢ OpApameHEuAMA B ¢ ZudPepoHIHAIaME.
IIycrs Mu mMeeM QyHROuIO y=2z%, PaHb-
me MEl MACAIH

Ay =(z + Az)? — 22 =2zAz |- (Az)?, (4.1.4)

4{fivenHo B TaKOM (MEXaHWIECKOM) 00AAIBU
wossmica fupbepeamuan y Heiorona, KOTOPHE
HA3BAJ €ro TEeDPMHHOM «MOMEHT», UDPH 3TOM
HpioTon mpumesa K 3STOMY DOHATHIO paHbUIE
Jleit6runa, KOTOpPHIiA 3aroBopua ¢ gupdepennua-
Aax agms ¢ 1675 r., B TO BpeMsa kaK «MOMEHTH
Qyaxomity (amu «Pa0ETY, KAK IPATOTATA
tosopurs Hbeworton) moasmmuch y HeioroHa y:xe
B 1666 r. Eme pambme, HaYugad UIpPAMEDPHO
¢ xorna 30-x romos XVII B., moas3oBamca qud-
depernumanavu (623 cCaequanbEOro HAMMEHOBAHAA
w 0J03gadedns aTax Beaginda) Depua; HMEHHO
HA OTHX HOAATAAX GHTa 0CHOBAHA €r'o H3BECTHAA
TEOPEMA 0 TOIKAX MAKCAMYMA W MAHAMYMA.
Ho 'passepayroe «acuncienue fudhap2agaasosy,
Ge3ycnosno, fAsiderca 3acayroi Jlehbaama.

OTKY A
Ay r__s Ay
=244z m y _111_1)10&—2:17.

C momompio AubPHepeHOUATOB BamUIIeM
dy = (z 4 dz)* — 2*=2zrdzr, (4.1.4a)

T. e. wieH (dx)? B upaBoit uactm (4)
MEL cpasy orOpocumim!

CMBICA TaKOTO OHEePHPOBAHUA ¢ Aud-
depeHnmasaMd Temeph HoHATeH. Pa-
3yMeercs, Ay=(z+4dz)®* — 2*=2xdz+{
+-(dx)? (cM. (4); HamoMuHAeM, 910 dI ®
Ar — 10 omHO m To :me). Korma :xe
Mbl mepexogmMm or Ay K dy, MH OCTAaB-
JasieM JHIOb (IJAABHY JTHHEAHYO 9aCTh»
Ay, T. e. orbpacHBaeM YIEHH, LIPOIOP-
nuoHaJMbHEE Ax (wawm dx) BO BTOPOI m
BHICIOKX CTEHEHAX, COXPAaHAA JWMb die-
HHl, OPOHOPHIOHANBHEE NePBOM CTEHeHH
dr. dt; mpaBmiIa «ucHHCJaeHNA Fuddepen-
MUAJIOBY, €CAM TOABKO IPABHKAYTH K HIIM,
OYeHb YOPON[AIOT BCE BHKJIAZKA, B IIO-
ciefyomux maparpadax Me 6ygeM mupo-
KO HMH I0JAb30BATHCA.

OcraHoBUMcH, HAKOHOI, HA OXHOM
3aMeuaTeJIbHOM cBoicTBe AuddepeHnma-
JIOB, KOTOpPoe 3Hax (M BEICOKO MMOHYLI)
eme Jleitbuun. PaccMorpmv Kaxyo-mubo
QyHRIAL, CKameM y=z% OpH 3TOM

Yy =2r m dy=~2zAzx. (4.1.5)

Iiycts Temepp z — He HesaBHcHMAd Iepe-
MEHHAs, & BCIOMOrare;1bHOe HeH3BeCTHOS,
3aBHUCAMI2S OT He3aBUCHMOM EePEeMeHHOIR ¢
(MORHO CUMTATH, UTO [ ABIAETCA BpPeMe-
HeM). COXPaHAT aum OPW 5TOM CHIY COOT-
HomeHuA (5)? HerpyaHo nomars, ugTo
He coxpaHATr. Taw, eciam x=i¢%, To mpo-
usBofHasAg PyHRmuu y=zx2=i* paBma 4¢3,
410 oramdHO OT 22x=2{%. Bo BrOpOil Ke
u3 dopmya (5) Ax Temepb pPaBHO
(t4 ALY — t?=2tAt+4-(At)?, mooTomy

22 == 262 [26AL - (ALP] == 43AL - 22 (AL,

4T0 OTIMIHO OT BHPAKeHEHA dy=A4I3At,
CTOAM3IO B IeBOH TaCTH TOi s18e (OPMYyTH.
Ho Bor ocHOBHOe cooTHOmeHme (2a) co-
XDaHAGT CHIAY ¥ B HOBHX YCJIOBUAX:
Bolb 3xechk dr=2tAt, Tar uro 2xdr=
=21 (2tAf)=4t3At=dy.

fABasiercsa mu aTo obcrosATENBETBO CaY-
gaitaery? Her, me saBaserca: ¢opmyna
(2a) coxpaHAer CHIy W B TOM caydae,
KOrfa * ecTh He3aBUCHMAad IMepeMeHHasd,
4 B CHTYyarud, KOrfa Z €cTh (KIIPOMEKY-
TOYHAA») (PYHKONA HEe3aBHCHMOHE mHepe-
MeHHOH ¢ (cp. yup. 1 m 2),
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B cuany atoro paGorars ¢ pupdepen-
ngajaM# 3a9acTyi0 mpome ® yRoOHee,
YeM ¢ IpPOM3BOAHKIMA U C NpUpPalleHH-
AME, T7ie BCeria Heo0XOgwMO LOMHHTH
0 XapakTepe apryMmenTa (QyHKIuz (He-
3aBUCAMASA [IePeMEHHAA? BCIOMOTATEIbHAA
¢yurnEa?). MuorouucieEEHe IpEMEpPH
9TOTO MH OyjeM HMeTb B HajbHeimeM.

OGoceoBaTh, cPOPMYIHPOBAHHOE  CBOICTBO
nudpdepeEnuagos TPoIe BCers ¢ moMompo $op-
MyaH (3), THe © eCTh BeIRIHHA Gollee BEICOKOTO
LIOpPAKAa MaJocTH, ueM dxr (A ay=Adz). B cmiry
910l hopMyam

Ay = Bdt -+ a, (4.1.6)

rae Bdt=dy, a a mamd. C ppyroét cTopoHH,
Az = Cdt + B, (4.1.6a)
rie Cdt=dzr, a 3 Mamd, ¥ ecjm NPOUBBOJHAA

dy
9z B paccMaTpuBaeMoit Touke (IpH { =1, uIA

upu z =z () = x,) paBea D, 10
Ay = DAz +1,

e 7 Mamd. Ho ma (6a), (66) cmemyer, uTo
Ddx (=DC At) cosnapjaer ¢ puddepeEnmaiIoM
¢yaKIER y=y (t): Befb 970, BO-IEPBHX, JuHEil-
Hag ¢yEKnmA Af, a, BO-BTOPHX, PasHOCTH

Ay — Ddz = (DAz }-y) — Ddz =

= [D (dz + B) +- 7] — Ddz = DB 4«

ABIAETCA MAaJOil BeAw4ymHOH (BeamgmHO# Goiee

BEICOKOT0 TIIOPANKA MAJOCTH, 9eM Af), HOCKOIBEKY
TAKOBEIME SBJISAIOTCA BeIHWYWHEH B W v, a Ddzr —

(4.1.66)

dy
3TO, KOHEYHO, E—;da‘.

Bropyio mpomssopEy®R y'’ (x) QyHKROmEA y=
=y (z) Mu oGosHavanu Bume (cMm. § 2.7) depes
d%y

Y (@) ="g;7e (4.1.7)

9Ty 3amMCh MOKEO OIPaBAATh ¢ HOMOIMBIO CO-
o6paskeHnif, pOACTBEHEHX TeM, KOTOPHE MEl pPas-
BUBRUIA B CBA3H ¢ 3aNHUCBIO y’=%.
HaszoseM BeamuuRy y'’ (z){ Az)? (=y’' (z) (dz)?)
smopux  dufgepenyuason SyHRUEE y (z)
m o6esHaunM ee uyepe3 d?y; B TaKOM CIyuae 060-
sHageHme (7) fAnA BrOpOil MpoOmM3BOTHOE y'’ ()
MOKHO GyneT TPaKTOBaTh KAK OTHOMEHHe d2y:
:(dz)? mroporo mEddepeEnmana dPy QyHKIEE y
X xBagpaty (dz)? (mepBoro) guddepermuana (apu-
pameHmsa) apryMesTa z. Bropoit guddepernman
d’y QyHERnAR y=y (z) MOIKHO TaKKe H300DPasHTh
Ha YepTerxe, IT0 OTKPHBaeT IYyTH K MCIOIL30BA-
HEIO ero jAsA DpHSIWKeHHOr0 BHYNCACHHS 3HA-
YeHHHE (QyHKRIEE. YCIOBEMCA BDeMEHHO IIHCATh

Pue. 4.1.3

Zy BMECTO = W x BMeCTO, z-} Az mfHafinem napa-
6oy 1I:
Y=ua(r— )2 b (z— 29) + ¢,

Hau(olee TECHO NPEMHKAOmyo K Tpadmky I
OyERIER y=y (z), T. e. TaKYyo, uTOGH Pas3HOCTH.
Y (z)—y (z) upm Manux z—zy= Az GLLIa BO3-
MOJKHO MeHbIe 5, 3apaua BaxokpeHRA Takoi
napaGonsl (safasa O «BAWIyumeM KBaJpaTHu-
HOM nupmGamxenmm» (8) ¢yHKUEE y (z)) coBma-
Ai@eT ¢ paccMaTPHBaeMON B I, 6; B3 Pe3yALTaTOB
9TO#l rAaBH ciemyer, wro koasd@mmmeHTH ypas-
BHeHns (8) mapaGomsr II TakoBE: a=1/y y'’ (z,),
b=y’ (%), c=y (z,). B aToM caywae pasBoCcTH
Y (2)—y (z) npumanux Az Gyner ABIATHCH Be-
NAYAHOM TPETBero (MM eme BHCHIETO) MOPHTKA

(4.1.8).

y /Z/ };/‘zj/

7

“ a4z 9

MaJOCTH TI0 OTHOMEHWNK K Az=(z—z,). Ecam
n306pasuTh Ha OfHOM YepTeske (PHC. 3) KPHBYIO
y=y (z), napabonry Y=Y (z) m KacareisRylo [

Yi=kets (4.1.9)
k amamr I (tpe k=y’ (z) B s=y (z)—kzp),
TO OpaMas r=const nepeceder JmeEmm I', [ Il
B TaKHX TOYKax My, N m Ny, 4ro (cM. pmc. 3):
Q1M ==y (x) — y (z,) = by,

Q1N =y’ (zo) Az = dy,

Q1N1=1/3y" (o) (Az)? + y’ (o) (Az) =
=1/pd?% + dy,

T. e.

ON=dy u NN =\/d?

(8 Hamem ciryuae d?y OTPHUATENLEHO).

Pre. 3 yGepmreNbHO HAMIOCTPEPYET IIPemMY-
IECTBO, KOTOPOe mMeeT NpHOImxeEEe Y =gyo-+
Fdy+2 Py (=y (z0)+y' (20) b2+ 2y’ (z,) Aa2)
8HAYeHHMA Y (z) QyHKNWA DO CPABHEHHIO ¢ IPH-
GamKeHnEM Y =y+dy (=y(ze)+y’ () b7):
BO BTOPOM Cllysae MH) 3aMeHsAeM TOUKy M,

5 9ry mapaboxy (conpuxacanwyioca napabeay
II xpmBoit I'; cp. § 7.9) MoKEO ommecaTh Tax:
mpoBefieM uapaboxy II, wepes Tpm OGamskme
TOUKH (Zg, Yo), (21, ¥1) W (%, ¥») KpEBOE T, T. €.
monGepem a, b m ¢ B (8) Tak, 9TO6H GEII0 Y (24)=
=yo, Y (21)=y; 1 Y (zp)=y,); Torna Upm cTpem-
JeHHH T; ¥ Ty K T, HalifleEHasa uapabomxa Gypmer
crpeMaThcs ® II (Tax uro II — »To mpepen
npoBefieERO# mapaboim Il, mpm z;, zy — o).
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T'n. 4 BriumcaeHHe MPOA3BORHBIX

f#a puc. 3 To9Koil N, a B mepBoM caydae—Goiee
Omusxot ¥ M, Touxo# N;.

Bropomy puddepermmany d?y QyEKIEE y
MOJKHO, TaK K€ KaK H mepBoMy auddepeHIEaIy
dy, TpUmaTh W MeXaHmIecKoe 3HadeHme. CHoBa
YCIOBIMCA CIATATH, 9T0 OCh abcIuce Ha pAC. 3 —
5TO OCh BPeMeHH {; IO OCH OPIHHAT (OCh z) OT-
JIo3KeH IyTh Teda. llycrb Temepd Telo HaIMHAS
¢ HEKOTOPOTO MOMEHETa BpeMeHH (H300paKaeMOTo
Toakoit M rpadmxa ) pgBmmeTca p a B H o
VCKOPeHHO - 370 IpEAUOJOKeHHe paB-
HOCHJIBHO THIOTE3€ O TOM, YTO HAYWHAA ¢ pac-
CMaTPHBAEMOTG MOMEHTA NeHCTByiomHe Ha TOIKY
culIH MepecTaNAdm H3MEeHATHC A, HOO

Puc. 4.1.4

7 4

(EAY) 4
Py gy 82,45 04,00

TIMEHHO IIoX pelicTBHeM MO CTOSAHHOA CHIH
MaTepHANLHASA TOUKA IBIKETCA PABHOYCKOPEHHO
{cm. ra. 9). B TaxoM crydae rpadHEKoM [BHAEHASA
touKkm craHer mapaGoma II, m (rumorermdeckwuii)
TyTh, TpoiiNeHHNHN 3a Bpema Az (mmm At), Oy-
JAer paseH dy-+!/sdy (wnm dz--'/. d?z), Ha pme. 3
oH m306pasaTca 0TPesKoM Q;N;.

3aMeTHM, HaKOHeI, 9T¢ NOHATHE fE(depeHT-
ajla MOeT GHTh HmepeHeceHo TaK:ke W Ha Pyux-
yuu deyxr (AW GOJBIIETC UACHIA) nNEpeMeHHHI.
Iycers z=F (zr, y) — OpPOHM3BOABHAR QyHKIHAA
JBYX IepeMeHHHX z W y; IHTATeNb, B3HAKOMEIA
€ MeTOJOM KOODAWHAT B IIPOCTPaECTBe, 3HaeT,
410 ee «rpadEKOM» ABIAETCA nosepTHOCMY B IIPO-
CTPAHCTBE, OTHECEHHOM K TPeM KOODAHHATAM I,
y u z (pmc. 4).

PaccMOTPEM  HEKOTODHe (QHKCHDPOBAHHEHE)
3HAYeHWA T, A Y, OePeMEeHHHX, KOTODHM OTBe-
qaeT TouKa M rpajduxa ¢ KOOPAHHATAMHE Zg, Yo
n zg=F (24, yo). Ecim Teneps KOOPAUHATH 7 H
y GUH3KE X %y ® Yy, T. €. PasHOCTH z—z,= Az
n y—Yyo= Ay MaiH, 10 3HaYeHHEe

=F(z, y)=F (20 -+ Az, yo-+ Ay)
MOJKHO HafiTH chexyiommmM o0pasoM,

Bynmem wmckarts BeamumHy z,=F (z, yp)=
=F (zo+Az, yo). IIOCKOABKY 37eCh 110 CPaBHEHHIO
¢ (mpenmonaraemoll  WBBECTHOH)  BeJMIHHOH
zy="F (%y,Yo) HBMEHIJICA JHIIb OJHUH aPryMeHT z,
TG B CHIIy CKA3aHEHOTO BHIIE

n="F(z¢+ Az, yo) =

= F (w0, yo) + F7 (%0, yo) Az,
rIe
Fi(z, y)

z

(4.1.10)

oF (z, y)
=—0x—=

F(z+Ax, y)—F(l‘, y)
Az

= lim

Az->Q
— TaK HA3HIBAaeMas uacmuas npouseodnai QyH-
Knun F 1o z, ToJAyd9aeMas B IPEJIOJNOMEHHH,
910 MeHAeTCA JUIIb aPTyMeBT z (YHKIWH, a ap-
TyMeHT y 3akpemrieH (em. § 12). amee aHamxo-
TUYHO IOJyIaeM, 3aKPeIlifgsg Ha 9TOT pa3 3Hade
HHe IEePBOTO APryMeETa z (YHKOUW, a MEHAA
OfUH TOJBKO BTOPOH apryMeHT y:

2=F (x4 + Az, yo+ Ay) =~

= F (2o + Dzo, yo) + Fy (@0 + Az, yo) Ay
(4.1.11)

O0vennaas npuGrmxenHbe paBeHcrsa (10) m
(11), monygaem

z=F(z, y)=F (2o + Az, yo+Ay)=
= F (0, yo) + F% (w0, yo) Az -
—{—F;(a:o—]—Aa:, yo) Ay.

YarTHBaA 6aM30cTh HaCTHO#  mpousBogHOM
Fy (zo-+ Az, yo) K Fy (70, yo) & samemssn Az m Ay
Ha WMeI@e TOT e CMEIC] BeJHWYHBH dr B dy
(Bemp z W y — 9TO HE3aBACHMHE IlePeMeHHEE,
a He (Qyaxumm!), mociefHee PaBEHCTBO MOKHO
TlePernucaTh eme M TaK:

z="F (z9 -+ dz, yo - dy) =
= F (20, yo)+ Fig (zo:} yo) dz -}- Fo(zos yo) dy =

oF (zy, OF (zy,
(=F 2o, oy 4+ G g Sl 1) ),

(4.1.12)

Qurypupyiomee B upaBoit gactu (12) ciarae-
1oF oF
Moe dz=7—dz + oy dy u HazuBaeTcs dug-
Pepenyuason Pynryuu z="F (x, y) deyx nepe-
MenHboiz. B nprOiamKeHHOM paBeHCTBe
z2z 29 -+ dz (4.1.12a)

(3mech zy="F (zy, Yp)) OMHOKA LPENCTABIAET €0~
Goil BeamUmHY BTOPOTO WOPAZKA MANOCTH IO
cpaBHEHNIO ¢ dz ¥ dy (mau Az m Ay), KoTopHe MK
3flech H0JIAaraeM MAaJbHMH OJHOro mopsaaxa. I'eo-
MeTpHYeCKH paBeHcTBo (12) (mam (12a)) o3Bauaer,
9ro BMecTe TOUKH M, rpajmra ¢yErumm F (uo-
sepxsocta I') mu Gepem cooTsercTByIOmy®0 M,
TO4KY NN; KacaTelbHOH INIOCKOCTH T K HOBEPX-
HOoctd I' B Touke M (cM. puc. 4).

Ynpascnenun

dy dy dx

4.1.1. IMoramure, 410 9 =gz ar v ecam:

a) y==22, a z2=Vt; 6) y=Vz, a x=1¢2.
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44.2. THycrs y==z2, rae z=ViL1,
a t=u?, [{orakure, I1'1'0
dy dy

dy=ggdv=rgydt="g; du du.

§ 2. IlpomsBogHas cymmni W npomsBefe-
vAA QyHRIMI

B rauecTBe ciaefy0lero IpaMepa CIob-

30BaHEA A3HKA AuddepeAnmanos pac-

CMOTPEM ¢ Y MM Y 7ABYX QyHROumil f (x)

¥ g (x), B3ATHX ¢ (EPOW3BOJBHEIMU) IIO-

crosHEEMA Koa(punuenramu A m B:

y=Af(z)+ Bg (z).
Ucenonbsya puddeperiimansl, sanunieM
dy ~ y (@ +dx)— y (z) = [Af (¢} dz) +
+ Bg (2 -+ do)] — [Af (2) + B¢ (2)] =
=A[f(z+dz)— [ @)+ Blg (@4 dz) —
— g(z)}~ Adf + Bdg = Af'dz -} Bg'dxz,
OTKyAA

y =gk=Af + Bg'.

YuraTeab JeTKO MOJAYIAT 3Ty HopMyIy,
Tonb3ysach He puddepeHnmaramMa, a mIpu-
PalMeHAAMA W IPefeIaMHU.

B uwacrmoctu, A CYMMEL M DasHOCTH
ABYX $yarnuit (ciysau A =B=1uAd=
=—1) nmeem:

(f+eay=f+4¢; (f—e'-

(4.2.1)

=f —g.
(4.2.2)

Hafigem Temepp NpPOM3BOTHVIO I D O M 3-
senenns AByX ¢ymrnuit g (xr) u h(z).
Ilonoum

f(z) =g (z) k().
Torna
df (2) ~ (@ -+ da) — f (2) =
=g (z-+dx)h(z+dzx) — g (x) h(x).
Ho
g (@ do) ~ g (a) +dg,
h(z--dx) ~ Rk (x) -+ dh.
HoaTOMy

~|g (@) + dg] [ (z)+-dh] — g (z) 2 (z) =
= g (x)dh - R (z) dg |- dgdh.

3aMernwm, uro dg =g’ (z)dz, dh="h (z)dz,
OTRYIA

dhdg ==g' (x) I’ (z) (dx).

Benmanna dhdg nponopmumonansHa (dx)?,
mo3TOMYy, IO mpaBmiaM paborm ¢ madde-
peEnuanamu, rnpoussefenueM dhdg B BH-
paskeHuu musa df Mmer npeHedperaem. Oxron-
4aTeapHO II0IyIaeM

df =g (x)dh+ h(x)dg.
Pasgenus Bce wienn (3) Ba dz,” momydmm

- (4.2.3)

af __d(gh) _ _dh dg
T T (4.2.4)
JTo BEIDpayKeHUEe MOKHO 3anOMHHUTH

TaK: OpPOW3BOZHAA TpouWsBegeHus gh
paBHA CyMMe IIPOU3BOHOM, B3ATOM B IIpef-
HOJOKeHTM, 9T0 OT X 3aBHCHUT TOJABKO A,

a g NOCTOAHHO (tmeﬁ g%), U IIPOU3BOJ-
HOM, B3ATOH B UPEIONIOKEHIH, YTO OT 2 3a-
BHUCHT TONIBKO £, a 2 HOCTOAHHO (qneH h %:-).
Ilpu stom, ecrecTBemmo, camo (HOCTOsIH-
HOE) 3HA4eHWe g B WIeHe g%— Oeperca

OpH TOM 3HAYEHMH Z, IPH KOTOPOM MMETCH
3HAYEHHNE MPOM3BOAHON; TO He OTHOCHTCA
n K h BO BrOpoM cuaaraeMoM. Hmwe MH
YBHIHM, 9TO CXOAHAs MpOLeAypa IpuUMe-
BAMA I B HEKOTODHX JPYyrux ciydasx?l,
HATPIMED B CITydae pyarunn y=f (z)’*.

Hax Mb geficTBoBajium OB CTAPHIM CLO-
coGoM? diemeHTapHasd ajirefpa jaer TOU-
HOE PaBEHCTBO

Af=(g -+ 2g) (b -+ Ah) — gh=
= gAh - hAg -|- AhAg.
PasgenmMm o6e wactu Ha Ax:

¥ =g @) h () R 2 o,

Az Az
(SameTmyM, 4TO mochegHee ciaraeMoe Impa-
Bolt wactm (5) MH mJad yHo6CTBA OO~
HATeIbHO YMHOMKIIH H PAa3feNuIn Ha
Az.)

Jo cux mop Bce paBeHCTBA ABIANTCA
TOYHHEMH, COPaBeQJIUBHMY IIPE JIOOHX
spavennax Azx. [lepeiinem remeps K 1pe-
nexy npu Az — 0. IIpm sToM Gynem umersb

(4.2.5)

Y oA

lim ==#, lim —*h’ Jim = £ !

Az>0Q Aa: ’ Az>0 AT Az—>0 Az =&

B B cmay (D)

f=gh'-¢g'h. (4.2.6)
1 fdemo, vuro ¢opmyna aaAs TWPOWSBOXHOA

CYMMEL q)ynmum (ecnu F=f+g, To F'=f'+¢’)
TAK}KE COBMECTHAMA ¢ BTAM IIPABAIIOM: BEIh CIH
c4gTaTh f HOCTOAHHEIM, To HpomsBofnas F’' o6-
parmres B g’, a ecil; MOCTOAHKO g, To OHA CTameT
paBma f'.
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Tn. 4. BorunciaeHEe npoH3BOTHBIX

Ilocnegumit unen B dopmyne (5) mpm
mepexone K Opeliely mcde3, TAK KaK Iep-
BHE JIBa MHOKUTeId B Ipefiele HAOT
npousBelieHAe A'g’, a Axr Mb yCTpeMuinm
K HYJIO.

C DoMmomiplo HpumpameHui u Tepexofa
K Ipefedy HOJYYeH TOT e De3yJbTaT,
910 B ¢ nomomblo puddepeRnuanos, HoO
yeumaui 570 moTpeGoBaso Goabmme. ¥ auB-
AAThCA TYT HedeMy: B caydae gudidepen-
OuajoB MH OTOpOCHIW UPON3BefleHNe
dhdg MexamwWwecKW, Ha OCHOBAHWE 00-
IMero mpaBuia, COTIAACHO KOTOPOMY HAamo
oTGpacsiBaTh wieEw ¢ (dz)?, (dz)® u 1. 1.,
a B3HAYUT, W JI00HE IPOom3BefleHUs ABYX,
Tpex u Goapmiero Tuciaa nuddepeHINATOB.
Ilpu pacuete ¢ IOMOMBI) IpHUpaIeHHIT
MH, B CYmMHOCTH, IO XOmy flesla J O K a-
3aa¥ 9TO DPABHIO eme Pa3 AJds CAy-
uyaA OpousBelleHMS (yHKIMIA,

ITocinemoBaTe I pHEE PACIETH C TIOMONIHIO
OpupameHuit HY)KHH g OGOCHOBAaHMA
mpaBmi um UommManHws ©®Xx, Ho wnocae
TOT0 KaK TOHWMAaHWE ROCTHTHYTO, IIOXb-
sopanme aupdepeHmMaTaMu OpICTpee Be-
JeT K Teiu, ABIseTca Golee NeOBHM —
u ObT0 OH CMEITHO KaKEHI pas «TaHIe-
BaTh OT IIEYKHW», T. €., PeImas Kamaylo
KOHKDeTHYI0 3aJady, B3amluCHBATh, YTO
OpOW3BOTHAA ©CThb NpPeen OTHOMeHWSH,
BHIHCHIBATL 5TO OTHOmEHWe @ T. J.

IDpumep. Ilycrs f=(322-5)(2x — 4);
tpebyetca HadtTm f' (z), m B wact-
gocta f* (0).

3xech

— dg __ .
g=322+5, ch'“S . 2240 = Ba;

. dh _
h=2z—4, 5_2—0_2.
TloaTomMy
I (32245).2+ (20— 4) - 6=
=18z% — 242 }- 10,
B B 9aCTHOCTH
1 O==| =10.
dz [z=0

IlpaBmrio MIA HaxO(CHHSA TPOH3BOA-
HOH NpOmM3BeNeHUs Jerko o¢6o0muth u
Ha ciAy7ail HeCK OO b KK X MHONKE-
teneit. HampuMep, pasa TDpoU3BelNeHNA
weTHpex GpyEROUH f (), g (z), k (2), k (z)
mosyJyaeMm

d (fghk) dk ﬂ

d d
+ fhk S5 +-ghk Ef . (4.2.7)

Taxum 06pa3om, 30ech MBI IMeeM IPe—
Hee IPaBMJIO, COINJACHO KOTOPOMY IIPO--
W3BONHYI0 KOMOMHAMUY HECKOIBREX HYHK-
ouii MOKHO HAflTMm Kak CyMMy IpOH3-
BOIHEIX, BHYHCJeHHHX B NPeNIOJOKe-
HUHW, 9TO Ka:KAKI pas MeHgeTCA TOIBKE
onHa (QYHKIMA, a OCTANbHHE COXPAHAIOT
TOCTOSIHHOE 3HAYEHWE.

W3 monyueHEHX HaMu ¢GOPMYJ MOKEHC cle-—
naTe pansBelimme |BHBopm. flcHo, uTO: eCAW
f(@)=g ()2 (@) ® {' (2)=g (x)+h" (), TO
" (z)=(f"(z)) = (&' () + 1" (z))' =
=g" (2) + 1" (a).

HecKoNBKO cl0KEee BHINAART $opMyTa fus
BTOpoit npomasoEOR T pomsBejfeHmsn
¢yERUMiL: ecam f (z)=g (z) h (z), TO [ ()=
=g (z) b’ (2)4+¢' (@) b (2) S ' (@)=
=(g (@) ¥’ (x)+g’ (z) h (@))'=(g ()}’ (=)+
4+ @B (@)4+(g () b’ @)+g" () h (=),

T. €.
1" (z) =g (z) b" (z) + 2¢' ()b’ (z) +
-+ 8" (z) & (z).

Ynpaxcnenus

4.2.1. Wcuonpsyfite HaliieEEHe ERIIE TIpa-
BANA JIA BHYHCJICENS IPOW3BOJEHX CJAEXyI0-—
mex QyERmmit: a) y=z* (=a®-2%); 0) y=az’+
+batt-cadt dafex-Lf;  B) y=Vz, mcnomnzo-
paB TOgecTBo VaVz=z. [V kasaEme.
Bocuonsayiitech paBeHCTEOM y'y-+yy'=a2'=1.}

4.2.2. Bupasmre TpPeTLI0 UPOHBBONEYIO
" @={" ()’ dyErnmn f (z)=g () k (2)
vepes QYEKNIEE f W g ¥ WX NPORM3BOJEHE.

(4.2.8)

(4.2.9)

4.2.3. Tlyerys f(x)=g (2) b (2) k (z); wemy
pasHa ¢yEknmma f'’ (z)?
§ 3. Cacxkmasn d¢ysxunua. IponzBonnam

YaCTHOTO ABYX (YyBKImit

Ilyets z sagamo Kak QYHENUS Y, FalpH-

1
Mep z=;, a y B CBOI O9Yepelp €CThH

¢yEKRIUA z, manpmmep y=a2-5. Ouye-
BHAHO, 9TO KayKIOMY BHAYEHNI0 I CCOT-
BETCTBYeT OmpefieJieHHOE Y, a TaK Kak
KaMKIOMY Yy COOTBETCTBYeT olpelexeH-
HGe z, TO B KOHIE KOHIOB KaKIOMY I
COOTBETCTBYeT oIpefesieBHCE Z, T. €, Z
ects ¢yHENWa z. Bcerpa mosrHO, mom-
CTaBAAA BHpajkeHWe Yy uepes Z, BHINCATh
HEeTocpenCcTBEHHO (iopmy.nm1 pna z (x);

TaK, B HammeM chyuae b:F__T_—‘:Jo

Ho rexnnka puddepennuporsarna (T. e.
HaXOmAeHAA UPoMapogHBIX)  ofaerua-
eTca, ecaum crecTH Bce GYHKNUH K coue-
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TAHUAM CAMEIX HPOCTHIX M3 HAX! BeAb My sgaem gro ecnn‘z:—_—i—, Togii:__iz.
B HameM cIyiae KayRfas U3 3aBHCHMO- - ¥ dy y
. 1 2 3uaqur,
creit z2—=— u y=2*-15 B oIjeapHOCTH
y 1 dy
gpomle, 4YeM z=— o Ceona ciomubIe ¥ y* oz
$yHROUE R KoMGuHAmuaAM Goiee mpocTeix, H
MEHL cyMeeM oGOMTHCH IPABHIAMH HAXOMK-  dz 1 dy
JeHUs IPOU3BOAHHEX BTHX HPOCTHIX YHK- dz —  §% do ° (4.3.5)
uit, T .
Haitne anddepeHnuar caomxuoi yn- Lk HAOpuMep, ecun y=z*--5, a z=
nuu z |y (x)]. Paccmarpmsas z vak $yHx- ~i:_§_1__3, 0
U J, HalmmeM y =+
s dz 1 d(z®45) 2z
dz= 5-dy (43.1) dz ™ (@45 dw (@5

{cp. co craszaHamM B § 1 o 3ammen gud-
depernuana cuaoxuoit pyHRmuum). Ho y
eCTh (QYHKOUA Z; HO3TOMY

s dy
dy;— E’L'— de. (4.3.2)
ITopcraBasa (2) B (1), moaydmm

__dz dy
dz —d_y_d—a:— dzx. (4.3.3)
Iloneane obe wgacTu Ha dz, DoxyIuM

npasuao OJugPepenyuposanus (onpepe-
JCHNA MPOU3BORHOMN) cA0xcHOL PyHKryLL *:
dz dz dy

%:Tiy 9z (4.3.3a)

Bupg aro#t ¢opMmyas BHOONHE COOTBET-
CTBYeT TOMy, 4TO OBIO CKa3aHO O BO3-
MOkBEOCTH Ofpamenus ¢ quddepernuaiaMu
Kar ¢ ODHYEEIMI anre()pamecmz‘[imu BeJIH-
y

dz d;
—— 57— MOKHO

IHAMHA: B
JUHAM. upouaaeneﬁuu dy Iz

coxpararh dy.
Hanommmm, 4ro 2z sagamo kar QyHK-

d
OuA If; T03TOMY 33 TaK/Ke ABIAeTcA QyHK-

nueit y. Ho Tak xar camo y ecrs PyHK-
nqud z, TO, MONCTaBIAA § =Yy (Z) B BHpa-

dy ’
KaK QYHKIIIO 2.

dz MH BHIpa3sd
3 BHIPa3uM

B8ATEJBHO, U

JKeHMNe a ciaeno-
az
dz

TTpomesaem pacder A OJHOTO YACTHOTO
cinydasd, KOTOPHHA HaM MOHAMOGUTCA B ailb-
medmeM. Ilycre

Ok (4.3.4)

¥

, , gz
! Banuck 2’ BMOCTO 7— B 9TOM Ciydae ymo-

TpeGIATh Helb3d, IOCKOIBLKY HEICHO, 9TO
dz dz
uMeeTCA B BHAY: 75— WIIH E—y (MoxuEO 376CH

(4 4
nHcaTh 7 Wi z,.)

Bor eme oxwm mpocroit mpmMep: mycTh
y =xr=\/7%. O1y QopMyny MokHO mepe-
mucars Tak: y ==\/u, rae u=z3, Coriacuo
(3a) nmeem

Pamee aTor ke pesyasrar Gul1 OOonyuen
foiaee cIoKEEIM uyTem (cM. ymp. 2.4.3).
IIpaBmno (3a) BeIumMcIeHNS HPOM3BOSHOMN
CIOKHEON GYHKIHMM COXpamgeTcd H ILIpH
«MEOTOCTYIOHIaTON» 3aBumcuMocTH. Tak,
ecant 2=z (Yy), y=y (), =z(t), a t=
=¢(w), 10
dz dz dy dx di
%:d_y_d—ng-%‘ (4.3.6)

C movomrmio (5) nerxo HaliTm mpoms-
. h
BOZHYI0O 9aCTHOT O (OTHOIIEHS) f:E-

aByx ¢ymenuit 2 m g. [laa srtoro 3amm-

1
meM f B BUIe npodsBeneHmA: f==#h e
Orcivga nMeeMm

f= h(%) +r j;—. (4.3.7)

Ho (cum. (3)) (:T) :—212— g'. Honcrasnas

310 BeIpajkeHme B (7), momyuuMm Tpebye-
Muiil pesynbTar: :

(=t i,

RN __ h'g—hg'
(?) =g (4.3.8)

2 fcmo, are u gopmyrna (8) orsewaer cdopmy-
aupoBaHHOMY B § 4.2 ofumemy npmmg‘lg:

(&) = +(3)
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T'a. 4. BeraacaeHHe OPOR3BOJXHBIX

Ynpasenenun

4.3.1. Haiignre npoussogryno ot z= (az -
-+ 5)> Kak TPOHBBOREYIO CJIOMKHOH (yHKIIHH
z2=y2, rpe y =axz - b. PacKpoiite B BHIpaKe-
Bun (ax-}-b)? cxoOKM m Haligmre Ty ’Ke Ipo-
H3BOIHYI0 HEIIOCDe/[CTBEHHO.

4.3.2. Haiimute npomsBofEbe (QYHEKIHA:

1
=l M S
z—1
;&) Y= 12

= g—(:?)—; BHIpPa3uTe BTOPYIO

dZ
IIPOMBBOJHY 10 ;Z—x% QyBEKIAA ¥y depe3 QYHKIHEHU

fugnaux (UepBHe H BIOPHE) NPOHMIBOJHHIE.

§ 4. O6parman ¢yakmma. Ilapamerpn-
gyeckoe 3amanme QyHKIAN

Baganme y Kak QyHKOUU T 03HAYAET, UTO
KayKAOMY & COOTBETCTBYET OIpefeJeHHOe
spadenme y. JacTo mpu 5TOM H 0oGpPaTHO
KayR7OMYy SHAYEHUIO Y COOTBETCTBYET CBOE

Y 9
x: Tag, ecam y=—38x*— 9, To mszj—%l—

3 9 Vy-+9

o z= -‘/2%.:_%'*‘_ B srux ciy-

gagx 3ajamge ¢$ysrmum y=—y(z) Aaer
TaKse GYHKIMOHAIBHYIO 3aBUCHMOCTD & (Y).
91y QyHEKIHOHANLHYIO 3aBHCHMOCTB !, KaK
yme rosopuioch Brme (cm. § 1.6), masm-
pator oOpatEO# $yERUHMeH A
¢yHKDEE Y (z); B CBOK O4Yepe/lb 3ABMCH-
MocTh y(z) Oymer obparmoit and QyHK-
nun z (y).

Bo Mmmormx caydasgx oGpaTHasg QyHK-
nma mmeer Gosee upocToil BuUE, W6M HC-
Xogmasa: Tak, ¢ymrmma y=Vz—1 co-
lepsxAT KyOmwuecKuil KopeHb, a oGpaTHas
eit ¢yurnua r=y3|1 aBngerca MHOrO-
yiemoM W npome Qyurmum y (z). B mo-
NOOHOHN cuTyamud Jjerde HAWTH IIPOU3BOJ-

Hylo obpaTmOll ¢yaKRINU %, geM HpOM3-

dy

dz !

mun. Henpsa nu B aToM cayuyae mpous-

BOJHYIO IPAMOI QyHKIIUN Kak-TO BEIPA3UThH

yepes IPOUSBOAHYI0 oGparHOil GymEKIAN?
IOaa ¢yarmua y () mMeeMm

BOJIHYIO ncxonHoi, «mpamMoity, QyHEK-

dy:—f% dx =y (x)dzx. (4.4.1)

1 B o6meM caydae 3aBHCHMOCTE 2=z (),
obpatEas pammEoll ¢YEKMEE y=y (%), Gyner
mnozosnauroti (cm. § 1.6, ¢p. §

Coormomenme (1) nosBosser HaiTHw @
npousgodnyo ' (y) obpamuoti Pynryuu

z (y):
dx 1

z’ (y):d_y: yl (.’E) . (4.4.2)’

(Komegno, (2) cHOBa meMOHCTPUPYET, UTO:
¢ puddepeHnuIaiaMa MOKHO OIIEPEPOBATH

Rak © uHedaMm =1 ’ﬁl_.> B upasoit
. dy dz

gacti (2) CTONT BHpaKeHHE, 3ANMCAHHOE-

B BUAe (PpyEKIuE oT . Ho ecnu msBecTHA

3aBHCHMOCTE =& (), TO 9TO BHParKeHH®S

MOYKHO OPEfCTABATH M KaK (YHKIUIO OT Y,.

a UMEHHO KaK ———.
y' (z(y))

TlosicamM ckaszamHoe mpumepamu. Ilep-
BHII M3 W3BECTHHX HaM IPAMEpPOB IIPO-
U3BONHLIX (MMHEWHAA QYyHKOWA) CIUIIKOM
mPOCT.

HaumeM co BTOpOTO HOpmMepa:

dy

- 2 — J—
y=2%, L=y (&)=2s,
dx 1 1

E:y’_(w):Z' (4.4.3y

IToxcrasnsem B BRpaskenme (3) obpar-
ayo QyEEDU0 r=\y; moxyimM
de _dvy 1 1

Ay~ dy

—_—— 4.4.4
2 =3y (4.4.4)

Pampme, B ra, 2, 3TOT pe3yabTaT (npo—
u3BOMHAS QYHKIUN y=\/x) OB TOMY—
geH 0oJiee CIOMKHBIM IyTeM (CM. ymp.
2.4.2),

Bor eme ojmH IpmMEp:

y=a3-+1, %:y'(x):&x?,
dr 1 1

TTT@

dr __d(Yy=1)_ 1 __
dy —~  dy | 3z

_ 1y
REre

(cp. § 9).

IfTapaMmerpruwecroe 3afpa-
Hue pyrenguma (cm. § 1.8) moxHEO
paccMaTpuBaTh KAaK YAacTHHI caydail
cromuol dynrouu. B camom pmexe, ecanm
TaHO

r=1[({), y=g(t)

TO IlepBoe U3 PaBeHCTB (D) MOMKHO pac-
cMaTpuUBaTh KAK ypaBHeHHE, Dem#B KO-

(4.4.5)
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TOPOE OTHOCHTEABHO HEH3BECTHOIO £, MH
HaifijeM B3aBHCEMOCTB f{=1{ (z); IOJCTaB-
JIAs1 3TO BHpaykeHme ¢ (X) BO BToOpOe ypas-
senme, moaywuM y=g ({)=g (¢ (x)). Cae-

JOBaTEJALHO,
dy ay dt
dz — dt dz°

Ho pns mpmMemeRus 9TOH HOPMYIEH
Heo0A3aTebHO BEIDAKATH [ KaXk (yHK-
ouio r (ecam GH MH 3TO CHeJald, TO
u3baBunuch G 0T mapamerpa, 4TO He
Bcerja BO3MOKHO)., JlocTaTOuHO 3HATH
dyurnuio r=f (f). dra QYHKIMA ABIA-
ercsi o6paTHOW N0 OTHOmMEHHWIO K (yHK-

gunm ¢ ().
3HaguT,

a1
dz~ dz °*

dt
Taxum oGpasom,

4y
4y __ dt (4.4.6)
dz dx *

dt

dra gopMyaa [aeT eumie ONUH IPHMep
TOr0, 49T0 ¢ AuQ@epeHnUAIaMI  MOMKHO
o6pamaThCcad KAK ¢ OOHYHEIME aiare6-
panv4eCKUMHA BEJIMIMHAMN: BeJAUddHA df
B OpaBoii dacTH paBeHcTBa (6) COKpa-
maercs.

IIpuBefeM mnpuwmep. Ilyecrs
z=12—t y=t*4t (4.4.7)
Torma

L—a—1, Mo,

dy 21

de ™ 2t—1*

Ilpm mocrpoenmnu rpadmka mapamerpu-
9eCKH 33faHHOH (yHKmua z=z (), y=
=y (f) M cocraBugeM Tabmmmy, T
YKa3HBaeM OTBeHAIOI(He BHODaHHHM 3Ha-
YeHHAM { BeAWYHHLL T W Yy, 3ajalomue
rogry M =M (z, y) rpadura. Ho ymo6-
HO DOIYTHO BHYHUCJIATH IPH BROGPAHHOM ¢

dy

dz
TaKyKe U ONPOM3BOAHBIE ——- U Ft_ ; Torma mx

dt
dy [dx
ﬁ/ﬁ OyxeT yraskBaTh Ha-
KIIOH KacaTeJbHOH K Trpapuxy B ToH e
Troue M (z, y).
Us (2) u (3.5) rarme caesyer dopmyna mus
BTOPO#l IpOH3BOXHOE QyHKIMA = =z (y), oOpar-
HOH HM3BecTHOH QYHKRIHH y =y (z):

OTHOIIIeHUE

= () =% ) -

y
i , d , x
G (4" (=) _ a W )
- @)~ G@E T
” _dz
_ v (x)[i/(dzﬂ__y"(w)(i/y’(z)}
(¥ (=) (y (=)
Taxum o6pas3oMm, OKOHYATEIILHO
ey e Y @)
z" (y) = — (y' (z))3 * (4'4-8)
Tak, manpumep ecmum y=zx%, z=Vy, 10
y' =2z, y" =2, u, cienosaTelbHO,
. a2 (Vy) 2 1 1
z' (y) = AT T TP T AT T

Anamorudno u3 (6) HerpyAHO BEIBecTH (op-
My.1y AJf BTOpofi npomsBogHONR QyHROHA y =

=y (z), 3agaHHOil mnapaMeTpPHIeCKHMH ypaB-
HeHHAMH T =1z (¢), y=1y (t):
d?y d (dy
m=z;(7z)» rae ¢ ==z (t),
dy ¥ (#)
dr = z’ (t) ?
CJI8/{0BATESILHO,
d (y' (t)) y ()2 () — v’ ()" (2)
d%y dt \z' (¢t) (z' (2))?
dz? = () z' (t) '
T. €.

By (0 (1) — v (1) ()
a2 = @ @N°

(4.4.9)

Tar, B cayqae 10il e GysRIUE (7) umeem

dz d?y
=2 G =24

%y 202 —1)—(24-1).2 4
dz? = (2t —1)3 T @—1e
Vnpascnenusn

4.4.1. Haiigure mepBymo Hpouasoanyio PyHK-
r

={2+1 ) y—_-:V

mit: =1,
T .‘t—i—i"
) 1
B =L =

y %/a:

4.4.2. z=acost, y==>bsint; wemy pasna

dy
NIPOMBBOAHAS 7 - P

a2
4,4.3. Haiinure BTrOpyo IpoM3BOAHYIO d_yi

. z—1
byErnUA: a) y_Vx+1, 6)y_.1/_,

B) z==acos?, y=bsint,
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Ta. 4, Beramenende OpPOHM3BOMHBIX

§ 5. Crenennan QyRKnEA

PaccmorpuM cTenmenRyl (QyHKUMIO
y=2z", (4.5.1)

Tae n— mexoTtopoe umeao. llpm n umemom
IOJIOKATEABEOM 7 €CTh IIpOW3BefeHUe n
OIMHAKOBHIX MHOKHTEIEN:

n, 3EaynT (no gopmyne Tuma (2.7)),

d § k 1~ n—
L=ttt 12

7 cllaraeMbix

OTKyja
dy -
4z = e 1, (4.5.2)

Tlorasxenm, uro aTa opMyla cHpaBe/IHBA
u opu 1106 o0M n (Apo6HOM, OTPULATEIb-
HOM) L,

Ilpu apo6moM n MONOMKEM n:%, rae

gyuclia m u p — Lense:

y=zm™>, (4.5.3a)
unu
yP =z (4.5.36)

Bupaskense y? B neBoii wacTu paBeHCTBa
(36) aBuserca ciommOll QyHKNMel OT Z,
TaK kak y 3aBucut or z. llostomy, BErdmc-
1A IPON3BOAEYI0 0T 00euX uacTeil paBeH-
cTBa (36) m yunTepag (3.3a), HONYyUMM

d d ,
2 4=+ (@), nm

-y d -
pyt 71%: maz™ L,

Orcroaa

|8

-1

gm-1 m
— el 1 .
P

1 m
T

4y
dzx

3

m
p

m
YuuTHBasg, 4TO 7:11, uMeeM OKOH-

4aTeJIbHO

.dy
dz

— ng™1

Ecinm mokasaTenb cTemesnm OTpHI[ATe-
leH, T. e. n=——k, rae Kk — nonoKu-
TeIbHOe YMCIO, TO

_ 1
y=—z'=—x k:—.—;
z

1 Jlergye Bcero BuAleTh, YTO OHA CIIpaBefliuBa
upe n=0, worga y=const m y'=0.

Ucnoassyem croBa (3.3a) (mm, TOYHE®,

(3.5); sneck y:%, f= m"), Haliem

dy 1 df 1 B—1 k-1
T TR a ke = ke
BenomuHad, 910 k= —n, MDOJXYYUM U JJA
OTpI/I]IaTeJIBHOI‘O n

dy _ dz® n—-1

Az~ dz =ne .

Taxum obpasom, (GopMyna NIPOU3BOJ-
HOM OT CTCMCHM IPYMeHVMA OIPH I 10 6 0 M
paguomanbHOM IOKasatesne n. OHa pac-
npocTpaHAeTcA M HA CAyJail m P p a-
MXOHAJXDBHOTO IIOKA3aTedda CTe-
neHna 2,

®opuyna (2) umeer BaskEelimee 3Ha-
genme. V3 Hee, B 9YaCTHOCTH, CIeZyeT,
4yTO TPH MaikX 10 aGCONITHON BeXHIH-
HE T
14r"~1-+nr
B camoMm pene, ecam x=1, Az=r, y=2",
TO Ay= (z-+Az)" — 2"=(14r)" — 1.
C nppyroit cropoms, dy=y' (x)dz=
=n-1"t.r=nr. Teneps (4) BEHITeKaeT u3.
TOTO, 4T0 (MpH MaJbBX Ar=r) IpHpame-
Hue Ay 6amsko K pupdepeHumary dy.

®opmyny (2) molesHo sammcarh emHie
u B APYroM Buje:

(4.5.4)

ecam y=—=cz", TO %x— —=n-—, (4.5.5)

JToT pesyiabTaT Hago TIy00Ko IPOYIYBCTBO-
BaTh. 1IpH TOJOKATENBHEEX n CTelleHHAA yHK-
nusa ofgajaeT TeM OYEBHEJHEIM CBOICTBOM, 4TO
npu =0 raxskxe n y=0. KpEByio y=ca" 0pu fan-
HoM n > 0 MOHO mpoBecTH depes Mo0yi0 TOUKY

Yo
(€9, Yo) — ROCTATOYHO BHOPATh ¢ =" . Iycrs
0

KpuBas LPOXOAHUT YePe3 HAUAJ0 KOOPAHMBAT H
gyepes TOUKY (zy, Yo). HalineM cpenHee 3HavyeEde
IpoM3BOHOH Ha yUacTKe KPUBOH OT Hagala KO-
opAmHAT A0 TOYKE (Zg, Yo)-

CormacHo ompefefieEmi0 cpepBero (cm. § 7.7)

y' (z)dx P
1

zo—0 Tz

y' (z) dz,

0

2 QyEKiuA y=2a", e n— UPPaALHO-
EaJbHO, OOpefeisercs ycaopmeM a"=lim 27,
rue r — panmoEaxbEe m lim r=n; mosToMy
ecim $opmyna (2) copaBefimBa JJsf BCeX pa-
I@EOHANBHEEIX IOKasaTeneil CTeIeHH n, T0 OH&
pep30eKEO OyneT BHIOJHATBCA H JJA Hppa-—
IIMOHANBENX TIOKA3aTelel CcTeneHd.
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OTRyza B cuny (3.4.9)
—_ Yy(=)—y(0) y(m) ye

y Lo Zo T

B camoM perne, upu maMeHeHnd z of 0 go x, Be-
JugmEa y pacrer or 0 mo y,. 3HauHMT, cpegHAR
CKOPOCTE pocTa y (T. €. CPefHee 3HaveHHe IpO-

- Yo
#3BOgHON) paBHA 2+ UTO oyeBMAWO H Ges
(1}

HHTErpaJjos |

Kax BmpgEOo w3 (5), s3HauweHHe mpowsBofHOI
‘B TOUKe (%4, Jo) PABHO n-KPaTHOMY cpeqHEMY 3Ha-
9eHni0 NPOA3BOAHOHU (rfe n — IoKasarTeldb CTe-
menn), Ha pme. 1 moxasaHO HeCKONBKO KPHUBHX,

N
N
& “ %®
N
7
st gz L
Ve
Pue. 4.5.1 B 1
17 P 2
OTBEUAION[UX pA3NA@IBEHIM  3HAYHAAM n(n=

=1/2, 1, 2, b) A npoxoAAIUX Yepe3 OOHY U Ty Ke

‘T0IKY N (x4, Yo), @ 3HAUMT, HMEIOMIAX OHHAKO-
BYI0 CpeAdiol Ipou3BOJHYIO Ha orpeske [0, z,].
HaraagHo BEAHO, 910 9eM 00JblIe n, TeM Goabe
‘mpou3BoHasa B rouke N (TeM Kpyde pacreT Kpu-
.Bafg).

Bepmemcsa eme pas q)opMyJIe (5).
3 mee Burexaer, 4TO dJ——n dz, n
AOITOMY A MAIBIK [IPHPAICHIH AJ:

Ay %n—i—Aa:. (4.3.6)

Has Az=0,0lz, 1. e. mgua wusMeHeHUs
aprymenra Ha 1%, cooraomenue (6)

MOKHO CYHTATh JOCTATO4HO TOouHEM. U3
{6) cmemyer

Ay ~= n—;/— . 0,01z,
AN
Ay=~n-0,01y.

Taxum o6pasom, npu WaMeHeHAH apTy-
meHTa Ha 1% 3HadYeHHe cTeneHHOH QyHK-
xun (1) meHserca ma n%.

Ynpanecuenusn
4,5.1. Haitaure npousBogurie Gymxnuii: a) y=
=’ —3et + 284 T2 — 2z 4-5; 6) y= (23}
+z4+1)% B y=(@P—z+1)4 1) y=
=(3z2—1)10; 1) y=Vaz:_—1, e) y= V:;:E.

4.5.2. Tonydure pesymbraT (2) (118 IEIIOT0
TIOSIOKUTEIBHOTO 7) ¢ HoMOmbI0 (opMyJIH GH-
moMa Heortoma. [Ykasamue. Ucnombayiite
SuromuansEy0 Qopmyay (cMm. § 6.4) ang Bm-
YHCIeHUA Az = (x -} Azx)? — z".]

4.5.3, Hailgure smawemma y(9) u y(11), ecm

- 1
y(10)=5 u: a) y~Vaz, 6) y~—, 8) y ~a?,

TAe 3HAK ~ 03HATAST RPOROPYUOHALLHO. 3a-
Aady pemute B yMe, (e3 BakiaIagok. CpaBHHTe
OTBeT C TOYHLIM,

§ 6. Ipoussomusie anredpangeckux
dbynrunii

CoBoxymnocts npasma § 1—5 mosBouager
HalTH Opow3BONHYW JI06G0i anre6pam-
4ecKoil QyHKIuU, 06pa30BanHON M3 Hesa-
BHCHMOH IHepPeMeHHOH & ¢ IIOMOINBIO OIIe-
paumil CHOKeHHS U BHYUTAHAA, YMHO-
KeHUA W JIeJeHHsA, a TakKe OoIepanmum
BO3BeleHAA B (IPOM3BOJLHYIO) CTOICHbD,
B TOM YHCIE U OHEePAIMA BO3BEJEHMS
B Jpo0HYI0 CTeNeHL, T. €. H3BIeYeHHS
KOPH.

IToraskem Ha npmmepe, Kak 2T0 yroOHee
BCEro JleJaTh mpakrmgeckd. HaigeMm mpo-
A3BOXHYI0 PYyHKIMNI

f@y==z yz> —1.

OTser cxefyeT ImcaTh cpasy, T. e. He
BBOJA KAKHX-IA0O HOBHX IIPOMEKYTOU-

HEIX  0003HaueHmit (Bpome V/2? — l=u).
[Tpouseoguyo Gepyr Kak OHl OTHEILHO
«II0 KA OMY MeCTy», rie cTOUT X, IPHTO-
BApUBAA JJIA MaMATH HPUMEPHO CleAyIo-
mee (6ykBH a, G, B... IOKAa3HBAIT,
K KaKHM d9acTAM HANUCAHHOTO HIKe
BbIPAKOHUA IPOU3BOXHON OTHOCATCH CIO-
Ba): nIpomsBofHad (a) mO =z, CTOAMEMY
nepel KopHem, ¢ (6) npousBOXHASA

mo Vx% — 1, yMHOH{eHHaH Ha (B) po-

u3BOMHYI0 oT V¥ — o — 1,
YMHOMEHHAA Ha (r) nponaBonHym oT
2 —1 mo z, 1. e.

(2) (6) (8) (r)
| T I [

af 1 2__ 1
F= 1 E =Ty ST

2.
(4.6.1)
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Vmeer cMpica cpa3y Op@ydJaTbcd K Ta-
KOMY HeinoBoMy cmocoly, 0e3 JumrHero

YHCTONMCAHUA, LOJAB3YACH CICLYIONIHMHA
OPHHIAIAMEA:

a) mpaB®IO nudpdepeHnEp OBAH A
caoxuol gyurnuu (§ 3, opmyawn (3.3a),

(3.6));

6) ecam BHIpa)keHHE COCTABICHO U3 He-
CKONBbKUX (QYHKLOHUHA, TO €ro OPOM3BOgHAA
paBHA CyMMe IIPON3BOTHHX , BHYUCISHHBIX
B I[PeRINOJOKeHHH, 4YTO KRasKAMHE pas
AUmb OfH2 W3 (YHKIUN IpenroaaraeTcd
mepeMeHHON, a4 OCTAJbHHE IOCTOSHHE
(§ 2, popmyamt (2.4), (2.7); cM. TamKe
2.1, (2.2) = (3.8)).

@opMyny AIA OPOM3BOJAHON CTeNeHU
yRO0HO NPUMeHATh B BHIE

dy

— oy o
y=cz', Gr="n7

Kak 5To CfeJaHo Bpime (CM. BEIpa)Ke-
HEAE (B)).

Has roro 9roGel mpuobpecTw HABHIK,
HykHo mupopmeinars 10—20 yunpaskmenmit
TOJXbKO Ha TeXHUKY AupdepeHnuEpoBa-
Hud, 6e30THOCUTENBHO K TeM QU3HIecKaM,
reOMeTPUYECKUM U IPYTHM 3afiladaM, B KO-
TOPHX BO3HHKAET HOTPeGHOCTH B HAXOMKIL-

HIA OPOU3BOJHEX.

Ynpascnenun

Haiigute mpousBogube QYHKI[HA:
4.6, y=2z3 (2% —1)% 4.6.2, y = ®Vz2fa.
46.3. y=25y 2 —1 (28 —2z)s. 46,4 y=

(x—}—\/ )\/:53——2 4.6.5. y:xg\/%/5+.z-
4.6.6. y__.<;/;:-1—1/ )5.z 46,7, y= 1m

z?tz+1 z—1)(z+3
188,y =5 e,y = B0,
3z —1 ———
4’6'10' y= 5 \/za—{- 2- 4,6,11. y=‘/_2£_1.
z%—

T ———=

46142, y =5——. 4.6.13. y=1/z2 .
V=% 6 y =\ 4 zVz
4644, y=\2*it Yz 4.6.15. y=
z?—2 S
=— 4.6.16. y=—zV{(2z 1 3)
Aroviga V616 y=ov@Ea+d

4.6.17. y—(zs—i)\/m—i—}—m\"/mz—i 4.6.18,.

z¢(2x — 3)2
y_T—_l_)_ 4.6.19. y—V +1 4.6.20,
w2t z1, zVaz? —1
y= 72—\/x-1—1 4.6.21. y=~m—3ﬂ—.
2 1
4.6.22, y—_-]/“—%f—. 46.23. y=—

— = 1\
=z Vz: —1Vz -+ Va. 4.6.24, y=(z—]— ;/:) z2.
z
Jx — 2z

4.6.25, y=—"""7.
BB =

§ 7. llorkazarenpEas (yEKIAA

Pacemorpum Qymxuumio

y= a’,

e a >1. T'padmkm ¢yEKnwE y npm
a=2 g a=3 nsolbpaskensl Ha puc. 1, a.
IIpa =0 HezaBmCEMO 0T 3HaYeHUA «
umeem y=1.

DyHRUMA y OpH BCeX & MOJIOKUTEIb-
Ha M pacTeT ¢ yBeJWYeHHEM ¥, TaK 4TO

Pre. 4.7.1

¥ OpPOH3BOJHAA €e TAK:Ke Besje IONOKU-
TenbHa. llpm yBeawdeHWH & Ha IOCTOAH-
HyI0 BeIUYWHY ¢ IOJYYEM

Y (z 4 ¢) = a™* = a’a” =ba" = by (z),

THe b—=a°%

rakuM 06pa3oM, y IPH BTOM YMHOKAETCH
Ha IOCTOAHHYIO BeJawdmHy. lloaToMmy ecan
T MEHATH IIOCJEeNOBATENHHO, ONTHAKOBHI-

My maraMu (¢ apugdimemuyeckoii npozpec-
cuu):

B z=x,, Zy+c, 2p+2¢, ..., Tptne,. . .,
To y GyfmerT NPMHUMATH 3HAYEHHA
Yor Yoy O%Ygs - - - Uy, -

!
Taxoit 3ax0H HapacTaHdA, KaK H3BECTHO,
Ha3HBAaCTCs 2eoMemPULECKOl npozpeccueli.
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Hafinem 0powWsBOAHYI ILOKa3aTelb-
poit gyErmum ! mug a=10. Mu MomeM
HaIuCaTh
d(lO’) . 10x+dx_10,;

dz dzx

21097 — 1
=10 dx

9

rme sammchb dr (BMeCTO AZ) cUMBOIM3M-
PyeT CTpeMieHHe NIpupameHns K Hyqio.>

Yro mnpepcrasnger cobolf BennumHa
104= — 1
— 910 ecTh IPexen OTHOMEHUS
Az
10%% —1 o

e pu Az-> 0. Haiigem stor mpe-

Iesl uMClenHO, «apupmernueckn». [lonw-
3yACh WeTHpeX3Eaymol Tabimme# Jora-
pudMOB (HIH, uUTO eme Jyulle, MUKDOKOM-
mBIOTEPOM), IIOTydaeM

1001 ~1,2589, =L ~ 2,589,
100,01 — 1 )

1000 ~1,0233, 0L 2,33
100,001 __ {

109901 ~~ 1,0023, —oor ~2,3.

TaxkmMm 06pasoM, MOKHO 3aKIIOYUTh,

qTo

. 1047 1
lim ———— =~ 2,3
Az->0 Az

(rme, pasyMeercsi, CTOAmAs CIOpaBa IO-
CTOAHHAS OHOpEflelicHa HaM¥ JUINL IpPH-
GImKeHHO, XOTh W JOCTATOYHO HAJESKHO).
CnenoBaTesbHO,
2 (10 ~10°.2,3. (4.7.1)
ITpoussonryio 10° MH BamIu, Tak CKa-
3aTh, «OUHTHEIM NyTeM», OPH IOMOIIH
«apuPMETUIECKOTr0 DKCIePHMEHTa», MpH-
Gnm;xeHHBIX BEUucIeHmit. Jaa a1060i
Apyroii mokasaTenbHOH QYHKIWE 3aKady
Temepb JIETKO CBECTH K IpeJngymei.

Ilonbsyach momaTtmeM JorapudMa, 3a-
IHIeM:
a=10%% o°=107%" (4.7.2)

1 =10 B3sATO #HIA oGrervegmd BHImMCIeHTH
¢ TOMOMbI0 TAGNMNE RECATHYHHIX JIOTAPHPMOB.
YUnrartesb, TOMb3YIOMANACT KOMIBIOTEPOM ¢ KHOII-
Koil y*, MOoKET BMECTO STOr0 BHIMCATH, HAIIPH-
Mmep, 20,1, 20,001 ygg 301, 3900 ., | 1coor-
BeTCTBYIOUIHE 9TAM  dU@mcAaM ~ OTHONICHHUA
201—1)/ 04 m 7. 7.

2 MIMeRHO 3T0 00CTOATENLCTBO MO3BOJAECT HAM
d (10%)  10Qz+dz _10=

de dz
| d(10%)  10%+4% __ 107
HO e paBeEcTBo!) BMecTo — 7 -— = Az

CM@JI0 NHCATh (rou-

{(opubnuKeEHOe PaBeHCTEO).

Ilo mpaBmiy HaxXo:KIeHHA OPOH3BOJHOIME
CHOKHOH (YHKOUA IOIYy9ImM

da® zlga z
;z ~10"8*.231ga=0a"-2,31ga.
(4.7.3)

3ameuaTenbHasd O0CO0eHHOCTH IOKAa3a-
TeJbHOIH (yHKONH 3aKII0TaeTcss B TOM,
YTO ee npoussodnas npaAMo nporRopYUo-
HaAbHA camoli PYHKYUL:

p—d ka’,

— (4.7.4)
TAe KO3QPUIMEeHT TPOIOPIUOHANBHOCTY k
3aBHCHAT OT OCHOBAHHSA CTeNeHU a. B srom
TIaBHOE CBOMCTBO TEOMETPHYECKOM IIpo-
rpeccun: 9UeM 0OOnbme HOCTATHYTOE SHA-
4eHNe BeJMYWHH, TeM GHCTpee ee PocT 5.

Ecnm pgna norasareiabHO#l (HyHERIAR
y=a" mvmeem 0<a <1, T0 rpadux
QYHKOIUN mMeeT BHUI, @300PAXKEHHHIHE Ha
puc. 1, 6. 3pmech mpH yBeJIWICHAHX X B:
apu)METUYECKOA LIPOrPeccHy §¥ yMe Hb-
maeTcsa B reOMeTPUYIECKOH IIporpec-
cmun. @opmyna (3) B sTOM ciayuae 1o-
Ope;KHeMy IPHMeHMMA; OAHAKO Teleph
Beauumua lg a orpmmatensna (uGo a < 1)
W, CIeJOBATEIHHO, IPOM3BOLHAA, Oyny4u
OPONOPOUOHANLHA (YHKOWU, HMMEET IPOo-
THBOIIOJOKHLIN eif 3HaK. Bo BTOpOi 9acTn
KHUTH MBl PacCMOTPHMM PAJ 3afad, B KO-
TODHX Ta MIW HHAsg BeJWIWHA YMEHbL-
maeTcss ¢ TeYeHHeM BpPEMeHN, IPUTOM
TaK, 9T0 CKOPOCTb ee YGHBAHEA TPOLOpP-
m@oHAanbHA caMoll ocTaBmeiica Ha TaHHBIHR
MOMEHT BEJIUYMHE:

4y

5z — —CY, The ¢ > 0. (4.7.5)
Kax BupHo m3 OPeIymero, B 3TOM ¢JIy-
4ae pemeHwWEM 3afaddm ABATCA NOKAasa-
TeNbHAd (QYHKOUA

y=y,a” (rme a<1). (4.7.6)
Ynpaorcnenun
Haiinurte npoussogane GyExnmii:
474, y=2% 472 y=57*, 473. y=

y=10". 47,5, y=—=2"".

1 \z
=(?) . 47.4

P
476, y=2 -

3 CpoiicTBO TreoMeTpuYecKoil IIporpeccud —
HeoOH9afiHo GHCTpoe ee BospacTaEme — J00A~-
Mas TeMa MHOTHX IOIYJADHHX KHHUT II0 MaTéMa-
TAKe, HAUPUMED «3aHAMATENbHOH anreGpe» m
«Mupoit mareMaTnrm» f. . Ilepenrmasma.
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4 8. YUncao e

Haiinem taxoe sHadeHmMe OcHOBaHHA 4,
AAA KOTOpOTO (OpMyla IPOm3BOJHOIM
IoKas3aTebHON QyHKOum y=a” umeaa Oul
Hambojee IPOCTON BHA. A EMeHHO WO-
TpeGyem, 9TOGH B BHpaskeHum (7.4) Koad-
PunueHT OPONOPINWOHANBHOCTH Kk pab-
HACcA efuHATNe (B 3TOM CJIIyJae ero MOK-
HO BOBCe He mucarth), 0603HATUM HCKOMOE
ocHOBaHHMe cTeneHH OyKBOoi e. Taxmm
-06pasomM, IO ONPeeNeHII0 THCIA €, UMeeM
de* z

gz =€ (4.8.1)

Uneino e merxo HalTH ¢ HOMOmBI0 (Hop-
myant (7.3):

2,31ge~1, lgew;?)—wo,é&

OTKyfma 1o Tafiume JorapaMoB
e~2,7.

OgHAaKO TAaKOH NPAKTHYECKHI MONXOJ] He
COOTBETCTBYET HCTOPAIECKOMY XOAYy pas-
BUTHA HAYKEN W OPUHOUNAATHHO HO YHEOB-
aerBopuTeseH. Mel moab30BaNUCh THCIA-
MU, 3aMMCTBOBAHHHIME K3 Tal0IMOH J0-
rapudMoB, He 3aJyMHBasCh HaJ TeM, Kak
BT YHciAa OBUIH ToJydeHH 1.

Haiigem wuciio e, 0CHOBHBASCH TOJBKO
ua popmyrae (1). B cuny obmux csoitcT
nokasatesbHoi PyHKmuE =1, Paccmor-
puM pyaxmmo y=¢". Mu umeem y (0)=1
u coraacHo (1) y’ (0)=1.

Bosbmem Manoe Ar=r m moaciuTaeM
mpupamenne QyHKOum y=e° Upm nepe-
xope or x=0 & z=r. Kax M 3HaeM, IpH
BTOM MOMKHO mucaTs Ay=sy’ Azx. Ilo-
DTOMY

Ay~1.8z=r, y(z)=y(0)-}-4ay,

1 To9HOCTB € KOTOPOH MOKHO TaxaM o6pazoM
OLpeAeSATh 9UCJI0 e, TAKKEe BEChMa HeBeJnKa;
BPAN Jqu, oupenenss upomsBopnyn 10% mpm
IOMOIA TeTHPeX3HagHoi TaGaans JorapaMos,
Br cMmoikere BepHO HAaliTm COTHE J0JIM B JECA-
THIHOM IIpe/iCTaBJIeHAK IMCIa e. B meficTBuTeNh-

] 104z — {
HOCTH T

=~ 2,302585, wmo, aTO0

3HAYCHEE ¢ TOMOMb0 TalAumi Jdorapudmon
T0JXYIuTh HE yoaercA. Eme Menee cOOTBETCTBYET
BO3MOMKHOCTAM IIKOJABHHX Tabiamy JIorapudMoB
Jerko 3aloMUHAEMOe, HO IPAKTHYECKH [0CTa-
Touro OecuedbHOe IpUONMKEHHOE B3HAYEHHE
ygena e ¢ 15 fecATHUHHMH 3HAKAMH, € =
=~ 2,718281828459045. (3ameTmM, 9TO 9HCAO €
He BHEHDpajMaeTcA nepuoduxeckoldl pecd-
THYHOA [Jpobnio.)

IIo moBogy ¢opMyX (1 METOHOB), LO3BOJIAI0-
fOX BHYUCIATE € C OYeHEH 0oJBHION CTEIEHBIO
TouHocTH, cM. § 6.1, 6.2,

KOHEYHO,

OTKyZa
e~1-4r,

JTO PaBEHCTBO HAJ0 HOHHMATL B TOM
KO CMEHICJIE, B KAKOM IOHHMAJOCH BHIIe
pPaBeHCTBO

y (o4 82) ~y (2) + ¥’ (2) bz,

T. e. B paBeHCTBe (2) ONYmEHH WIEHH
BTOPOr0 M BHICHIEX HOPSAAKOB, T. €. WiIe-
HH, IPONOPIHOHAJBHHE I%, 1P W T. f.,
I COXPANeH MUMb WieH HePBOTO MOPAAKA
MaIOCTH, MpPOHOPEUOHAMBHHE 7. Ilpu
TOM Ba)XHO, 4TO KO3(pPUmEeHT upm 7
TOYHO PABeH eAHHATE — 3TO CcIeAyeT H3
CBOHMCTBA 4HCJIA €, 3AMUCAHHOIO (OpMYy-
aoit (1) u ABaAIOmETOCA OOpefelcHHEM €.

IlpegcraBmm ceGe amcio r B BHEAe Apcdu

(4.8.2)

1
¢ GoinpmoimM 3HAMEHATEIEM: r=—; ecan?

r<il, to n>1. Torga us (2) ciexyer
eln ~1 —{—%, OTKYAa ez(1 -1—-’17)”

Tax xax ¢opmyaa (2), mpeHeGperaio-
mas wWieHaMu ¢ 12 @ Ip., TeM TOUHee, UeM
MeHBIIEe I, TO IHOCJeAHEee BHpa)KeHHe TeM
TogHee, ueM Goxbme n. TawxaMm oGpasom,
MH IIOJy4aeM BTODOE CTPOroe ompefele-
Hue 4Yucjaa é:

e=lim(1|+ )"

n—>0

(4.8.3)

(anaeTcﬂ: e ecThb IIpefes BHPAKEHNA
1\n
(1 —}—;) mpm n, crpeMameMmca K Gecko-

HEYHOCTH 3) .

"~ AHajormiHo IpH (PUKCEPOBaHAOM k T
LocTaTOYHO MajoM r (Taxom, uro kr < 1)
nveeM

e ~1-kr,

2 3amuch r <€ 1 03@agaer, 4TO YACHO I 3Ka-
wumeavno menvwe 1; amaxormimo sammes n > 1
03HAYAeT, UTO0 n — OoNbINOe wHMCIO (n swauu-
meavko Goavuwe 1).

+ 3 PasymeeTcs, ¢ TOYKH 3PEHHS PHIOPHCTa-

1
MaTeMaTHKa, ye lepexoy «Hu3 et =1 +; cite-

1\n
AyeT e%(1 -+ —;) » He CTPOr, TaK Kak ofe 1acTd

HpuGImKEHHOro PaBeHCTBA (BEPHOrO JHMINE LPH
r > 1) He BCeTHa MOKHO BO3BOJMTH B GolbIryio
cretenb n. Taxmv oGpasoM, HAINE DPACCYKICHAS
He JOKA3HBAET ouperejesme (3), a BCero JAMb
mosacuaster ero. TeM He Memee MH HajeeMcd, 4TO
gETaTeNI0 5T0 PACCYMIAeHHme IoKaerca ybenu-
Te, 1bHBIM.
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1
OTKyJa, NIOJNOHKUB r-—:-—ﬁ-, rae n O04YeHb
BEJINKO, HONyYaeM

2 k\»
e~ (144),
HIu, TOYHee,
k . 1 k\"
e" = lim (1;+ -;) . (4.8.32)
n->ow
He mamo ©GoaTbca CHOB  «Ipenedy,
«0ecroHeUHOCTEY, IIpakTnyecKu HaOpu-

{ \100
Mep, <1+W)) ~ 2,705 ymxe NOBONBHO
MaJI0 OTIAMYaeTcs OT TOYHOrO 3HAYEHUA €.
CoBeTyeM  umTaTeNd0  caMoMy  HallTH
1\8
(1+5).
Mu Bunenu, 9ro € =~1-}r upum manoMmr,
W 9T0 NpHUOIMKEHHOe PaBeHCTBO ¢ TeM
ToyHee, ueM McHBme r. IlpoBepmM cKa-
3aHHOC Ha KOHKPETHEIX IpmMMepax.
CocraBuMm caeqymomylo Tabmaumy °:

r 147 er r 147 er
—05 | 0,5 [0,6065| 0,01 | 1,01 |1,0101
—0,4 0,6 |0,6703| 04 1.1 1,1052
—0,3 0,7 10,7408} 0,2 1,2 1,2214
—0,2 0,8 ]0,8187 0,3 1,3 1,3499
—0,1 0,9 |0,9048 | 0,4 1,4 1,4918
—0,01 (1),99 (1),9900 0,5 1,5 1,6487

0

Bupno, uro pmame mpu r=+0,3 ommnbra
B (2) me mpesmmaer 6% . Ounsury (uam
HHMCHEDPY) [0Je3HO IOMHMTH He TOJBKO
TO, 9TO e~=2,72, HO u IpubauxeHHbe 3Ha-
geHnd: e*~=7,4, e3~20, e~ 55, e5~150.
Hparkue rabavnn sHaveHUN (GyHROui e”
u e ® panm B JIpunosennm IV R xnmre.

Ilpz momomu wucia e yonpomaercs pe-
[ieHWe 3aj1a9 HA TEOMETPHUECKHE IPOrpec-
CHE ¥ CJIO3KHHe IponeHTH. IlycTs, cka-
sxeM, TpefyeTcsa yKasaTe, BO CKOJBKO
pa3 BBEIpacTeT npom3BojpcTBo 3a o0 Jer
mpu eskerogHoM pocTe Ha 2%.. Ham
HyskHO BHuucauts 1,02 5°. IlpuMeneRue
Y@cia € 3aKII0IaeTCA B TOM, 9YTO, IIONb-
3ysACH COOTHomeHWeM (2), MH npmbiam-

sueHEHO 3aMenaeM 1,02 mHa %%, B cuay
gero  1,02504e0020=¢~2 72,  O6masn
dopMyna mMmeeT BHI

(1+r"=e™, rme r<l. (4.8.4)

4 Das dynxnum y=e¢% cOCTaBJCHH HOXPOOHHE
TabInIEL.
5 3maveHmA e© B3ATH N3 YETHPEX3HAYHHX

Tabnmn, Bpapmca.

a1 npuMermMocTa 8TOH GOPMYyaH MIo-
CTaTOYHO, YTOOH GHUIO MauO r; m W mr
MOTYT @ He OHTh MajxuMu. Eciam mr Toxe
Maxno, 1o e™~~1-+mr, Tak 4TO MH HOJY-
YaeM u3BeCTHYI0 paHee QGOpMyIy

1+r"=1-++mr

(cM. gopmyay (5.4)). Opnmaxo mpu 6oxb-
mux mr GopMynoi {5) HOIb30BATECA Vike
HeNH3A, TOTFa KaK BHIpajKkeHWe (4) ocrta-
eTCd CUPaBeNJUBHM u B 9TOM CJIydae
(ecam Tonpko r <€ 1). Tar, pus mpuMmepa,
OPHBEeeHHOTO BHINE, TOYHOE 3HAYCHNE
ggcaa 41,0250 (¢ Tpema smakamu Tocue
samaroit) pasmo 2,693, a dopmymna (4)
paer 1,0250¢'~=2,72; mo gopmyue sxe (5)
M monywuMm (14-0,2)%0~1+450.0,2=2.
Pacuer ¢ momompbio uwmcaa e (popmyna
(4)) man ommGry oxono 1%, Torma kKaw
pacuer no dopmyie (5) 3fech Aad OMMUOKY
nopapra 25%.

(4.8.5)

B o6mewm Bmze ouenka TouHOCTH QOPMYIEL (4)
naHa B § 6.1 (cm. ymop. 6.1.4). OraskBaercs, 9TO
OTHOCHTENbHAA MOTPEmMHOCTE 9TOH  (PopMyah
HMeeT BEIAYUHY WOpANKA mr?, Tak 4ro dopmyia
(4) npumennMa upm mr? < |, 2 dopmyna (5),
Kak MB 3HaeM, — jammb npad mr << 1. Ho Tax
Kak (yBu!) yciaoBde mr <€ 1 IpH MaJbiX r ABIA-
ercsA Tropasfo OGojee CHABHBIM, YeM YCJOBHE
mr? €1, 10 cymecTBylr 3HAYEHHSA m U r, Op}
KOTOPHX MOKHO IIOJB30BATHCA HPUOIMKEHHEIM
PaBeECTBOM (4), Ho He papeEcTBOM (5). Hampm-
Mep, B DacCMOTPeHHOM HaMmA c¢xydae r=0,02,
m=>50 mmeem: mr=1, a mr?=0,02, 1. e. mr®
MajJd, & BeJWURHY mr MaJO¥ CYHTATh HeAb3A.
Tax sxe, crasxeM, ope r=0,001, m=10 000 myeem
mr=10 m ychoBue mr << 1 BMKaK He BHIOJHBA-
ercst; ojEaxo mr’=0,01, Tax 4ro 37mechL BHOJHE
MOKHO CYHTATH BHICJIHEHBHM ycioBHe mr? << 14

(cp. yup. 2).

B cooTBeTcTBUE ¢ nepBOHAYANBHEM OII-
penenenneMm wucaa e (¢opmyxna (1)) opo-
U3BOJAHLIC OT HOKA3aTENBHHRX QYyHKNUF
uMeT Occ0eHHO IpoCTO¥ BHU, KOTJa oc-
HOBAaHUWEM CTEIEHN ABJIAETCA YUCIO é.
9T IpOU3BORHBE YHOGHO BEPAKAITCH

uepes camy d¢yHrnmio. IlpuBegem pax
dopmy:

y=¢e, “L=e=y;

y=~Ce", Zy :C%:Ce’”:y,
y=Ce*,

dy _ - dek® ke 4 (kzx)

dz ¢ dz ¢ dz ky;
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y — em (x)’

iy___ dem (%) ey dm(x) _  dm(z)
dz —  dz dz dr °?

W — (@) em @ (@) e Om (@)=
=Y (ff ((j)) +m (m))'

Ilna nokasarenbHON ¢QyHKDUR Y=e°
{c ocHOBaHHEM CTEIEHH €) YacTO HCIIOIB-
ByI0T 3ammch y=exp (x) (0T JaTHHCKOTO

Pue. 4.8.1

«cJI0OBA  exponent — IOKasarelxb; caMa
JyHRIEA e” HA3HBACTCA IKCNOHEHYUALL-
HOU pyHKIUeH, HIX 3aBECHMOCTBIO, & 3a-
oneh ©Xp £ UNTAeTCA KAK (9KCHOHeHTa
uKe»). 3aHHCh ¢ TOMOIIbI0 CHMBOJA €X]
-ocofenno yao6Ha B Tex ciaydadx, KOI7a
apryMeHTOM (QYHKOWE CIYRHET CIOKHOE
BHpaKerHe; ACHO, YTO yHo0Hee HAMHUCATH

784248 \3
7t2+24t 3 ( 7. )
pl—5———), deM e\ ¥+
515 )°
Yueao e MOKHO TaKme OIpeenanTh
reoMerpmiecxku. Ilokasarenbmbie QyHK-
mar y=a® uw y;=0b" cBA3aHK npocroi
3aBHCUMOCTHIO

b =a"*, rme k=log,b (4.8.6)

(70T (aKT y:e HCOOABL30BayCA B (Op-
myxae (7.2)). Us (6) caenyer, uro rpadur
QyHKOuUM Yy, DNoxydaeTca u3 rpaduka
JyHRODUM y cxkaTmeM B k£ pa3 B HampaB-
qeHan ocu z (pme. 1, a, cp. § 1.7).
fcHo, wro Bce rpaduKy pyHROUE y=a%,
OTBEYAMIe PASIHIHBIM @&, IPOXONAT Te-
pe3 onHy u Ty e Touky (0,1) (u6Go mpum
nwobom a ummeem a’=1); B 3TOH Todke
OHH IEPeceKanT OCh Y NO0A PpasHHMHI
yraamm, CaMoif IpoCTo# MOKHO CIECTh TY
73 MOKAa3aTeNbHHX QYHKOWA, TPadur Ko-
Topoit (TouHee, KacaTeabHas K TPadEKy
xoropoi) B Toure (0,1) oGpasyer ¢ 0chw0
y yroa 45° (pmc. 1, 6). W3 dopmyns

(1) BHITeKaeT, 9TO 3TOMY yCJIOBHUIO yIOBIET-
BOpAeT KaK pa3 QyHKOua e° (BCcmoM-
HATE TGOMETPHIYECKUM CMEICI TPOU3BON-
Hoit!).

BB opa Wrak, MOKHO JaTh 4eTHpe
PasJuYHHX ONpeNejcHHd JHCIA €.

1} ycaosueM (e%)'=e”;

2) ycumoBuem e"~=1--r,
muaMesa opu r < 1;

3) xax Tpepmen BHpPAKEHUA (1—}——17:)”

BHOOJHAO-

ope n— 0o}

4) Kak OCHOBaHHE CTEICHHON QYHKIUH
y=¢€”, rpadIK KOTOPOif mepecexaeTr OCh
y moj yriaom 45°.

Y uwmcna e ecTh W Apyrue 3aMedaTesb-
HEIe OIpeJeJeHusA W CBOHCTBAa; 0 HEKO-
TOPHIX U3 HEX OymeT paccKasaHo B Ti. 0.

Jaa 3akpemsiennmsa 5TOTO OYEHD BAK-
HOTO Pasfesa IUTATeNb JOIKeH, OTI0MKEB
RHATY, €CaM IIOKA3aTh, KaK M3 KAKIOTO
OIIpefeNCHHAA CIAefyloT TPH Apyrue, pac-
cMaTpHBaeMEe KaK CBOMCTBA wHCIa e.

3aMernM, HAKOHEH, Y70 B paBCHCTBe
y=—e” BeIMIUHN £ U §J — 3T0, 683yCI0BHO,
(6espasmepHHe) dmciaa, a He WMEHOBAH-
HHle BEJIWYWHE: Beb 3aIUCH €%, rue xr —
sro 100 M mam 5 9, He WMeeT HEKAKOTO
cmuiciaa. COOTBeTCTBEHHO 3TOMY B eCTe-
CTBeHHOHAYYHHX  3aKOHAX  HKCHOHEH-
mualbHASA B3aBHCHMOCTH MEXAY pasMmep-
HEMU BeJId9dHAaMu y u T 00a3aregpHO
mmeer Bufl y=Ule“h, rue I, w l, — enu-
HANE #3MepeHusa T ¥ y. Ilpum a3TOM mepe-
X0l K HOBOH efimHHNe [;=cl, m3MepeHnA
BEJIMIWH & IPWBOJAUT K 3aMeHe MCXOLHOM
3aBACAMOCTH y==¢° (II0 CymecTBy, paB-
HOCHJIBHOH eH) BaBmcuMocThio Y=e’®’

z
(r,ue x’:—c———Ta JKe Belwum#a L, HO

HOBHIX efumHANAX [;).

, 1
AHAJIOTMYHO ITOMy 3aMeHa ly=—=-—
HAI W3MEPEeHHA BeJIWIMH Y IPEBOIAT
K 3aMeHe QopMyiIH y=e® Ha Yy =de”
(rme y' y:xe mamepsierca B efHHHUNAX [,).
COOTBeTCTBEHHO 3HTOMY OKCIOHEHIIHAIb-
HHMHI O0BTHO HA3HBAIOT BCE 33BUCHMOCTH

tana y=ae®™, toe a m k MoryT OHITH
KAaKHIMZ YrofHO: BeAh B GOJIBHIMHCTBE
ciy9aeB HePeXoj, K ApyruM a u k o3Ha-
4aeT JANIP W3MeHeHHe CHCTeMHl eIfHWII,
TaK 9T0 (PH3WIECKEH CMEICH HMeeT JHIIb
caM QaKT CTeIeHHO 3aBECHMOCTH ¥ 3HAKH
qucea ¢ W k (B TAaCTHOCTH, YCIOBHIO
k >0 oTBewaer pacTymasa QYHKIAA y=

=¢"*, a ycaosuw k < 0 — ybuBaromas).

#3MepeHHAs B

I, enm-
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Ynpascrnenusn

4.8.1. Haiigmte mnpoH3BOAHEIS CJIGAYIOIIUX
GyHREmid: \

a) y=e% 6) y=>5"—e%; B) y=e";
0) y =e'% p) y =TT

4.8.2. Cymma ypemmuusaercs Ha 0,1% esxe-
MeCcAYHO, BO CKOJNBKO pa3 BHDacTeT OHa 3a
1000 mer? [Y ® a 3 a H® e. Mcuooasayiite dop-
syny (4).]

§ 9. Jlorapadmo

Kax msBectHO, socapugdmom ducia h 1mo
OCHOBAHHI0 @ Ha3mHBaercd Ta CTeNeHb f,
B KOTOPYIO HANO BO3BECTH 4, YTOOH IIO-
aysars h:

f=log, h osmauaer, uro h==a’.  (4.9.1)

Taxmm  oGpasoM, JorapadMmIecKas
¢ynrnua y=log,x obparma (B cMECIe
§ 1.6) nmowasareabHOHl QYHKIEE Yy=a".

Tpagpmr morapudMumueckodl QyHRDUK
y=log,x (rmze a >1) wusobpasken Ha
puc. 1. Ormerum, uTo mpu z=1 (Hesa-
BHCHMO OT 3HaueHuA a) mmeem y=0, a
a npg z >1 sBeauwmEa y >0 (mpm
z <1 coorsercreenno y < 0). Besa kpum-
Bag y=log,x pacmoioskeHa mIpaBee OCH
OpAUHAT: TAK KAaK Pe3yibTaT BO3BeJeHH:
TONOKATEABHOTO TACAA ¢ B I00yI0 cTe-
neHb OyAerT IOJOMKUTEJIHHHM, TO OTPH-
1[aTeAbHEIE YHCIA IOTaPH(MOB HE TMEIOT L.

N3 puc. 1 BumARO, Wr0 TPOU3BONHASA
¢yErnua y=log,z (mpm a >1) npm
BCEX 3HAYEHMAX & IOJOIKHATEJSbHA, mMGO
QYHKIHAA Y OPH BCEX I pacreT. 3aMeTuM
TAK)Ke, 4YTO CKOPOCTH pocTa (YHKIAHA
y=log,x ¢ yBenmueHHEM X yMeHBINAETCH,
T. €. OPOM3BOAHAA (YHKIEA HOPU DHTOM
yOBIBaeT (HEKEe MBI CTPOrO JOKAMKEeM 3TO).

BriBenem ¢gopMyny, CBA3HBAIOIIYIO JIO-
rapmMe OJHOTO W TOTO Ke YHcIa IO
PasHBIM OCHOBAHEAM. IlycTh

f=log,h, o' =h.

IIpoaorapupmupyeMm obe gacTi BTOPOTO
u3 paBeHCTB (2) IO OCHOBAaHWUIO b:

(4.9.2)

flog,a=log, h, orryna f:llo%-"z .

. b

Ilpnaumasa Bo BHUMaHme (2), HOTyuaeMm
logy 2

loga h=— Tog;a (4.9.3)

PaBencTBo (3) MOMKHO TarKKe Iepemnu-
caTh TaK:

log, z=~Fklog,x, roe k=log,a. (4.9.3a)

1 Cp., BupoueMm, § 14.3.

Yucno k=log,a masmBaerTcs modysem ne-
pexoda om 402apUPMOE nO OCHOBAHUID @
K aozapugmam no ocnosaruio b. sz (3a)
caefyer, uro rpafur ¢yErmua y=log,x
moiay4daeTca m3 rpafumka QyEROUR Y=
=log,x pacrsmenmeM B k pas BAOIb
OCH J.

JlorapupuMu mo ocHOBaHHI ¢ HA3LBa-
I0TCHA HAMYPAAbHEML (T. €. TPUPOJHEIMHA,
eCTeCTBeHHEIMH) JLozapudmamy # 0GO3HA-
qaporcsa Inz. «EcTecTBeHHOCTEY HMEHHO
3TOH CHCTEMHI JIOTAPU(PMOB CBA3AHA C TEM,
9TO B PAfE OTHONIEHWI OHW OKAa3HBAKTCH

S

Pue. 4.9.1

N

opocrefmuMu: Tak, HAOIPEMep, Aad QyHK-
nue y=In z npome BCero ompeaeINTH
IpOU3BOAEYI0 (CKOPOCTH pocra). JTH 3a-
MedaTelqbHEE CBOMCTBA HATYPAJIbHHX JIO-
TapEPMOB, ¢ KOTOPHIMH MH HEOTHOKPAT-
HO BCTPeTEMCH HUKe, IPUBEIN K TOMY,
970 06a co3naTeNs1 yIeHUA O JoTapPAPMaX —
moTaaHickul gBopaHuE o Hemnep
(1550—1617) w mBe#mapcKuii YacoOBIEEK
HoGer Booprum (1552—1632), — mou-
TH ONHOBDEMEHHO H HE3ABHCHMO HX OT-
KPHBIIWE, PAaCCMATPUBAAHA HMEHHO 3TOT
THI Jorapm$mMoB (Wiam BechbMa OJH3KIe
k #uM). Jecamuunbie soczapugms, BuEp-
BHE paccMOTpesa 10 Ipeiao;xeHmio He-
mepa ero APYyr U HOYWTATENH JOHIOHCKM
npodeccop Tempw Bpumrec (1561—
1630) 2.

HarypanbHble jgorapuMu MOKHO 0Xa-
paKTepusoBaTh TeM, 4YT0 Ipafuy QyHK-
nur y=Iln r mnepecexaer och abemmec
(8 Toure (1,0)) mom yrmom 45° — Bens
3TOT TIpaduK moaydaercA wu3 rpaduxa
(o6patHOiT HaTypaabHOMY JOrapmdmy)
QyHKIEA y=€® OoTpakeHHeM OT GHCCEK-
TPECH KoopaugaTHOTO yryaa (cm. § 1.6), —
a rpaMK SKCIOHEHTH y=e° mepecexaer
oy, yraoMm 45° och opmaumaT (B TOUKe
(1,0); em. pmc. 8.1, 6).

2 B crapusy JecATHYRHE JorapmMH 3ada-
CTYI0 HA3HBAJH 6puecosbimlii, & HATYPAJIbHHE —
HEneposuMiL.
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Ta. 4. Boigncienne nopousBOIHBIX

Haiinem Tenepsh OPOW3BOJAHYIO H & T y-
paaxbsmoro gorapufmMa. Paccmor-
pnM BeamumRy d Inz=In (z4-dz) — Inz.
W3 mssecrmot ¢opmysn Ina—Inb=

=In 4 cuenyer

dlng=In ZE92 =ln(1+—dzi). (4.9.4)

xz

Ho Mm yxe 3HaeM, YTO OPH MAJHX I
e€~1+4r

(eM. ¢dopmyxy (8.2)). Bosnmem Jora-
padMu 0fenx dacTeil MOCTENHETO PABEH-
CTBA; HOCKOABKY lne"=r, momydaam oueHb
BajKHOE COOTHOINGHWE

n(l4ry=~r (4.9.5)

(mpubamxeEHOe paBeHCTBO (D) mMeeT
eMuIes, ananormaHii (8.2); 080 BepHO DpH
r<<1). Us (4) u (5) cuepyer

dx dz
(sammer dr, a He Az, H03BOJAgeT HaM
CYATATL MOCJHEHEee DPAaBEHCTBO TOYHHM!),
IO3TOMY

dInzx 1
i =" (4.9.6)

Korga x MmenseTca B reoMerpHIecKoO
mporpeccu#, ln x Menserca B apupMeTH-
9eCKOil IIPOIPEeCcCHH:

ecnn z—a, ab, ab? ab®, ..., 10 Inx=
=Ing,Ina~tc¢, Ina+2¢ lna+3e, ...,
roe ¢=1Inb.

TlosTomMy "em Goabime X, TeM MemJaeHHEe
pacreT lnx ¥ TeM MeHbINe NIPOWM3BONHAN
gyurmun In z, 910 w oTpakaer popmyira (6).

IlpomsBogHyl0 HATypPaJbHOTO JOTa-
pudMa MOKHO HAUTH TaKsKe, IOIBLBYSICH
TeM, YTO JOorapum ¥ DKCIOHEHTa —
p3amMHO-OGpaTHNe QYHKOUWA. JamuimeM:

v

y=lhz, z=e¢v, ft':—%:————dfi;) —=e¥
dy 1 _ 1

dz ~ e¥ z

b

Teneps, moab3ysach (3a), MOKHO BEYHC-
JUTh DOpPOW3BOAHYI JorapmdMa ¥ WO
aio6oMy ocmoBarmio a. Ilycre y=logz;
rorga (cM. (3) m (3a))

__Inz dy_ 14 dmnz_ 1 1
Y=Ta dz Ine dz Inae z°
(4.9.7)

3aMenus s papencTse (3)a Hae,abuh Ha @,

mony4uM In @ = -, 9TO 03BOJIAET TIepe-

log,

macarb (7) Tak:
dlog,z _ log,e

dzx x

N3 popmyn (6), (7) m (7a) camoir mpo-
cToit siBisieTcsa popmyaa (6), BepHas EMeH-
HO AjiA HATyPAXbHHX Jorapufmon. Ius
rpy0HX pacieToB B yMe IIOJE3HO 3a-
HOMHUTSH, uT0 In2 ~0,69; In3~1,1; In10~

(4.9.7a)

~ 2,3~

TZ@' Kparkaa rabnwma mary-
PAXBHHX JorapupMoB naEa B Ilpmio-
skeEnm IV x xHwmre,

Ectm uwom smakoM aorapufMa cTomT
KaKaA-HuOyAbs Qyuknusa f(r), To mpoms-
BOIHYI0 HAXONWM IO IpaBmiay gEddepen-
NUAPOBAHAA CIOMKHNX QyHKEME (cM. § 3)r
dinf(z) 1 df(z)

dz f(z) dz *

(4.9.8)

IIpomssonryiwo (In f (x))’ aorapudma GyuER-
nun f (xr) ©acTo HABKBAIOT Jgo2aPUmu-
ueckol, npouseodnos f (x); cornacmo (8)
OHa paBHa YacTHOMY OpomssogHoil f' (x)
u caMmoit ucxomnHoi Qyurmua f (z). Ilpu-
BelIeM OJMH IPHMEP, AeMOHCTPUPYIOMUH
H0JAb3y IOHATHA JOrapuMHIECKONd Ipo-
M3BOTHOMN.

Qopmyna (8) maeT BO3MOKHOCTH Ha-
XOJUTh ILPOM3BOAHEE (QYHKOUI BuUIa
F @), 1. e. Qymkmmit, comep:ramux
IepPeMeHHYI0 I B OCHOBAHMM U B IIOKa3a-
Tesie creneH:. Ilycrs

y=1(a)".

Ilponorapudmupyem (9) (aorapudmur
MOkHO Oparb 1o a06GoMy OCHOBAHUIO;
BO3bMEM HATyPalIbHHE JOTapUQMH):

Iny="r(z)In f(x). (4.9.10)

IIponuddepennupyem Temeps oGe dwa-
ctu paseHcrBa (10) (r. e. Haiimem mnpo-
u3BOAHEE 00euX dacTeil); ImpU 3TOM yu-
TeM, 9TO ln y ecTh ciaoHas QyHKIUA T
(rar ke Kaxk In f (x)):

_1_ r__pt ' ' (=)
-V =K @Inf@+h@ 5
OTKyNa

y =yl @hi@+r@) 5L,
wian, yuuteBasg (9),

y=f(@' ¥ (@)nf()+
+ (@) f (@) (@),

3ameTtuM, 9T0 B dopmyne (11) cmpasa
CTOUT CYMMa ABYX WICHOB: LHEPBHA WicH

(4.9.9)

(4.9.11)
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f (@) B (zr) In f(z) ecr» npomsBomHAA
BHIDA)KEHHA f°, BHYMCICHHAS B IPENO-
JOKeHHH, 4YTO TepeMeHHOH MABISAETCS
Jumb kb, a f — DOCTOAHHAA; BTOPOH WieH
h(z) f ()" f(z) — sT0 HpoHM3BOmHAS
BHIDAsKeHHSA [, BHUUCIEHHASA B IPENIO0I0-
JKeHu’, 9170 f — mepeMeHHas, a h — mo-
CTOAHHAsA, 3Hech HOATBEep:KuaeTca o6muit
TPUHOUO, BHCKA3aHHHIME B § 2.
3aMeTuM, HaKOHEN], 4TO0 B pPaBEHCTBE
y=log,z (Kax u B paseHCTBe y=a") Be-
JIMYAHH I, Y 1 ¢ 00s13aTeabHO Gespasmep-
Hel. Ecim £ — pasmepnas BeamdumHa (Ha-
npuMep, AAWHA), TO UHCIAO Z 3aJaercs
JIAMD ¢ TOYHOCTHIO [0 LMOCTOAHHOIO MHO-
JRUTeN s, 3aBHCAINET0 OT BHOODa eIMHUIE
n3MepeHnsi. CoOTBETCTBEHHO JTOMYy Be-
auduHa log, x (umpum ti06oM PuECHpOBaH-
HOM OCHOBAHHHW JOorapmMoB @) oImpege-
JieHa JUHb ¢ TOIHOCTHIO O MOCTOSAHHOTO
craraeMoro (o addumuenoii nocmosH-
HO0li, KaK TOBOPAT B TOMOOHHIX CAYyYaAX
MaTeMaTWKHU); B 9TOM OTHOWICHHH OHAa
1o0g00Ha HeoHpeleleHHOMY WHTErpanay 3.
Ecau sxe o6e BeawamHH  n y — pasMep-
Hple, TO HPaBWIBHO Oymer nmcath y=

—1,log, X, rpe mmoxuremm I, u I, xa-
=1y gall1 pit "oy 2

PaKTepH3YIOT efMHHUNH W3MEPEeHHA [Jid
£ W Y: Beib B3ATH JOrapudM MOKHO
Jumb 0T Ge3pasMepHOl BeIMYHMHEI, CKa-
skeM oT umcaa 100, moaydaemoro kak
oTHomeHme (paccrosEue AB)/(egumEuna
usMepeHns [,) (Hampumep, Merp). 3Ha-
YeHme J0TapUPMHIOCKON (QYHKIHH TaK-
e 6e3pasMepHO; mOITOMY pasMepHas Be-

z
JinduHa y obssarelpHO paBHa [, log, ([—),
1

T, e. logaTx— eIMHAT [y, ITH TOCTATOYHO
1

npocTee cO00pasKeHHS MONe3HO HMeThb
B BHAY, ubG0 gorapudmumuecKas (Kak o
JKCOOHeHHUAJNbHAA) B3aBHCHMOCTh YacTO
BCTPEYAeTCA B €CTeCTBEHHOHAYIHHX 3a-
KOHaX.

YraxeM eme, 910 B cuny (3) m (3a)
7epexo], K HWHOMY OCHOBAHHIO CHCTEMH
JoTapuMoB b cBOOUTCA K YMHOKEHHEIO
BCeX JOrapmpMoB Ha HOCTOAHHOE UYHCIO
k(=log, a), T. e. mpACTO K H3MEHECHHIO
CHCTeME eJUHAN, U3MEePAIUAX BeIAIHRY

3 Ilo moBopy riyBoxoil CBA3M MERTY Jora-
pupmuveckot yEKnumed u HMETErpajJaMu (Ua-
CTHYHO OOBACEAIONEl u OTY aHAMOIHUI0) cM. dop-
Myny (5.2.2) (KOTOpPY HHOTHA [aKe KAALYT
8 OCHOBY ompejeienms XorapupmoB) H oGCy:k-
HAeuue 5Tod dopmynmr B § 7.6.

y=log,z. menno mosromy B 6oJbpmEH-
CTBE CJIy9aeB BHIOOD OCHOBAHHS CHCTEMEI
JorapudMoB He HrpaeT HHKAKO# DOIH,
9TO0 W I03BOJsIeT HOJb30BATHCS HMEHHO
HATyDAJIbHEMHA JorapugMaMud Kak ca-
MEMH IPOCTHMH.

Ynpascuenun

4.9.1. Yemy pasen logs15? [YkasagrHme.
Bocnossayiitecs popmynoit (3).]

4.9.2. BriBepure PopMyiy /JIA MPOHU3BO/HOI:
a) mpomsBefieEuA AByX (QyHKOUH, HCIOJIB30BAB
coorEomenue log (uv) =logu -{-log v; 6) wact-
HOTO IBYX (QyHKIHif, HCMOJB30BAaB COOTHOMOHHS

Io %—:logu—logv.

4.9.3. Haiinute npousBosERe (QyHKROUIL:
a) y=In (z+4 3); 6) y=1In2z; B) y = In (=% -}-

1
+1; 1) y=ln(e+5); 0 y=ln G — =+

z—1 Vz ]
+1) e) y=Inz/7; m) y=1nﬁ—1—.
8) y==zlnz; ) y=zIn(z+1); &) y=

=z% 1) y=vVz'¥1,

§ 10, Tpuromomerpmueckne QyHROKK

B sTom maparpade MH HaiifjeM HOpOH3BOM-
HEIe TPUTOHOMETPHUIECKHX (yHKIIWIA.
TpuroHoMeTpmIecKrme (YHKIUE OIpe-
OeNsIoTCsI KAK OTHOIEHHS OTPE3KOB —
OTHOINEeHHUs CTOPOH HPAMOYTOJAbHOrO Tpe-
YrOJbHMKA HWIN OTHOINEHUA OUpefeseH-
HBIX OTPE3KOB B Kpyre («IHHHA CHHYCA»,
«INHHA KOHyCa» M T. HA.) K paguycy
kpyra. IlostoMy TpHroHOMerpmuecKme
QyHKNun 6Ge3pasMepHE; HX apPryMeHTOM
CIY;KHT Takxe OespasMepHass BeIHYH-
Ha — yrox. EctecrBeHHO# Mepol yria,
yooTpebiaseMoii B BEHICIIEH MaTeMATHKE,
ABIAACTCA paduaH — TEeHTPAJILHHA yroi
B | pammam crarmsBaer B Kpyre Ayry,
PaBHyl CBOEMYy pafgdycy, a IeHTpaib-
HOMy yrily B { pajiHaH OTBEYAaeT B Kpyre
paguyca 1 pmyra pamas & O sHaseHun
TPHTOHOMeTPHUIECKAX (YHKIUA A Omu-
caHnA (H3MIECKUX IIPOHECCOB MBI CKaMKeM
Bo BTopoii wactm kHurm (cM. ri. 10).
Hamee Mu Bcerma GymeM paccMaTpH-
BaTh KPyT ¢ pagmycoM, pasamM 1. IIpm
3TOM KpaTko OymeM TOBOPHTH, 4TO B Ta-
KOM KpPyTe CHHYC DaBeH JIMHE JINHNA
CHHyCa, yroJ paBeH JJ@He Ayrd ®H T. [.
Opmaro umraTens ROMKeH HOMHHTH, UTO
H TPUrOHOMeTPHYECKHe GYHKIUH, X VIJH
0e3pasMepHE B HE HSMEPAIOTCA eNUHH-
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HaMu [IWHHE (CaHTHEMeTpaMmu, R®HAMaMu
nian Merpami). CHHYC paBeH AJIUHE IHHAN
cuHEyca (B CaHTEMeTpax), HNeJeHHOH Ha
naEHY pafgmyca (B CAaHTEMETDAX); JHIIb
npn r—1 eM OH YHCIEHHO paBeH [JHHE
JUHEW CHHyca. JIMHME CcuUHyCca M KOCH-
Hyca HOKasaHH Ha puc. 1.

Puc. 4.10.1

Prc. 4.10.2

HamomEmM BHA rpaguKOB CHHyCA U
KOCHHYCA B 3aBECHMOCTH OT yria (pumc. 2).
Ilepmon cumEyca, Tak e Kak H OepHON
KOCHHyCa, paBeH 2w ~206,28: Bemp msMe-
HeHHWe yIia Ha 27 03HA4aeT mojHHHE 0060-
PoT pammyca OKPY;KHOCTH.

3
Z(sin 2 \
VA A

\N
A}

0’50 \\Z

[

7 Yy
d{casy/

Puc. 4.10.3

HaijineM npousBOgHEE CHHyCa H KO-
cmHyca reoMerpmdecku. Ha pmc. 3 Komer

pajamyca, oTBedalpmero yray ¢, obo-
sHaueH A, KOHem pajmyca, OTBEYAI0-
mero GIm3KOMy yriay ¢9--dy, o00603Ha4UeH

B. TaxmM o6pa3oMm, giaura Ayrum 4B pas-
Ha d¢. Onycrtum u3 A nepmeHAUKyIsap AC
Ha JMHEI0 cmEyca BB’ yraa o¢-dp.
Kaxr supEO m3 pmc. 3,

AA' =sine, BB'=sin (¢} dy),
BC = sin (¢ + d¢) — sin 9 =d (sin ¢)
(1 smech, KOHEYHO, IOCHefIHEE PpaBeH-

CTBO ABIAAETCA (TOYHKIM B Ipefesie» IPH
de — 0). Iaxee

OA'=cosp, OB’ =cos(p--dp),

A'B’ = AC = cos ¢ — cos (p - dp) =
= —d(cos ¢).

Tark ®ax yrom d¢ man, to gnamHa do
nyru AB UpakTHYeCKH HE OTIHIAeTCH
OT AJWHH XOpIH AB; MOMKHO TaKmke CIu-
TaTbh, 4T0 yrox ABC, o6pa3oBaHHBIG
xoppoit AB wm BeprmKaanio BCB’, pa-
BeH ¢ 1. I3 paccMOTpeHHA TpeyTOib-
HEKa ABC naiinem BC=ABcos ¢, AC=
AB sin ¢. Takum oGpasom,

d (sin )= cos ¢ dp, —d(cos ¢)=sin pde
U, CIefl0BATeIbHO,

d (sin ¢)

d(cosg)
de -

= cos ¢, 7

—sin ¢.
(4.10.1)

Taxoit mpocroit B HarJARHKEA cI0¢ol BHYHC-
JleHHA IPOX3BOJHOM CHHyca WM KOCHHYycCa BIOJHE
yGexxpaer HaumHapmero uwmrarens. C papyroit
CTOPOHEI, ONEITHEMA W BCce 3HAIOIMIT YATaTeNE (HA
KOTOPOrO0 5Ta KHHra He pAacCUHMTaHA) OTMETHT
Te TPYAHOCTH, KOTODHE BCTPedaJIuch L0 XOHAY
BHBofia. IIpm ManoM, HO KoHewHOM (He Gecko-
HegHo MajyioM!) yriae Ae pamEa Xopam AB

MCHBIIC JAJIUHEL AYTH. MOXHO IOOKa3aTh, 4TO
(8p)3
AB=0p— o ...

yron CBA mna caMom

Hauree, lejie paBsem

Ay
¢+ T?’ a He TNPOCTO ¢, CJeJOBATEIBHO,
a9
BC = AB cos (cp—]——z“)—-—-

(4¢)® do

=(A<p—— 12+ ...)(coscp————z-smcp—l- )

IlosToMy BHIIEmCAHHEE BHIIE paBeHCTBa,
CTpOro roBOpA, He TOSHH, OfHaKo OHH BepHH
«C TOYHOCTHI0 [0 MAJKX HEePBOTO MOPAAKAY IO
OTHOMEHHIO K MaJIo# BeJHYHHe Ao, T. €. IPH yC-
JIoBHE IpeHeOpekeHHA WIeHaMH BTOPOTO M BEHIC-
mero NOpsAKOB eTHocHTensH. A, Ilosromy
eCJIM /ISl IpRpaIeRnii BeDHE JAINE IPUGIAKeH-
HEle paBeHCTBA A (3in p)=cos ¢ -A¢ m A (cos )=
*-—sin ¢ +Ap, TO COOTBercTByIOLLHWE DaBeHCTBa
A [HQpQePeHIUa]oB y3Ke TOYHH, #, 3HAYHT,
paBeHcTBa§(1) BiIA IDOM3BONHEIX TaK:Ke sABIA-
0TCA TOYHHEIMH.

OnucaHEHE BHBOZ GOPMYI AAA HPOU3BOLHEIX
TPUroHOMETPHYeCKHX (YHKOMA paBHOCHIEH cle-

1 HacaTteapHaA ¢ K OKDPY;KHOCTH B Touke A
o6paayeT ¢ BepTukaipo AA’ yroia A’ At, paBaHi
¢ (LA’At=/LAOA’ xax YriH co B3aUMHO Iep-
HeH/MKYJIAPHNME cTopouamul); yrox ke ABC
IPAKTAYECKA He OTIHYAETCSA 0T YKasaHHOro, ubo
xopaa AB mo nampaBiieHHIO OYeHB OJIn3Ka X .
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AYIOmMEM c00GpayKeHUAM, ONUPANIAMCA HA HC-
IONB30BaHAE MeXaHHUECKHX HpefCcTaBJeHmit (H,
B YaCTHOCTH, ANEIAPYOMUM K IOHATHIO 6eK~
mopa). IlpencraseM cebe Touxy M=M (), pBu~
JKeHHe KOTOPOM IO IUVIOCKOCTHE OIHMCHIBAETCA Ia-
PaMeTpHUECKAMH ypPaBHEHUAMA:

z=e¢(t), y=49(),

rie ¢t — aTo BpeMsa (cM. § 1.8). B raxom ciyvae
CKOPOCTH M3MeHeHHS KOODAWHAT z W y Touxkm M
, dz

T=ra

(4.10.2)

OyzyT 3azaBaThCA IPOMBBOJHEIMEI

MM,

d
H ’=—l. IIpn sTOM BEKTOp — 7 == V,, =
¥ ="a p P ~az op

Az Ay) Az Ay
=<F' At <me a2 A —

BeKTOpa, pHC. 4) OygeT  XapaxTepH30BaTh

KOOPDANHATHI

cpejHI0OI0O CKOpPOCTh Ha orpeske MM,

nytH (3gecs My =M (¢ -- At)); BeKTOp XKe V=
dxz dy

:(W . —d—t—) 3aJaeT MTHOBSHHYO CKO-

pocTh B Touke M nyTm: OH HalpabJeH,

OYeBUHO, M0 KACATEJHHOH K TPAaeKTOPHMA JBH-

sKeHHsI B TOuKe M, ®W ero [JMHA paBHA
As s
lim = A7 = g+ the As=| MM, | — npupame-

Al>0
HHUe NIYTH s 3a BpeMs At.

IIycrs Teneph TpaeKTOpHed ABMKEHHA TOYKH
M cayur OKPY:KHOCTH pajmyca 1, mo Koropoi
TO4Ka JBH;KETCH paBHOMeDHO, mpoferas 3a enu-
HAIy BPeMeHHM efuWHUNy OyTH, cKaykeM 1 cMm 3a
1 ¢. Torna dopmyas (2) mpuMyr BHA:
y=sint

T =cost, (4.10.3)

¥ CKOPOCTH V [BHKeHHA OYHET 3aj1aBaThCH BeK-
d(cost) d(sint)
TOPOM € KOOpJAHATAME TR 7 . Ho
ACHO, UTO BEKTOP CKOPOCTA V OyHeT HMeTH 37ech
e[HENYHYI0 NINHY (W60 OmpupameHme As myTtm
o YCAOBMIO DaBHO IpHpamieHmio A¢ BpeMeHH)
7 GyneT HaOpaBleH IO KacaTeJbHOE K OKpYm~
HocTH (cM. puc. 4). HoopamEaTH sTOrOo Bekropa
v, mepOeHAUKyIApHOTO pagumycy OM=r okpy«-
HocTH, OyAyT, O4eBH[HO, PaBHK —sSint m cos ¢
(cp. OpAMOYTOJBHHE TPeyroJpHAKA AOM m
VMP co B3amMHO MepHeHJHKYIADHHMH CTO-
poHaMH Ha DHC. 4! OHH MMEIOT Ojf(HHAKOBHE IH-
moreEy3H OM= VM=1 B paBHHe O0CTpHEe yTIJH

PR P
AOM=MV P={; 3Hak MHEHHyYC y KOODJUHATHI
—sin¢ BeKTOpa V yKasHBaeT Ha HampaBieHHe
orpesxka MP). Tarnm 06pasoM, ME CHOBa IPKXO-
aaM K TeM ke dopmyxam (1):
d (cos t) d (sin t)
& = —sint, —ar

== cos .

Haxonren, yxaskeM eme coBceM MHHoOMH
(u Gomee ¢opmanbHbT) cmocoG BHYHCIE-

Puec. 4.10.4

HHJ OPOM3BOAHEIX QYHKOUA sSin¢ u
€0S ¢, He TpeGylommii o6pameHus K gep-
Te;xy. CormacHo ofmmM ¢dopMysnaM upm-
pameHnme cmHyca Asin cp—sm(cp—{—Acp) —
— sin ¢. BcnomEmM dopmyny CHEyC2
CYMMEI ABYX YyTIIOB

sin (& 4~ B) == sin a cos B 4 cos a sin B

H mpoMeHHM ee K sin (¢ - A¢). Honyamn
sin (¢ - A¢) = sin ¢ cos Ap - cos ¢ sin Ae,
OTKYyAa

A sin ¢ = sin ¢ cos Ap - cos ¢ sin Ap —

— sin ¢ = cos ¢ sin Agp — sin ¢ (1 —

— cos Agp).

CocTaBEM OTHOIIEHEME UPHPaIIeHHIA:

A . 1 —
“o —sine —-——-X::SA? .

(4.10.4)

A sm \y

=]oos ¢ =

Temeps HY;KHO HepedTH K Ipefery
npu A¢ — 0. W3BecTHO, 4TO IpPH O4YeHL
MAaJHX yridaX o CHHYC HIPAKTHYCCKE

paBen gyre: sin amza, 1. e. sin ApazA
npu A¢ — 0. pyremm ciaosamum,

lim sin A¢ —1,

Ap—>0 Ao

Bropoit unen B BHpaskenmm (4) Hamo
cuepsa npeoGpasoBaTh M0 H3BECTHOM POp-
myne 1 — cos 2a =2 sin?a, mostomy 1 -—

— cos Ap =2 sin (A2 ) B sroit popmyne

. (A A
opr MainoM A¢ wuMmeeM sin <T¢)%—§<€—.
Tloaromy

2 (L2Y
1 —cosdep . <—2—> _ Ag
Ap ~ dp 2
CnepgoBarensHo, B mnpemene npum Ap — G
1 — cos Acp
BTOpoOil unes mpomajaert: lim ———— V=0,

Ap->0 Ao
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Orcrona

lim ASAH“P = dsdm? =— ¢OS ¢.
Ap—>0 ¢ ¢
Agpanorauso

A cos.¢ = cos (p |- Ap) — cos p==
= ¢0s ¢ €0s Ap — sin ¢ sin Ap — cos p=
== — ¢0s ¢ (1 — cos A¢) — sin ¢ sin A¢

(smech ME mcHoabayeM GOPMYNy RIS KO-
CHHyCa CyMMH OBYX YIJIOB) H, 3HA9HT,

Acosg _ 1 —'cos A¢
Thy ST
sin sin Ag
? Ao °
7
————— ’r
Pme. 4.10.5 7
B _z z v ar| e
z i z

A Tak KaKk MH yKe 3HaeM, 4TO

1=
lim cos Ay

sindp
Ap L,

:0, lim A ==
Ap>0 Ap»0 =F

TO OKOHYATEJILHO HOJydyaeM

dcose . Acose
—_— T — lim ——— Y =

d‘? Ap->0 A‘P
=-—c0s¢ -0 —sin¢-1=—sine.

CootHomenus (1) cupaBefauBH AIA
mo0Ex yraos, a He TOIBKO O YIJIOB
B mnepBoit uerpeprm. IlomesHo TaK:ke,
raAgd HBa rpapmkm $yHRDuA sinz @
€0S z, IPOBEPHTh, 9T0 PopMyas (1) yERa-
3EIBAIOT HPABWILHEIA 3HAK HIPOM3BOAHHEIX
opm n110 6 5 X X

IIposepuM eme ¢dopmyan (1) mpm Ma-
aux yriaax. IIpm Manom ¢ reoMeTpHIecKH
OuUeBHIHO, 4TO Sin ¢=wp, cos e~z1, rume
OpuGImKeHHOe DABEHCTBO =2, TaK ke
KaKk H BO MHOTHX JDPYTHX CJHYydYasx, 03-
HAa4YaeT «PAaBHO ¢ TOYHOCTHIO A0 MAJHX
nepsoro nopsakay». Ilepsas us gopmya (1)

npu MaioM ¢ jaer d—(idl;l—?) =1, a Bropasa
d(cose) dcose
RAeT ——g = A —¢. Hoaromy % = 0

npu ¢ =0; paBeHCTBO HYIIO IPOH3BOXHON
COOTBETCTBYET TOMY, 9TO KOCHHYC HMeeT
vakcumym mpum ¢—0. PapemctB0o e

d (sin ¢)
de
OpPH MajHX ¢ BeJlHYWHA Sin ¢ pacTeT mpu-

MEDHO KaK .

3Hax mpom3BofHEeE (YHKOEHA y=sin x
H YJ=CO0S £ M WHCIOJL3yS COOTHOIIEHHS,
CBSISHBAIOIIME TPHFOHOMETpHIECKHE yHK-
OHH, JEerK0 HAWTH DOPOM3BOJHLE BCeX

OCTAJABHHX TPHUTOHOMETPHYECKHX (YHK-
sin x

coszx*
aroMy uo ¢opmyle auddepeETEPOBAHUA
npobu

dtgz __ d(sinz/cosz)

=1 npn ¢—=0 yxasHBaer, 4TO

nuit, Tak, manpumep, tgz= ITo-

dz dzx -
___ €08 T €08 Z — Sin z (—sin x)
- cos2 x .
Orcronma
dtgz _ cos’z -} sin?z _
dz cos?x ~ otz (4105

W3 pmec. 5, Ha KOTOopOoM H306paskeH
rpadur tgx, BUAHO, 9T0 QYHKIUA Y=
=1{g 2 Opu JIOOHX I WMEEeT IOJOKHUTEIb-
HYI0 UpOM3BORHYyl0. B6imsm T09er pas-

T 3n
pHIBa ( =, T="g, .- ) gpon3BofHas
HeOrpaHM4eHHO BO3pacraer — M 37ech
«yXOgUT B 0ecKOHEYHOCTHY KaK caMa

QyBKOHEA, Tak M ee mpomssofgHas. O6a
5T BEIBOJla BIIOJIHE coraacywrcsa ¢ ¢op-

Mymroit (5).

Ioar3ysacs COBEPIIEHHO AHAJIOTHIHEIM
OpHeMoM, HAaXOJuM
d(ctgz) 1

iz s’z e (4.10.6)

IIpouzBofHEe TAHTeHCA H KOTAHFOHCA MOMKHO
HAlTH H HENOCpeACTBEHHO. 3aMeTHM, 4TO

sin a sin B
tga—tgh="007— cosf
sin a cos B — sinBcosa  sin (@ — )
= c0S a cos B = cosacosp °
Orciona
sin Ay
Atgo=1g(p+09) — B y= oo T Koy cos o
(4.10.7)
Iumes B BEAY, 4To lim sindo 4 Oy THM
Ap—>0 Ap
ua (7)
d(t89) __ 1jm AtE®
de ap>0 A T
= lim sin A¢ 1 —
ap>0 Ap cos(p+ Ap)cose
" 1 1
= "cos?¢ T cos?y °
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Ynpascnenusn
Haiigure npousBosHble QyHKIWL:

4.10.1. y=sin (2z | 3). 4.10.2, y=
=cos (x—1). 4.10.3. y=cos(z2—z+1).
410.4, y=sin?z. 4.10.5. y==sin 3z cos?z.

4.10.6. y = (sin 2z)*. 4.10.7. y==ztgz.
4.10.8. y=e'62, 4.10.9. y=cig 5.

§ 11. O6paTasie TpHTOHOMETpPHYECKUE
dynrumn

HoBrie ouenr wHTepecHBe pe3yNbTATH
moAy4apTcAd DpH PpaccMOTpeHHWH  06-
PAMHBLL MPUOHOMEMPULECKUT PGYHEYUL.
HanmoMEEM 9WTaTeNlo OmpelielleHUS 3THX
¢yurnuin. OyHERIEA

y=—Arcsinz (4.11.1)

mpefcraBiseT co00f YToax y, CHHYC KOTO-
POTO paBeH z:

siny—=z. (4.11.2)

Paserctro (1) o3Hawaer B TOYHOCTH TO ke
camoe, 9T0 U (2). AHAJIOTHIHO QYHKRIHA

y=—Arctgz (4.11.3)

mpejcrasiaser coboi yroa y, TaHT€HC KO-
TOPOTO PaBeH Z:

tgy==.

CoBepureHHO TaK jxe oOUpeneasanTca GyHK-
num y=Arc cos £ (yCIOBHEM Z=COS J) U
y=Arc ctg z (ycioBmeM z=ctg y). 3ame-
TaM, 970 QyHKnmH y=Arcsinz m y=
=Arc cOS * HMEIT CMBICA TOIBKO IIPH
—1 <z <1 (cp. (2)). OyHKmUum y=
=Arctgx m y=Arc ctg £ EMEIOT CMHCI
IpPH B C € X 3HAYCHUAX Z.

Paccmorpmm moapoGHee ¢yHEUmIO Y=

(4.11.4)

. 1
== Arcsinz. Ilycrs, Hampumep, r=-,

Mg MomeM cumTaTh, 4TO

sin & — L.
6 2

5 . bxm

MOJKHO B3ATH W J=—-—, TaKk Kak sin ——

BosmoskEO cunmrath Yy —

o1
y=—=Arc sin 5.

(7
y— ) TaK Kax OJTHAKO

1
TOM¥e paBeéH 7 -

13 17
=%, Y=—Fu T L Mu Bugum, 4To
OJHOMY 3HAYEHMI0 Z OTBedaeT Oecdmc-
JeHHOE MHOMECTBO 3HAaYeHWH V.
¢yErRnuA Arcsinz aABIAETCHA MHO203HAH-
noii (cp. ¢. 39) m mame GecKoweuHosHaH-
roli. Bce arm cBoiicTBa ¢QyEEKNUA ¥ =
=Arcsin z BuaHEH 13 ee rpaguka (puc. 1).

Bripenum yuacror rpaguka (yHRIHE
z=sin y, Ha KOTOPOM 3Ta QYHKIHsA MOHO-
TOHHA; OGHTHO B XKaYecTBE TAKOro yda-
CTKa BHOWDAlT OTPE30K KpPHUBOH Y=

— Arc sin 2, g Ro'roporo—-;i /] <—121 .

JTa "HacTh KPHUBOH O0TBEWAET TAK HA3H-
BAEMEIM 24Q6HWLM 3HAMEHUAM (QYHKINE
Arcsinz, xoropme ofo03sHaUalOTCA Y=
=arcsin z. Ecnu orpannuntses paccMor-
perreM QYHKOUE Yy=arc Sin z, To Kask-
JOMY Z COOTBETCTBYeT TOILKO O J{ H 0

‘1974

yAresinZ

Pue. 4.11.1 Pue. 4.11.2

3Ha4YeHHe y; TaKUM o00pa3oM, (YHKIEA

arc sinx ysre o00HO3HauHA.
T'naBHOe B3HaueHmWe apKTaHTEHCA

peflelsieTcs AHAJIOrHIHO!

] ]
—-7<arctgz<7

(nﬁo ¢yErmuA x=1tgy MoHOTOHHa Ha

- ou-

yuacTKe ———725 <y <—721, pHC. 2).
Hafinem npowmssogHyr QyEHKOEH y=

=arc sin z. BocooxssyeMcs TeM, 9T0 apK-

CHHYC eCTh (yHKIus, o0parHas CHHYCY:

y=—arcsinz, z=siny,

a:’(y)——d—z—cosy 4.11.5
h— dy — ’ ( 11, )

R _iy__ 1 1

y (@)= dz = z'(y) cosy

OnHaxo apryMeHToM 3fech ME CIATAEM
d
He Y, a Z, [I09TOMY —d—i crefyeT BHPA3UTEH
uepes z, a He uepes y, Kak B (D).
N3 coorHomenmsa sin? y-+cos? y=1 su-
TeKaeT, 9T0 ¢0s ¥y = + /1 —sin?y. Tar
HaK MBI paccMaTpuBaeM TJIaBHOE 3HAYeHHE
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apKcHHyCa, TO ——% <y % ®, 3HAYAT,
cos y >0; mosromy nepen KopHeM Gepem
sgak miioc: cos ¥y —\/1 — sin?y. Tak kax
sin y = & cornacmo (2), To cos y = I —a2
Iopcrasnas aro 3mHaueHme B (5), Haxo UM

a1
&z Viez' T
é(arcsinz) 1
TIa =i (4.11.6)

®opmynoit (6) MOKHO DOJB30BATHCH
TSILKO JJiA IIaBHOrO 3HAUCHNS QYHKIHAM;
IJAA XPYyruX y4acTKOB KPHBOH Hajf0 BHH-
MaTeNbHO CJHEJATH 32 3HAKOM BEIPAa;KeHHA
y1 —z%* (ero Begp TOXKE MOKHO CUH-
TaTh ABy3HA4YHEM). [leficrBmTenpHO, IpH
ONHOM M TOM K€ 3HA4YeHAW r Ha Pasimd-
HEIX yJaCTKaX KPHBOH IPOM3BOAHASA HMeE-
eT pasHHe 3HAKH: TaK, B TOYKax 4 u C
rpadura pyHERU y=Arc sin 2 (cM. puc. 1)
HPOM3BOMHAA HONOKUTETRHA, & B TOYKAX
B u D — orpunarensHa.
d (arc tg )

dx :

Ecmm y=—arctgz, 1o z=tgy. Orcioma
QHANOIMYHO IpE[HIYIeMy HAXOMUM:
1
T cos?y

Hatinem rereps nponsBogHYIO

dx
3’ (y) = -E ’
(4.11.7)
dy 1
y, (:D) == -d—z:—z—,(y—) = COS2 y.
Ho w3 TpHrOHOMETPHH H3BECTHO, HUTO

1
tgty+l=—05y
HO3TOMy

S

€082 y

Ilons3ysce (7), momydaeM OKOHYATEIBHO
d d(arctgx 1
4y __dlarclgs) e (4.11.8)
dx ydx 1+z
Hus ao6oit npyroif BeTBE apKTaHIeH-
ca (cM. puc. 2) dopmyra (8) ocraercs
cIpaBeIuBoil, TAaK Kak nobag mpyras
BETBB IOJyJaercs M3 OCHOBHOH mapai-
ZeABHHM IIePeHOCOM, 9T0 He MeHdeT Be-
NMYUHEE IPOH3BOTHOM.

Ynpasecrnernun

Haitqure npouaBopEnle QyHmKOumii:

4111, y=arccosz (sTa QyERnUA ompesge-
naerca yemosmem 0<y<=). 4442, y=
=arcctgz (sgecr Oy <{w). 411.3. y=
=are sin 2z. 4.11.4. y =arctg (3z+4-1).

4.11.5. y = arctg (2 — z). 4.11.6, y = QarctaVa,

§ 12. IIpousBonnaa ¢yHknumn, sagaHHOM
HEABHO

Hesasroe 3agamme ¢yHrnmm y (z) — aT0
3aflaHNe ee BHIPAjKEeHHEM BHJA

F(z, y)=0. (4.12.1)

Ecanm coorBercTBylOmee ypaBEeHEAE MO~
HO pa3pemuTh OTHOCHTEIHHO & HIH Y, TO
MH CHOBA IpHjeM K OOHYHOMY (sIBHOMY)
samaEmi0 GyHEDEH., OgHAKO WHOrJA TaKoe
pelneHre IPHBOJHT K CJIOKHEIM (OpMy-
JaM, a B JAPYrHX CIydasgX ero W BOBCE
Henns3a Haiitu. Tak, HampmMmep, ypaBHe-
HHe OKDY/XHOCTH B ¢opme

22} y2—1=0

mpome, 49eM cJaefylollee W3 HEro sABHOE
BHpaskeHHe Add QyHKnumu y (x):

y:i\/i——:tz.

Ecau B (1) nesas "acTh — IpoOm3BOIb-
HEIf MHOrOWIeH, TO B o00meM ciayuae
3TO ypaBHeHHe HeJb3s paspemmuTh OTHO-
CHTEJIFHO & MAM OTHOCHTEJNBLHO Y. B Ka-
gecTBe JPYrOr0 IpPHMEPa MOKHO UpPH-
BeCTH DPOCTOE C BHAY yPaBHeHHE

(4.12.2)

(4.12.3)

F(z, yy=zsinz}ysiny —==0,
(4e12.4)

OfHako H B TexX cayZadx, KOTHA MH He
MO;KeM BHIHCATE GOPMyay, A0 Ips-
Moit cnocof BEYMCIEHHS y IO JAaHHOMY
Z, BCe DaBHO Y MOKHO CUMTATh (QYHK-
mueil z: OPH KaXKAOM Z MOMKHO, pemas
yPaBHEHHE YHCJIEHHQ, HAWTH COOTBET-
CTBYIONmEE Y, MOKHO IIOCTPOHUTH KPHBYIO
(1) B maockoctum z, y. BosmoxHO, uTO
KpuBasa GyZer cymecTBoBaTh He IIPH BCEX
z (B ciyuae OKpy:KHOCTH (2), HampmMep,
aums upm —1 < z < 1); dyHEKIEA MO-
JKeT OKas3aThCA MHOTO3HAYHOI, T. e. JIaH-
HOMY & MOryT O0TBe9aTh (olee OJHOro
3Ha4WeHUsA y (B Cjaydae OKPY)KHOCTH, Ha-
npuMep, ABa 3HAYEHHS, B COOTBETCTBHE
CO BHAKOM <+ y KODHA KBAafpaTHOTrO).
OJHAKO 3TH OCIOKHEHAS HEe OTMEHSAIT
OCHOBHOTO ¢arra: ypasHeHue F (z, y)=0
ompepeaseT y KAk (YHKIUIO Z.

Haxr maiitn npomssozuyio % ? Mosxao

M 3TO CHexaTh, He pemwus ypasHernue (1),
T. ©. He BHpasuB y (x) ABHO?
Ipouenypy OTHCKAHUA BeJIHYUHH Y IO
pasenctBy (1) sHam eme Hrioron. llycrs
Z, Y YEOBIETBOPAIT ypaBHeHmIO (1).
Iogcrasum B 270 ypaBHEHHE «COCETHHEH
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sHaueHMA z-+ Az, y- Ay, KoTopHe Tak-
e JOJKHH eMy YHOBJIETBODATH:

F(z—+ Az, y-4 Az)=0,
SanmmeMm, moamkasysach (1),
F(z+Az, y+Ay)=[F (¢ bz, y+A2y)—
— F (24 Az, y)]+[F (z+ bz, y)—
—F(z, y)] (4.12.6)
Pasrocts F (z+ Az, y) — F (z, y) upen-
craBiseT ¢o0oit HpupameHme QGYHKIHH
F (z, y), paccmarpuBaeMmoir kax QyHKIHUA
OXRHOW IepeMeHHOW £ N PH HEH 3-
MOHEHOM Y. IT0 OpHpameHHe, Kak

MH 3HaeM, B Ipegeie ! wmomker OHTDH
BHpaskeHO Tak (cMm. gopmyay (1.2)):

Fz+4 8z, y)— F(z, ¥y)~

(4.12.5)

A~ dF (z, y) i Az.
dz y=const
IIpm BEMHUCICHAHR IPOM3BOJHOM
—_—t yuExrnua F(z, y) mo =

dz y=const
apryMeHT y 9ToH (yHKOIME MH 3aKpemn-
JisieM, CYHTAaeM IOCTOAHHBIM, 3TO M O3HAa-
gaer sammch y=const mocne oGosHaye-

dF (z, y) o
BEAA T TPpOU3BOJIHOM., HOCKOJ’IBKy
TaKad 3ammch T'POMO3JIKA, BMECTO Hee YyIo-
- oF (z,
Tpebasior Gonee KOPOTKYyIO: —(—dxi);

3Mech Kpyraee OykBwm 0 (BMecTo 0O0BIY-
HOT0 d) KaK Pa3 B CHMBOJHSHPYIOT TOT
$aKT, YT0 DIPOM3BONHAA MIIETCHA UIpH
NOCTOAHHOM Y, T. . B YCIOBHAX,
korga F (x, y) paccMaTpuBaeTCsA KAk
$yHKIEA OjHOM NepeMeHHOR I (3aBH-
camas, mpaBma, ot mapamerpa y). Ilpo-
u3BoOfHAMA

aF (z, y) — dF (z, y)

dz dz g=const
. F 1) haa F *
—lim Lt bn Y = (e )
Az->0 z

HABHBAETCA YACMHOL Npou3sodHol QyHK-
nue F (z, y) mo mepemeHHO# (apryMeHTy
QYHKOHEE) Z; aHAJIOTHYHO

OF (z, y) __ dF (@, v)

oy dy x=const
. F(z, Ay) — F (z,

— }jyp F & ¥+ Ay) (z, ¥)
Ay->0 Yy

— wacTHasg npoussonHEad or F (z, y) mo y.

1 CmBIcI BHpaskeHHEA «pPaBHO B Ipepees
(T. e. OpE MajJioM Az mim Ay) pasdbACHEH HOA-
pobmo B § 2.4.

HAraxk,
Flo+04a, y)—F(z, y) e LE 1) o,

AHanormuHo a5 nepBoit pasHocTH B (6)
MOKHO HAIMCcaTh

F(xt- 0z, y+Ay)—F(z Az, y)~

_, 9F (z + ba, y)
N—dy_— Ay.

Ycaosue (5) maer

OF (z, OF (z -}- Az,
(oz y) Aa;—l— ( “I;y y) Ay ~0,
HiIn
oF (z, y)
oy
Az T OF (r + Az, y) °
oy

Ilepexoma x mnpemeny mpm Az — 0,
clleBa HOJAYYHM UPOH3BOJAHYIO, a CIOpaBa
Opm 3TOM Mo;xHO Gymer orGpocurs Az.
OxronuarensHO

dF (z, y)
dy . oz
T oF ) (4.12:7)
dy

O6parnTte BHEMAaHNE HA 38HAK MEHYC B (OP-
myae (7) m Ha To, 9YTO B JAHHOM CJyvae
NMPOCTO «COKparmthy OF (z, y) B UMCHH-
Tele W 3HAMeHATelle Helb3A. )
Iloxasxem mpumeHeHHe (7) Ha HmpEMepe

ypasHerusa (2). Nmeem F (z, y)=z-
+y* — 1; Torma ;-
OF (z, y) __ OF (z, y =
LW e, Ed) ) — 2y, (412.8)
dy 2z z

P T

Jlerko yGemmTBCA, YTO 3TOT PESYALTAT
COBIANAET C TeM, YTO IONAYUATCH, ©CIH
BHUHCJIUTh TPOM3BOAHYI0 ¢yHEmEE (3).
Haiinem npomssomuyio B cayuae (4):
oF (z, y)
dx
oF (z, y) .
—5y == sin y-+ycosy,
dy __ _ sinz4-zeosz
dr siny-+ycosy *

=sinz}zcosz,

TarkuM 06pa3oM, B BHpa;KeHHE NPOU3-
BOJHOH HeABHOH ¢QYHKOUH BXOHAT ofe
BeJIMYMHHE X H Y. YT100H HafiTH ee gmc-
JIEHHO, HY;XHO HAWTH 3HaUeHWEe j, OTBe-
gampmee 3agaHHOMY z. Ho ecam 6 M
He mMean opMyan (7), TO Ousg HaXOKOe-
HEA OPOM3BONHON HAM NIPHIAOCH OH
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HaXOMUTh UHMCACHHO [Ba 3HAUYGHHA Yy H
J1, OTBeYAOINHE ABYM COCEIHHM 3Haue-
HHAM T; ¥ ,, 4 3aT6M HCKATH OTHOMICHUE

gl-——::—‘( M hpeiel 3TOF0 OTHONMIEHMWS 2,
2 41

Ilpm sToM wem Gnmsre T, K Zy, TeM TOIHee
OPRIIIOCH OBl BEIYACIATH Yy H Yy, & ITO
9a¢TO BOBCE He TaK mpocro. Vcmosn3osa-
Hme xe opMynm (7) o6wwHO He mpen-
¢TaBIAET TPyJa.

Ecau F (z, y)=0 opusogur ¥ HeomgHO-
3Ha4YHO# QyHKIUHA ¥ (z), T. €. ecau OTHOMY
3HaYEHUI0 & OTBEYAIOT ABa WIH OOJbIIE
3HavyeHuit y (HECKOJIbKO BeTBeH KPHUBOii),
T0 BHpaxeEme (7) OpH TIOHCTAHOBKE
B HETO KAHHOTO I W PA3HHIX J AaeT 3HAYe-
HAA DOPOHM3BOJHOH B COOTBETCTBYIOITHX
royrax Jaumaan F (z, y)=0. Ywurarearwn
npémitaraerca IPOBEPHTH HTO HA mpuUMepe
ypaBHeHHHS OKpY:kHOCTZ (2), miIA KOTO-
POro NpomsBOLHAA BHpajkaeTca (GopMy-
noit (8).

Hnsa HaxommeHrsa NPoOu3BORNHOR (yHK-
nun, 8ajaHHOH HEeABHO, HAM NOHATOOH-
JIOCh HOHATHE Y & ¢ T H 0  IPOM3BONHOM.
Ono mMeer Ooabmioe 3HAYeHHE, TAK KAK
HeoGXOAUMO [ M3y4eHAA QYHRIHHA He-
CKONBKUX INePeMEeBRHX (KOTODHIX, BIIPO-
YeM, MLl B 9TOH KHHATE IIOYTH HE KacaeMcs).
HeaBHO MH Y€ L0JIL30BANHCH IIOHATHEM
9acTHOM WTPOMBBOJHOM: TaK, OIpefeNeH-

«

2 NMomoJHWTeJbHHE TPYAHOCTH BO3HUKAIOT,
Korga ypaBmemme (1) sajaer MHEOTr o3 H a9
Hyn Oyaxoamo y (z), ubo TyrT ReobXomuMmo
RoGATHCA «COTJACOBAHHOCTHY 3HAYEHHI Yy (Z)
H Ya (%3) — HHAYE OpH MAaJOil DPaSHOCTH Tx— Xy
PasHOCTD Yp—y; MOMKET OKA3aTBCA OGONBIIOM.

b
HHit wmHTCerpan [=— S f(x)dz=1(a, b)

a

ecTh GYyHKOHA ABYX NEpeMeHHHIX; BHIIe
M;:I HaXOfHIAHA q]acmme DPOU3BONHKIE
S (=—f(a) u 2 (=F(¥) mo onsouy
3 IpPefesoB, CIHTas BTOPOil Impemen HH-
TerPpUPOBAHUA 3aKPEILICHHEM (IOCTOAH-
HoM). [Jae B TakMX DJIeMeHTAPHHX BO-
mpocaxX, KaK OPOMBBORHAS NPOM3BENeHUSA
HEeCKONbKHX QYHKIuA y=h (2)g (z) wim,
HAOpUMEp, LNpPOW3BOJAHAA CTeIeHH Y=
=h ()’ (cM. § 9), mo cymecTBy, y Hac
«paborajm» JYacTHEE UPOM3BOTHHE. B ca-
MOM [eje, KOIJa MH FOBOPHWJIH, 9UTO ¥
CKIAJEIBAETCA W3 WIEHOB, HOIyYalOIUX-
CA NpY B3ATUH DPOUBBONHON IO NepeMeH-
HO#l z, Bxogamei B h (z), W mpomsBojd-
HO#t 0 x, BXOAmmel B BEpaskeHHe g (),
TO MH WMeJHW B BUAY YaCTHHE NPOM3BOJA-
moie. CoorpercrByromee o6Iiee mIpaBHiIO
MO;KHO BalKCaTh TAaK: €CIH’

y=>Frilg (:D), h(z)]’

TO

/_dy _OF dg | oF dh
T~ dz = og d.z+0h dz *
Ynpasenernun

d
4.12.1. Haiigure npomaBofnyIo d—i $yHKIUA,

3aaHHONl ypaBHeHMeM (4), B TOUKAX: a) Z=
(7 k! ™ T

=3,y=73;0)z=—75.y=7.
d
4.12.2, Haiipure mpousBogHYIO d_;:/‘ $ysrIEY,

safanHOA ypaBHeHneM z® + 3z - y3 4 3y — 8=
=0, B Touke z =y =1.

HwmNEMH W

< =2

=

wisls.

CTHRHSDYoocHODwOoOH ol N

ABAesHoRruaHe o

| 83 38



I'naBa 5
TEXHUKA HUHTETIPNPOBAHHNA!

§ 1. IlocTanoBKa sagavm

B ra. 3 M mosHAKOMHIHECH C HOHATHEM
mETerpana. Ilpm srom OHIa BH-
fACHEeHA TecHas CBA3h MEjKIy ABYMA Das-
AMIHLIME HQ TEPBHI BSrIAAXY 3agadaMu:

1) Haxo:KjpeHHe CyMMHEI 6OJIBIIOTO 9HUCIa

MaJHX cilaraeMux sBmpa v (f)Af (wam
v (£)dt);
2) maxompenue QyHEnmE 2z (f), Ipo-

H3BOOHAA U (I) KOTOpoil HaM HB3BECTHa:

dz
s =v(). (5.1.1)
3ajaun QUBWKH, TeXHWKH, XHMHOH, Ja
H MaTeMaTHKM BO3HUKAOT KAaK 3ajadn
tuna 1), T. e. Bafaum CYMMHPOBaHEA
GONBINOTO YHCIa MAJAHX BeawumH, Takas
mocTaHOBKA Bompoca 0osee HarIAgHA;
camMa ero (OopMyJIHpOBKa YyiKe IOACKAa-
3EIBAET NPOCTOH, XO0TA W OPHONMMKEH-
HHi, OyTh BHYHUCJEHHWSA HHTEpecylomen
HAC BEIHIMHHE — ¢ IOMOIIbI) IPAMOTLO
CYMMHPOBAHHA TeX (MajHX) cllaraeMHX,
0 KOTOPHX B 3ajaue maer peub. OpHako
3TOT «OPAMOK» MeTon pemeHmsi 3amad 1)
He TO03BOJAET BHPA3HTH OTBET B BUJE
GOopMyaH, W BHCIIAsg MaTeMaTHKa BO3-
HHMKJIA, KOTrga OHJIa yCTAaHOBIEHA CBA3b
Me:kAy 3ajauamu 1) m 2), 4TO OTKPHIO
OyTh K OOGmEM npmeMaM (JrOpHTMaM)
pemennsa samau 1).

IlocraHOBKa 3amad THHA 2) ABIAETCA
Goree muckycctserHoil. OpmHako y Hee
ecTh CBOM npemMymmecTBa. HaxoskmeHme
OPOM3BONHEX OKa3ajioCh IPOCTHIM Jie-
JI0M, CBOOAMHAMCA K YeTHpeM-uaTtu ¢$op-
myiraMm (unpomsBogHhie QYHKIEA I°, €%,
Inz, sinz, cosz m T. [.) B ABYM-TDeM
o6muM mpasmiaaM. IloaTOMy JerKo MOKHO
HAfTH NPOM3BOMHEIE O(OJIbMOro YHCIA
¢ynrnmit. Hayarpii pas, Korga EHaiifieHa
npousBofHAA Kakof-mn6o ¢yHRIEA %:
=y, MOKHO B3aperucTpHEpOBaTh, 4TO AAA
¢yEKnEE v m3BecTeH WHTErpax: z (cM. § 2).
Takum ob6pasoM, HabHmpaeTca MHOTO O0T-
REeILHEX YACTHHIX CJIyJaeB, HIsA KOTOPHX
MO;KHO pemmTdh 3amauy tuma 2). Kpome

1 [lepen 9renmeM 3TOi IAABH IOJE3HO IIO-
BTOPATH MaTep®aJ Ta. 3.

TOTO, ¢ IOMOIIbLI0 TOMKHECTBeHHHX anrel-
pamdecKux mpeo6pasoBaHHN yHaeTcsa KA
HOCKOIBKHAX HPOCTHX THIOB (YHKNHA v
(HampmEMmep, Korda v ecTh cymMMa (QYHK-
nH#, HWHTErPAdsl KOTOPHX HM3BECTHRI)
HaiiTy 00mue mpaBuia pemeHns 3afagn 2)
(cm. § 3).

ITO HEeBO3MOKHO, OHAKO, CHENATh TJIA
BCeX BJIeMEHTADHHX (QYHKIHl, Tar
9TO0 WHTEIPHPOBATH TPyHAHee, deM HAu@-
$epeHIEPOBATE (HAXOXHUTE HPOU3BOTHEE).
Tem He MeHee GOPMYyAH, DONyUYEeHHBIE HAA
HEKOTOPHX WHTEIPajioB IPH BTOPOIl IoO-
CTAHOBKE B3aflauH, OYeHh BAKHH. Kcmm
yiKe yHalock QONA HaHHOG v () Haittm
HHTerpas (HeoImpefeJieHHHI MHTErpai,
HAu UepBooOpasHEyio ¢QyHKuuUo) Z (1), TO
TOTHa BCE 8afaud B mMePBO# IOCTAaHOBKE,
BCe CYMMEI, T. €, BCE OLpEJIe/ICHHEEe HH-

b

Terpaisl Sv(t) dt, OKAsHBAIOTCA BHPAKER-
. (

HHIMH NPOCTHIME OpPMylIaMH, [BKIIIOYAI0-

muME QyHKIMIO Z:

b

Sv(t)dt:z(b)—z(a).

[ 4

Taxoii peaynnTar sBaserca ropasno Go-

lee DOJXHKM, Golee TOYHHIM W IEHHEIM,

9eM HMTOTH KaiKIOI0 OTHENBLHOr0 YHCIEH-

HOI'O pacuyeTa CyMMEHl, T. €. OIPEeNeJIeHROTO
b

HMHTeTpaja Sv (t)df B xawkux-TO TIpeHE-
]

aax ot a po b. IlosTomy Halmei menwio

B IIEPBYI0 OYepefdb GyjeT HMMEHHO peIHe-

HHe 3afadd 2), 3afaYyd WHTETPHPOBAHEA

BO BTOPOil ee HOCTAHOBKE.

§ 2. Ipoecreiimue muTErpabI

Brnoumem ¢opmynn maa npomsBopgmEmIX,
HafiIeHHLIe B IPeANAYmEX: naparpadax,
H COOTBETICTByIOmHE HM (QOPMYAH [IA
(meonpeneneHrrx) HHTErPANOB:

d
- (@) =nz"",

n S &z =z 4 C;
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% (ekz) — kekx,
k S e**dx ="+ C;
4 1
L (nz)=7,

1 .
S-;da::lna;—}—c,
4, . _
- (sin kz) =¥ cos ke,

k S cos kzde = sin kz 4 C;

£ (cos kz)=—F sin kz,

—k S sin kzdz = cos kx | C;

a 1
& (o) =z
1 .
Smdz:tgz—{—c,

d 1
—d?(ctg z)=— sin? z

1 .
——S mdx:ctgz—*—c,
L
Vi— z2

% (arc sin x)= R

Sw-i—z—z-dmzarc sin z -} C;

d 1
—&-;(arctgz)zm,

1
S mdm_arctgm+0.
‘ IIpeoGpasyeM IOAyIeHHEE (OPMYIHL.
B nepsoM mHTerpaie o6ospaunM n—1i=m
(r. e. n=m-+1) m nepemumeM ero Tak:

ot = g 27 .

OuesupHO, uro ¢opmyaa (1) cumpasen-
amBa mpu BCex m, KpoMe m=—1; np:

=_-1 sHaMeHaTexb 00paIaeTca B HyJb,
g™ — g%=—1, rak 9TO Iony4aeTcs Henpu-

(5.2.1)

1
rofHOE JUIA pacdeTos Bupaxenme 5 - C.
OnHaKO Kak pas B ciaydae m=—1,
¥, e. JUld HHTErpala S—:E—da:, HMEEeT MeCTO
popuyra®
_TE § 7.6 MH CHenmajibHO 06CY/EM HEOMH-

RAHHO Pe3Koe Ppas3iudme MeHAY (bogmynamu 1)
¥ (2) ANA UETETPAJOB OT CTENCHHOR $yarINN.

S%dw:lnm—f—C. (5.2.2)
dta ¢opMyaa cOpaBedImBa JMIOb [
NONOKUTENLHHX 3HAYCHHEA &, TAK KaK
In x mMeer cMmca mumms umpm z > 0.
IIpu < 0 BermumHa Iln xz He wumeer
CMEICAa, HO mMeeT cMEICH In (—z). Tak kak

dln(—z) _ 1 1
@ = b=

To npu =<0 umeem S-fif-zln(—z)—l-—C.

0O6e gopMyan MOryT GHITH 0GBETWHEHE
B OfHY:

dz
S—z—_—_ln|z]+C. (5.2.3)
®opmyna (3) mpumeHEMa Ha a1060M Ipo-
MeyTRe HMHTeTDHPOBAHMA, HE CcORep-
smamem z=0.

HaTerpam or mokasaTedbHOH (QYHKIHH
3aNAmMETCA TaK:

1

S ety = "+ C. (5.2.4)

AHajlOoTHYHO ToNyIaeM HIA CHHEyCa H
KOCHHYycCA:

S sin kxde — — —1k- cos kx4 C, (5.2.5)

S cos kxdr — % sin kx 4 C. (5.2.6)

PaccMorprM B BakiaodeHHe IIPHEMEP,
MOKA3HBAIONINA Heo0X0AMMOCTH BHHMa-
TEJILHOTO PACCMOTPeHNA QYHKIUN B 0Hac-
HOCTH (OpPMANBHOrO HOOXO4Aa K 3ajade

uaTerpupoBanua. llyers = S %— . Heon-

a

. dx 1 .
PeleNeHHHIT MHTEerpall Sz_z =—= -+ C;
TO3TOMY

1 d 1|6 1 1 b
z —a
I e e
a
(5.2.7)

Tar kar nDopbIHTerpadbHAsg (OYHKIUA
MOJOJKATENbHA, Pe3yAbTAT MOMKEH OHTDL
MOJIO}KATENeH, ecam b >>a. OTBer peii-
CTBHTEJBHO MOJOKUTeTeH HpH b >a,

ecaim ¢ @ b omHOro sHarka. OgHAKO mas
1

HHTErpaia S% dopmyna (7) jaer ABHO
-1



§ 3. O0mue cBofcTBA MHTErpaTOB

fHenenoe sHauenme [=—2. IIpwumba 3a-
KII09aeTcad B TOM, 4T0 HONHHTErpalbHas
$yHrnua obpamaercsi B OECKOHETHOCTH
BHYTPH DPOMEKYTKA WHTErPHPOBAaHHA
(upm x=0) — @ B »TOM ;K€ MecTe TePIHT

o 1
GeckoHEyHHIH PaspHB QYHKIHEA — —, SB-
AAINASCA HEOUpe/eleHHHM HHTETpaloM
$yERINH =

Yro6u pasobpaTsecsa B HCTHHHOM IOJIO-
JKOHHH feaa, Heo0X0JAMO MCHRIUYATL N3
scero mATepBama — 1 < &z <1 wMaxywo
o6xacTh OKOIO «ocofoi TouRmY T=0:
—g, <2< g (g5y B &, — MAJHE NOJIO-
JRATEAbHEIE YHCIA) H PACCMOTDPETh

—s 1 p

dx T

K=+

-1 [N
EcrecTBeHHO CYHTATh, UTO Halll HHTErPA
I nonyumrcsa m3 K Opm CTpeMiIeHHE e,
u ¢, K BEynio. Ho o gopmyne (7) moxyzaem

1 — €3 1 - Eg 1 1
K=—rxt—"=—24++—.

flcHO, 9TO HpU &; W .6, CTPEMAMUXCH
Kk HymIwo, K —» oo.

B zpyrumx caydasx wHTErpaJ ¢ NONHH-
TerpasbHO (yHROueil, ofpamarpmeiics
B GeCKOHEYHOCTH Ha WHTePBaje HHTETPH-
poOBaHHA, MOKeT HABATH BOOJHE OuUpe-
MeNeHHHA KOHOUHHI pe3dyasraT. Tax, Ha-
apuMep,

1
dz

—_— =2
vz *
@
B camom gene,
EHTErpanx paBeH

3fech HeonpeneleHHRIA

dz 1 . 1 1y
\/—;-,—_—-.Sa: Idz _._1—/2-.2/ +
+C=2yz+|C.
HoaTomy

1
i”“-—z\/;,‘:z_z\/e‘,

vz
€
a npm e—> 0 210 BHpasKeHEE CTpe-
MHTCA K 2.

Taroro poma paccMoTpeHHe Bcerma He-
o6xonmMo Ipy 00pameHnu NOAKHTerPalhb-
Holi ¢yHKOUEM B GECKOHEUYHOCTH, OTHAKO
37ech MKW He OyAdeM mOApoGHO 0GCY:KIAThL
3Ty BaskHyI0 Temy (cp. § 6.3).

141
VYnpancuenusn
Hemy paBHH cllefyomue onpeeleHHEe HH-
Terpasni:
1 2 ’
5.2.1. | atds. 5.2.2. | = gz
0 1
T 1
. dz
5.2.3. S sin adz. 5.2.4. S prny
0 0
1 T4
5.25. |ewds. 526 dz_
cos
-1 0

§ 3. Obmue cpoiicTBa mETerpanos

Brime, B § 4.1—4.3, Gunn Hadimenn ¢op-
MyJdH JJI OPOHM3BORHOH CYMMH (m pas-
HOCTH) (YHKNWHA, OPOM3BOXHOM Npom3-
BefleHNA (M 9acTHOTO) (yHKIUHA, Hpoms-
BONHRIX CHOMKHOK M o6paTHO# (GyHKNMIA,
HasxmomMy @3 9THX CBOHCTB COOTBETCTBYeET
onpefleleHHOE CBOHMCTBO, OTHOCAIEECHA
k mATerpanaMm. Caemymomue tpm mapa-
rpaga OyAyT DOCBAIEHKW (MHTErpaib-
HEIM aHaJoTaM» paccMaTpEBaeMHEX
CBOHCTB” IPOR3BOIHEIX.

J1s mHTETrpaIoB EMEET MecTo PaBeHCTBO

{147 @) + Bg @)1 dz =
=ASf(a:)da;+BSg(z)da:.

Jasa morasaTemncTBa MOCTATOYHO npo-
AuddepeHnupoBaTh CTOSAMEe COpPABA BH-
PaKeHHE: eClIE DaBeHCTBO BePHO, TO MHI

OOJNYIHM HOABHTETPANBHYI0 (YHKIHIO,
N B camom Jene,

[Agf(z)dm+B§g(m)dz]':

=4[(t@ dm]'—}—B[Sg(m)dz]’:
=Af(z) 1 Bg (2).

Tarmm oGpasom, pasencTBo (1) mokasamo.
OHo mOKa3HIBaeT, 9TO UHMeEzpaL cymmu
HECEOALKUT CAGRAEMBT PAseH cymme Un-
mezpanoe OMOCALHBIL CAG2AEMBIE W GTO
NOCMOAKKBE MHONUMEAU MONCHO BHLHO-
cumb 30 3HAK UHmezpaaq.

B ragecTse npocreitmero mpumepa Haji-
AeM WHMHTETPAT OT MHOF OYI e H a:

S (2g2* + a 2" |- a,a*2 + .o ta 2P
+ @pa® + &) dz =aq, S z¥dr 4

(5.3.1)
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B i (az +- b+t (az -} b)nt1
+a, | 2o+ 0, | o+ 3l a(n+1> +¢]= dz[ =
..+ab4xmp+%4§ww+aAdﬂ= = Ty @+ o (e )=
s = R T il ey s SRR L PR PPN o)

et a%_z o1 akz—l 2?4 a,z -+ C.(5.3.2) 2. ApamornuEo BHDOIHAeTCH 3amewa

NepeMeHHOX W B mHETerpaie S = .
ar -+ b

Orciofpa, B 9aCTHOCTH, VMIMeeM
m
[ (@w* +ag a4 a2t

+ @17+ @) do = o (T — ) -

k1 __

5 (mt — ) (m
—r ) 4 0 — )
L (m — )+ @ (m — n).

Tax, mampumep,

[ @2*— 6o+ 1) do = 2 & —32*+z+C,

4 2
[(e*—bz 4 1)do=5@8—1)—

—3(h—1)4+(2—1) —_—3—

Ilog sHakoM mHTerpasa MOKEO JeJaTh
3aMeHy NEpeMeHHOH, IePeXOfHMTb K HO-
Boit, Gomee ymoGHoii mepemerHo#. Ilox-
poOHEee Mbi OCTAHOBHMCsI Ha 3TOM B § 9,
OHAKO HECKOJIHbKO HPOCTEAINHX IIPHUMe-
POB pPacCMOTDHM yiKke 37eCh.

T,

1. Haiitm S(aa:—l—b)"dz, rge n=&—1.

“Buech mOBo# mepeMeHHOH ymIOGHO 0GB

SIBATH CTOAMYI B CKOOKe BelHUWEY.
Hagosem ee z:
ax+b=z. (5.3.3)

Ilpm sroM Hamo TarkKe or Aupdepen-
nuana dxr mepeiitu kK EuddepeHnmany dz.

Ho ms (3) cneayer: dz=uadx, da::Tz,
Tarum o6pasom,

Swwwwmﬂz%_%PW=

zn+l __ (az - b)™!
=y + =1 L1 (.34

B npaBunpROCTH pesyibTaTa Jerko yGe-
AUTHCA, BHUMCAAA IPOHSBOJHYWO NpaBoit
qacTH:

", ciiegoBaTelibHO,

z=az-}b, da::%,

S dz 1 dz
a:z:—f-b*-a—j‘

__Injaxr 4 b|
=——7 —T¢C

H

1
—Infz|4C =
(5.3.5)

Ha npakTuke B Takmx o4eHb HECIOK-
HHIX TpHEMepax UpeoGpPasOBaHHA AeIaoT
MeHee TOP;KeCTBeHHO, He BBOJA OTHENb-
HHX 00603HaYeHMil IJIA HOBHX, IPOMEKY-
TOUHKIX nepeMeHH},Ix Bmecro (4) mumyr,
HaIpuMep:

[ (az+byrde={ (az 4 by~ d(az+ b=

1
n+1
=T @@ +C.
Ilpusenem Temeps HeckoabKO Gosee
CJIOKHBIA IPpEMEDP HMHTerpaia, KOTOPHIK

yHaeTcA INOpPHBECTH K HM3BECTHHIM HaM
HHTerpaxaM TmocpefcTBoM ajareGpamde-

CKEX Ipeo0pa3oBaHmii.
dz

@ —a)(z—b) *
3aMeTHM, 4TO CIPABEIUBO TOMKIECTBO

1 1
z—b

Paccmorpum marterpan §

_ a—b
- (:z:—a) (z__ b) . (5.3.6)

r—a

Ns (6) caenyer

1 1 1 1
(t—a)(z—b) a—0b (z—a—z—b)'

Iloaromy

S dz
(x—a) (x —b) =

o 1
T a—b S(z—a_

sln|z—a|—Injz—0b[]4-C=

:z:—a]+c

(dopmynoit (7) MOKHO TONB30BATHCA B IIO-
00M TIPOMEKYTKe, He BKJIKNYAKMEM
sEauenuii x—a u r==). Unrerpan or
n0boit anreGpanueckoi APo6u (0T OTHOMmE-
Py (x)
Om(2)

)do =

z-—b

(5.3.7)

a—b

HUA MHOTOYJIEHOB HAKHUX-TO CTe-
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ZeHedl nn ¥ m) MOXHO BHIPa3UTh B BHJE
KOMOMHATUN dleMeHTApHHX QyHrinui (amx-
rebpandeckux ¢yHKIuUil, JorapudmMoB u
aprraHreHcoB). Hexoropsie mpocrefimmue
IPUMEPH TaKOr0 PoJa HMEITCHA B yIDasK-
HeHHAX.

Ynpaosecrnenusn
HalignTte (HeoupefelieHHHe) MHTOrPAJL:

530 (-2 1)az 532 [et—

— 394 et —z)de. 533, |z(e—1)da.

212 3 2z —1
534 | AL b 53, | S=a=.
b
-3.3.6. S j:d [Y KasaaHEHe. Bocuoib-
az+b a be —ad
symecx: TéM, 9YTO oz + d - ?(cz—-{-d—) .
5.3.7. —r Ty B
-2.3.7. Z—2(z—3)" xKasamgue. Boc-
z
JI0JIb3YHTECh  TOMK/BCTBOM =2 =3
4 B
=z _5+z_—3, UHcua A u B maxoparca

«METO0M Heonpeneneﬂfmx K03 PHIHOHTOBY,
T. e. IpApaBHUBaEHeM koapduruenTos npu ofu-
HAKOBBEIX CTelleHAX T II0CJIe 0CBOGOKAEHUA APO-

dz
Heil 0T 3HameHaTeneﬁ.] 5.3.8. S (z_—-i_)(T_——Z) .
41 x4 2
5.3.9. S ——m dz. 5.3.10. S e dz.
[Y KasaHHe. BocomoneayiiTech TOMIeCTBOM
z+2 42 A B Cz

z3—|-:z:=x(:z:2—]—1)=?+ z2+1+ x4 1
rhe Koapdunuentn A, B, C, maxogaTcsa «Me-
TO/[OM HEOIpeAeJIeHHKMX KOo3QPUmHeHTOBY (CM.
Czdx

=11

ykazagMe K ynp. 7); UToOHl HalTH S

yno6uo o6osHauuTh z°--1=12.

§ 4. NurerpmpoBaHume IO JaCTAM

Hycrs f(x) m g () — ABe DpasiIm4YHEE
$yERHur mepeMeHHOR z. Mopmyra Hua
nponsnonnoﬁ nponsnenennﬂ maet

d

— (8)=¢g—4; d,, —l—f

PaseHCTBO (1) HO3BOAAET yTBEPKAATH, ITO
df dg —

g8= S (g'ﬂ‘f'fg;)df”—-

. dg d

={lga+ieg

B cupasepnmBocTE (2) yOemmaeMmcs, Ha-

X0 TPOM3BONHYI® OT JeBOi m IpaBoi
«aCcTel 3TOT0 PaBEHCTBA — IPH 3TOM MH

(6.4.1)

(5.4.2)

NpUXOAMM K BepHOMY paseHcTBY (1),
Ilepenmmem (2) Tak:

d, d
[ Ear=1z— (g3l da,
HIN, 9TO TO ;K€ CaMoe,

{rdg =1fg — {gdf.

B uem cMuica gopmyns (3)? K comxane-
HHI0, He CYMEecTBYeT NpaBmia, BEPAKaAI0-
mero WHTErpajJ oOT OpOoH3BeAeHHs ABYX
¢YHKOUA dYepe3 HHTErpads OT KasKAOro
u8 coMHOKUTENel, ONHAKO ecan IIA IPO-
m3BefleHNd ABYX (YHKOWE fw HSBecTeH
HHTErpal OT OfHOr0 M8 COMHO;KHTeell:
dg
'E’

(5.4.3)

S wlz—=g, w= (5.4.4)

TO HHTETpal wada; ymaeTcsi BHPA3HTh

uepe3 WHTErpal, B KOTODHI BXORHT IIPO-
daf

H3BORHASA ——. YunrtaBas (4), mepenmmem

(3) B BHAE
S fwdx = f(s wda;)—

— S (S wdz % dz. (5.4.5)

Tar wrax Swdm: g, TO NocuefHWH WH-
Terpax B () ecTs Sg—g—da;; HHOTRA OH

OrIBaeT mpollle HCXOMHOT'O HHTErpaa S fwdz

HIH CBOAUTCA K H3IBECTHOMY HHTeErpany.
B uactEOCTH, ecnm f— crememHas ¢yHK-

IUA MM MHOTOWIEH, TO —— — TOMe CTe-

nesHas QyHENMA (MHOIOWIEH), IpmIeM

d
cTeNeHb —é Ha eJMHHALY HHKe CTe-

nenn f,

@opmyna (3), min (5), HasmBaerca ¢gop-
MyJ0# uHmezpuposaHus no yacmam. Ws
HEee BHITEKAeT R AaHAJIOIAYHOE COOTHOIIE-
HHe JJIA OmpejielleHHKIX HHTEIDAIOB:

[ f@)dg @ =1 (@) g (@) |—
—e@dr@=11®)g®)—f (@ ¢e@I—
(5.4.3a)

— [ e(@df @)

IlpuseneM mpuMepH  HCHOJHb3OBAHUA
MeTOJla WHTErpApOBaHAA TO WacTAM.
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1. Haiitu Sxe’d .
Ilonomum f—=x; Torma

__dg __ —
w__E_e", e’da:-—dg,

g = S e“dz—c¢*, df—=da.
Ilo ¢opmyne (3) mmeem
S zedr — xe* — S e*dx =

=ze"— e+ C=e*(—1)}C.

2. Haiitu | z%"dz.

ITonosum f=z? Torua

__ 49z __ Py
w_Tz—_e‘, e*dr =dg,

g= S e“de=e*, df=2uzdzx.
ITonsaysack dopMmyxnoir (3), momysaeMm
S rledx —=z%" — 2 S ze®dx,

VUYNTHBAsA Pe3yJbTATH IEPBOr0
HMeeM

OTKYJA,
npmMepa,

S x?e”dx — x?¢® — 2ze” 4 2¢" 4 C =
— (2 — 2z -2) e C.

IIna maxompeHus S P (z)e**dz, rpe
P, () — MHOrowIeH CTeNeHH n, IpH-

XONHTCA 1 Pa3 BHIOJHATh WHTErPHpPOBa-
HEe 1o 9acTAM. IIpE 9TOM B OoTBeTe HmONY-
umTes BHpaskeHme smpa Q, (z) €, rme
Q, (z) — MHOrOWwIeR cremeHH n. J3Has
9T0, MO;KHO He BRIIOJHATH 7t Pa3 HHTETPH-
poBaHEe IO TaCTAM, a OPSAMO HAXOAHUTH
KO»PQUIEeHTH MHoOrouneHa Q, (z).

PaccMoTpuM TOT ke IpmMep 2: HaHTH

S z%¢*dz. HanmumeMm paBeHCTBO S z?e%dz =
= Qs (z) €* 4 C ¢ HeNM3BeCTHHIMH IOKa KO3PPu-

NHeHTAMH KBaJpaTHIBOI'0 MHOrOYJIeHA 022

S z2e®dr = (agx® 4+ a1z + ag) €% -{- C. (5.4.6)

CocTaBuUM IPOMBBOAHYIO OT o0femX dHacteil
paBercTBa (6):
z%e® = (2a97 }- a;) €% + (asz® 4 ayx - ay) €%,
Wi
z%e® = [2%ay + = (283 + a1) + (a1 + a¢)] €*.
IIpnpapasieM XospduueHTH OpH OXMHAKOBHX
cremeHAX z B MHorowieHaX, cTOAIINX ¢OpaBa #
chesa. lloxyamm: a,=1, 2a5-+a,=0, a;-+a,=0,

OTKyfa a;=—2, a,=2. OKOHYATENBHO WOy~
umM, KaK M paHbIe,

S z%e®dr = (2® — 2z 4 2) e* - C.

AHaJOrHYHEIM IPEEMOM MOKHO HAXO/WTEH MH-
TerpaJis ot pyEKkmuit P, (z) cos kz u P, (z) sin kz,
rpe P, (z) —mHOrowieH. B ofomx chaywasx
OTBEeT HWMeer BHj
@, () cos kz + R, (x) sin kz,
rhe Q, (x) m R, (z) — MHOrOWIEEH, CTEIIEHb KO-
TOPHX pPaBHa n (miB MeHbme n). IIpmMepH Ta-
KOro pOJa IpHEBEleHH B YHpaKHeHUAX.

Ynpaowcnenus
Haiignre marerpasm:

5.4.1. S zcoszdz. 5.4.2, S Inzdz. 5.4.3,
S x% sin 2z dz. 5.4.4. S z3e~*dz. 5.4.5. S (=24

4 z41)coszdz. 5.4.6. S(Z:cz-l-i)cos 3z de.

[Yrasamue. Yop. 6 mogpo6EO paccMmorpeno
B «OTBeTaX, YKABAaHMAX § PemeHHAX», yOp.

3—5 amanormumm emy.] 5.4.7. S are sin zdz,
5.4.8. S arctgzdz. 5.4.9. Se“ sin 3z dz.

5.4.10, S e% cos 2z dzx.

§ 5. Meron moxgeranoskm

Mu ymxe Racaamch BHIIE 00GmEro MeToma
3AMEHB. NEPEMEHHBLT, WIH HOJCMAHO6KU
(HOBOTO HEWBBECTHOr0 BMECTO IEepBOHA-

yanbHOT0). Eciim B wmETerpane SF(:D) dx

mopgmHTerpanbHad ¢yEknus F (z) Mo-
skeT OHTH HpefcTaBleHA B BUJIEC

Fr)=1(z @) ¢ @)

rme ¢ (z) — xakag-To QyHKOUA NepeMeH-
HOTO Z, TO 9Ty QYHKIHIO MOKHO 0603Ha-
9HATH ONHOI OYKBOI1 2 M NPHHATH 3a HOBOE
HeussectHOe. Tak kak ¢’ (z) dr=dz, To
MBH IOpDHAEM IPH 3TOM K WHTErpaly

S f(z)dz, woTopmii Moer oxrazaTbcA

«rabmmaasiMy (T. €. COBHACTH € OfHEM
W3 OCHOBHHIX HWHTErpayioB § 2; cm. Tab-
auny wHTerpanos Ha - ¢. 139—140) mam
OBITH OPOIE IePBOHAYAILHOTO. ITOT OOMIMi
METO[ HCOOJIb3yeTCA B HHTErpalibHOM HC-
UpCJIeHAn BECbMa IMHMPOKO.

Tar, HaOpuMep, WHTErPHPOBAHKE MHO-
rux QYHRI@A, cogepyKamuX KOPHH =T
TPHTOHOMETPHYCCKHE (QYHKOUH, MOKET
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OHTP UPH NOMOINE HajJe;kaIleil 3aMeHH
fiepeMeHHO# CBe[leHO K HHTErpHpOBAHHIO
MHOTOWIECHOB WIH aiarefpamdecKuX Apo-
Oeff ¢ HenRMH cTeneHAMH. PaccMOTpEM
HECKOJBKO TIPHUMEPOB.

Haiitu S z \Jz 4 1dz. Cpenaem sameny
nepeMenHoii: z=\z+}+ 1, £-}1=2z% Or-
coofa *==32—1 u dr=—2zdz. llepexoga
Tenepr B HameMm MHTerpaie OT & K 3z,
no1y4aeM

Sm\/m+1da:=§(z2—1)z-22dz=
:2S(z4—z3)dz=2%——22—3’+c=

= VEFIF —5V@FIr+c.

dz
B mrTerpane Sm yMECTHA 3aMeHa

r—uat (T. e. t—_—%); opE 3ToM dx = adt
H MH UMeeM

dz adt adt .
S a2+12—§ 02+a2t2~§ az(1—|-t2)*

1 dt 1
-—-a—Sl—_}_-t;:—a—arctgt—}—C=

1
=-a—arctg%—|—C.

dz
B maTerpame SW—__ YMECTHO M0N0~
2% —

z2)3
T
JHATh T=—a COS{ (T. e. t=—arc ¢cos -;) 5

mpu  9roM dr——asintdi, a®—z* =
=a?(1 — cos®’t)=a’sin’t m mMm momy-
qaeM

_( —asintdt
S \/(a2 — 2P ) V{aTsin®¢)®
a sin tdt — 1 dt
= _S “a®sin®t  a? Sgst_t

1 !
=a—zctgt+C=a—zctg<arccos7)+C.

JT0 BHpa)keHHEe MOMKHO eIle YIpPOCTHTH
{cM. yup. 10).
Hoqm Ta K€ MONCTAHOBKA [PUMEHHMA
«noqm TabnmuBOMy»  MHTErpamty
5‘ Vo Za?

=az, da: =— adz cpasy CBOMUTCA K U3BECT-

(KOTOpBII/I IIO,U,CT&HOBKOPI =

HOMY YiKe HaM pesyibrary S———“—_—zg =
=arcsinz 4 C). B camoM jperne, ecam
zx=asint, dx=acostdt u \Ja®— 2® =
— acost,

TO
dz a cos t dt s
\/az_zzzy acost Sdt——t‘Jr‘C—
=arcsin—am— +C

(nﬁo t = arcsin i) .

AHaJ’IOI‘I/I'{HO MOKeEeT 6HTB BBIMUCJIEH
g dzx
n HHTGI‘pa.TI ‘S \/a2+ 5t TOJIBKO BMECTO

TPUTOHOMETPHYECKAX (YHKIUI 37ech yMme-
CTHO HCHONb30BATL TAK HASHBAGMHE 2U-
nepboauneckuii cunyc sht=1/,(ef —e™*)
u eunep6onuuecnuu Kocunyc chi—
=1;(c'+€*) (o mux cm. § 14. 4). Jlerro
BHUJIOTH, uTO (IpoBepsTe 3T0!) ch% — sh¥#—
=1, (sht)’ =cht¢, (cht)’ =sht. IToatomy
eclii mOOKUTh = @ Sh i, 170 dr=ach td:
u \Ja*+4 22 —acht. Tarum ofpasoy, Ham
MHTETpal UPUHHMAeT BT,

ach tdt
XVa2+z2 :S acht ——Sdt——t—}—c_.
—-arsh( )+C

rae «obparnas runepGonndecKasy GyHKILS
arsh z ompepmensercs us yenosua: ecan
t=arshz, to z=sht

I[one;[erme 3TOro mpEMepa 1o
KOHIA MH DPEROCTABIAEM UYHTATENIO
(cm. ymp. 11).

Haxomern, npusenem npamep wHTErpaa,
KOTOPHIif He MOjKkeT OWTh IpeAcTaBieH
OpH MOMOIE KOHEYHOX KOMOMHADHUH 3Je-
MEHTAPDHHX QyHRIU:
fl@)= S edz. (5.5.1)
Hoxazarenscrso Toro, wro ¢ymrmmo (1)
Heib3A BHIPASHTL UepPe3 HM3BECTHHE HAM
«IeMeHTapHHey (YHKUEE (CTOmeHHHE,
B TOM 4HCJe ¢ NPOGHHME IOKAa3aTelsaMH,
IOKA3ATeNbHYIO, JOrapHMIIECKYIO, TPH-
FOHOMETDHYECKHe W OOpaTHHE TPHUIOHO-
MEeTpHYECKHe), BecbMa CIOMKHO, M MK
ero IPHBOAUTL He GyAeM.

Wurerpan (1) aBasercs HOBoi ¢ymHK-
IWeid, CBOACTBA KOTOPOH MOKHO H3ydYUTE.
Ws ompenenerus f (z) caexyer, 9ro

daf

—_— e—x’

= (5.5.2)

Tar xak f' (z)=e2* > 0: npn ao6oM z,
10 f*(z) — Bo3pacraomas ¢pyEkIEs. [Ipo-
H3BOJHAA GYHKOOW f (z) MaKCEMAJbHA
opu z=0, re oma pasEa 1; 3HaumT,
rpa¢ur f (z) o6pazyer HambONBIIHA Yrox
¢ ocio x mpu 2—0 (3TOT yrom papen 45°).
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ITpn Goarmmx mo aGCOMIOTHOH BeIHYHHE

(OOMOKUTENBHEX W OTPHIATEeIBHBIX)
d
3HAUEHUAX & MPOU3BOJHAS Ei_ 0YeHb MAana;

noatoMy 3uech QyHKHHUA f(x) mOYTH IO-

x
crosmna. I'padux pysrnun @ (z) = S e~dx

0
n3odpasken Ha puc. 1 (1A onpee1eHHOCTA
HIGKHUHE 0Opefiell BHGpaH DaBHHM HYIIO).
Tor daxr, yro aucio P (o)== 0,885 pasrO
-‘/;—, B HACTOAINPH KHHUr® MK IPHBOAMM
‘Ge3 10Ka3aTeNbCTBA.

Oans ¢yErmar @ (z) cocraBieHH IOA-
poGunie Tabaumer; Giaaromaps MM BHYHC-
JIeHHsA, B KOTOPHX (QUrypmpyeT @HTerpal
(1), He cuoxHee, UeM, HAIOpHMep, pac-
YeTH ¢ NOPHMEHOHHeM TPHFOHOMeTpHIe-
CKUX QYHKIHIL.

4985
Puec. 5.5.1

=7 V4 7 2 z

hd

3aMernM eme, 9T0, HOIb3yACh Pasiamd-
HEIME TpHeMaMd, WHOIJA MOMKHO IIOXy-
guTh AJSA OJNHOTO W TOTO ke HHTerpaia
pasHble BHpaxkeHudA (cp. ymp. 6). Iro me
HOMKHO CMYINATH duTarTenas. Ecam Brrame-
JIGHHUS CEJAHH BEPHO, TO IOJyIeHHEE
BHIP&;KEHAS MOKHEL OTIMYATHCA JHIIb
Ha OOCTOAHHYI — H IPH HAXO0KACHHH
ompeneneHHOro uHETErpana (mpm mo6HX
npefielaX HHETErPHPOBAHESA) Pe3yIbTaThH
OKAKYTCA OfMHAKOBEIMH.

Mzl BHOEM, UTO BHYHCICHHE HHTErpa-
JIOB 3aMETHO CI0)KHee HAXOJeHHWsA OpPo-
W3BOJHHIX: 3Mech NPHXOAHTCSI HIOJIb3O-
BAaTbCH PA3HHIMH HCKYCCTBEHHHIMH NpH-
oMaMn (MHTErDUDOBAHHE IO YAaCTAM, 3a-
MeHA NepPeMeHHHX) — U JacTo cpasy He
SICHO, KAKOH IpumeM cjefyeT IPHMeHHTH
{mampuMep, Kak BHOpaThb HOBYIO Iepe-
MenHYy®©). Boiee Toro, B HEKOTOPHIX cay-
gagx (kak B caydae maTerpana (1)) so-
00me HEKAKOH HmpueM He HO3BOJIAET J0-
BEeCTH 3ajady Mo KOHOA (T. e. BHIPasHTb
HHATETpaj] Yepe3 KOHEYHOEe IHCIO JJEeMeH-
TapEHX QYHKIHH); OPHITOM ME He AMEOM
HHKAKOTO KPHTepHA, HO3BOJSIOIET0 Cy-
IATH O TOM, «Bepercsa» Jm [JaHHHA HH-

rerpas manm «He Gepercs» !, Texmmky mH-
TErPUPOBAHUA HEBO3MOKHO [OBECTH [0
TOrO YPOBHA ABTOMATH3MA, ¢ KAKHM MH
nufpepeHnupyem ¢yHEOmE (1. e. HaxXo-
amM wmX npomsBogHHe). lIpm Heob6xo-
OUMOCTH 9YacT0 MCKAaTh MHTErpaiil QyHK-
Ouifi eCTeCTBEHHO IOJAB30BATHCH  CIe-
OHEANGHEME CIOPABOYHMKAMH, B KOTO-
PHX mMeroTcs Tabaume (HeonpeneeHHEIX)
HHATerpajioB, KIACCAQUIUPOBAHHEE MO
THIOAM DOAHIHTErPAJIbHHX (QYHKIHWHA TakK,
q100H TpeGyeMElii HWHTerpal OBLIO JIErKo
HAafTH 2, a TaK/Xe HeKOTOpPHE THUIH Ompe-
NeleHHLHX mHTerpasos (B mpemeaax ot O
1o oo, or 0 10 ®, OT — ©O M0 0O U T. T.).
B cayuwasx, korja HHTerpax HaiTH He
yhaercs, Ipmxogurca npuberaTh K UHC-

aeEHOMY (upmbamkeHHOMY) HHTerpH-
poBaHHIO.
Ynpasncnenun

Haiigure wHTErpasmni:

5.5.1. | cos (3 —5)dz. 5.5.2. { sin (22 +
_zdz_
-+ Va®
[Yxasarsmne. ChenafiTe 3aMeEy IepeMeRHOR

d
Vz=2z.] 5.5.5. S\/z—zS [Yeasarme.

+ 1) dz. 5.5.3. §V3z —2dz. 5.5.4. 5‘

x?

1 Hepepxu caydam, korga ¢opmyna s
b
onpexeseHHOr0 HHTErpajia Sf(z) dr B H3BecT-

a
HHIX Opefleiax oT a [io b CymjecTBYyeT, a oGILyi0
dopMyny [Asa HeoIpe[eleHHOre HHTErpaia of
Toi1 sxe Gymxnuu HAKTA He yRaercsa. Tak, Mu yxe

fos] V— [e9)
—z? ki —x?

OTMeYaJIf, dTO S e zdz=T , The S e dr=

0 0

)4
- -2
= lim S ¢~%dz, B T0O BpeMA KaK COOTBOTCTBYIO-
M->

0

muit HeonpeleJeHHH# METerpal BHIUCACH OHTH
ge momer. (O omEOM W3 METO/IOB BHIYHMCICHMSA
oIpe/ieJleHHEX HWHTEIPaioB, He TpeCGyomux npen-
BapHETEIbHOT0 HAXOMJeHEA (QOPMYJIH [JA CO-
OTBETCTBYWINEr0 HEONPeHeJeEHOT0 WHTErpaja,
pacckasuBaeTcs B § 17.3.)

2 Cm., manpumep, keurn: Bponwmedn H. H.,
Cexendaecs K. A. COpaBoYHMK IO MaTeMaTHKe
A7 MEMKeHepOB M ydammxca ByaoB. M.: Hayka,
1967; Cmosancsuii M. JI. TaGauns Heoumpene-
neEENX maTerpaioB. M.: Hayka, 1967; Jeadm I'.
Tafauns mETErpajioB M APYTHX MaTeMaTHieC-
gnx dopmya. M.: Hag-Bo mmocrp. amr., 1948;
T'padumeiin H. C., Puwurs H. M. Tabaunu
MHTErpajioB, CyMM, PAROB M IpomsBefenmi. M.;
JI.: Tocrexmagar, 1951, Hocaegnsaa xEATA AB-
agerca HamGodee MONHOM.
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Crenailte 3aMeHYy nepeMeHHOH 2 —5==z.]
5.5.6. § sin®zcoszdz. [Vrkasamme. Clhe-
Jaiite sinz=z wum
cos ¢ =u.] 5.5.7. g

Cpemnaiite
5.5.8. ytgzdm. 5.5.9. S;/——

22— 2

3aMeHy nepemenﬂon

cosdz

sint z
nepemeHHon

dr. [Yrkaszamrwue.

3aMeHy sin z ==3.]

dz

5.5.10. —_——
\/(aa —z2)3

Horamure, dTO

= a2 Va® — z® + c.
dx
5.5.11, Hailigute uurerpax Sv—ﬁ
a T
dx
5.5.12, Haiigute unTterpai Sm.

§ 6. 3amena nepemennoii B ompenenen-
HOM HMHTerpaie

Paccmorpum mnpmmep. Ilycrs Tpebyercsa
BEYUCAUTL OUPEfeJeHHB HWHTErpaj

q

3 (ax 4- b)*dz.

p

MokHO DOCTYyIMTBL CaeayomuM 00pasoM:
BHYZCIATH CHAYAJIA HOOHNpeNejeHHHA HH-

Terpai S(a:c -+ b)*dz, a sarem COCTaBHTH
PasHOCTH ero 3HAYEHUH P T=—¢ u T=p.

s BeancneEns g(am —+ by dzr cpenaem
3aMeHY nepeMeHHOi 1o gopmynie z=—=ax+Db.
Torpga dz=—adz u

[ (azd-bpde = | 2%z =

___i_(az—}- b)3
3" 3 -
Hosromy

q
.
S(am+b)2da,-:£’_”3;;_)_JZ:

r
__ (ag+b)*— (ap+b)?
= 2 .
MoskHO, OmHAKO, AeAcTBOBATH HHAYE.
BrisichmM, Kar Oymer W3MeHATBHCA 2,

KOrJa  m3MeHseTcA OT p O ¢. Tak Kax z
cBsABaHO ¢ & QopMynoirt z=az-}+b, TO
OpE H3MeHEHHHW Z OT p [0 ¢ BEINYHHA 2
Oymer MeHATbCH OT ap+b pmo ag-+b.
CrnefosarenbHo,

q L agtb
S (az +b)* dz =~ S 2¥dz =
b4 ap+b
3% lartd  (ag +b)*— (ap + b)®

=~ aptb 3a

Ilpu Haxopenwmm umHTErpanoB yaoGHO
HOCTYNATh WMEHHO TaK: BHIIONHAA 3a-
MeHy DNepeMeHHOil, OmHOBPeMeHHO HaXoO-
IUTL H HOBHIE IPeeJas WHTeTPUPOBAHUA.
Torza B BHpaskeHHH HEOIPEXEACHHOIO
HHTEerpajia He IPHAETCS BO3BPAImMATHCA
K CTapoit nmepeMeHHOl.

PacemorpuM mpmmepst.

1

dz
1. BuuucamM umHTErpan S

(2 —z)3 °*

1
3aMeTHM cpasy ke, 94T0 QYHKIUA T—=p

mpr u3meHeHmu ot 0 go 1 mpmum-
MaeT LONOKUTENbHEE 3HAYCHHA; TOITOMY
1

d
S(T_z—x)—s-> 0; BMecTe ¢ Teu 3HaMeHa-

TeJb B 3TOM IPOMEKYTKe HE obparmiaercs
B HyIb, TAK 9TO0 NOJHEHETErpanbuasg QyHK-
OuA BO BceM IIpOMesKyTke KomeuHa. Cpe-
JlaeM 3aMeHy IepeMeHHol 2 —z—y, dz—=
=—dy. Torpga y=2 npn 2=0; y=1
mpr z=1, Tak 410

1 - 1

e =—] 5
0 2

B npasoit wacty (1) npepenn uHTErpH-
POBaHmA [HaHH Ye JUid y. duraTeias
MOJKET CMYTHTH 3HAK MHHYC B IIOCJETHEM
pasencrse. [leficTBmTenbHO, cHOpaBa o
CJeBa CTOAT MHTETPANH OT LONOKATEND-
HHX (VHKOUH; IOYEMY K€ IOJOKHTeNbHA
mpaBas 4acTte paseHcTBa (1)? Bee gmemo
B TOM, 9TO B WHTerpaje COpaBa HHKHHK
npefen Goabme BepxHero. Tak Kak mpH
ImepecTaHOBKe IpefeoB MHTerpPUPOBAHHA
HHTErpan MeHseT 3HaK, TO paseHcTBO (1)
MOJKHO 3aIHCATh TaK:

1 2

| o= 5%
0 1

Temepr B wuHTETpaje cOpaBa BepPXHHR
upefen Goabme HEHEr0 W fACHO, 9TO
9TOT HWHTErpajl HOJO)KHTEeJeH. DBuumcie-
HHS JIETKO MOBOJATCA [0 KOHIA:

2
1 1 3
=—gt+7=%

S dy 1 |2
2. B § 5 mu paccmarpuBanu GyHRIHIO
x

(5.6.1)

YT T 2
1

® (z) = S e~“dz. YacTo DpuxogMTCa HUMETH

a
peno ¢ ¢ymrnuell ¢ (@)= S e*¥dg, rme
0
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I'1. 5. TexHAKA BHTEIPEPOBAHEA

k — mocrogrrce umeno. Ilokamem, uTO
MeEny ¢yErmuamun ¢ u O cymecTByeT
TpocTasg 3aBHCHMOCTE.
B Bupasenun niaA ¢ (@) coenaeM 3aMeHy
riepeMeHERO# 1m0 gopmyne ka? =12 Orcioxa
L de———dt
vE ' vE
flcmo, uro t =0 mpr ¢=0; t=a\k mpu
z=—a. IlosTomy

avk avk

; — -tf_d_t___'__i_S Y P
s@={e vE V) ehdi
0

HAXOIUM T \/E =t zT=

1 —
== @ (a \/k)

CraenosarensHo, AaA a1060r0 3HAYEHHS
HEe3aBHCHMOR nepeMeHHO#
L e Gl
9 (x)=— O (x Vk)- (5.6.2)
vk
Nmes Tabnuny snaveHnit pyrrnun @ (z),
MO;KHO HaliTH TawKe HHTErpax ¢ ()
mpu awobom sHauemmm k. W maobopor,
3Hag 3HaYeHMA QyHKnuu ¢ (r), oTBedaIO-
mue KaxkoMy-Am60 KOHKDETHOMY 3Hade-

M0 k, MH MOKEM ¢ IIOMOINbIO 3aBHCH-
MoctE (2) HaliTh m 3HadeHHe (QYHRIEU
D (z) gna moboro z (B (2) mam mpupgercsa
monoxnty z=x\k) 1

3. B ri. 3 MH BUieJH, 9TO €CJHN MONLIH-
rerpajbHas (YHKIUA ® IPeNeJs HHTer-
PHPOBaHUA WMEIOT PA3MEPHOCTH, TO H
orpe/eleHHEH HATErPaT He Ge3pa3MepeH.
Yacro, oqHako, GHBaeT yao6HO NPHBECTH
mHTerpar K OGe3pasMepHOMY
BHIY, BHIHOCA 3a B3HAK HHTErpaia Bce
pasMepHEIe MHOKHTENIN; IPH DTOM fajee
OPHXONATCA paccMarpusarh (mpeoGpaso-
BEIBATH) TOJNBLKO UYUCJIEHHHA (Gespasmep-
moiit) umHTerpax. IlokakeMm, Kak  3To
MOKHO CJIeJTaTh.

1 3ameTnM, 9T0 GoJiee IPABRYHHIME ABJIAIOTCA
He rabaumel 3HaveHudE dymxmquE P (z)=
x

—?
= S e"*'dz, 0 KOTOPHX MH roBopuiId Ha c. 146,
0

a TaGnunu 3sEaueHnil pogcrsennoro P (z) unre-
x

1
rpana ¢ (x) = \/_-ES e*2dz; onmako Qymrmuu

% (z) m @ (x) TecmO CBA3AHK MeRAY coGoit (cp. fop-
MyXy (2), rfie B 9ToM CiyIae Clief[yeT MOMOKHATH
k=1/2). ®ymxnua ¢ (z) mrpaer GOABIIYI0 POJb
B oHOM 13 GoJiee IPOABUHYTHX pasfesioB BHICIIeH
MaTeMaTHKA — B meopuu éepoamuocmell, 0 KOTO-
POii yOOMMHAETCA B 3aKIIOYCHUHW K STOH KHNATE.

b
Ilycts pmam wmurerpan S]‘(a:)da:, rue

a
¢yErnE0 f (r) MH OAg IPOCTOTH CUH-
TaeM HeoTpuraTteabHoi. (O6Gosmaumm de-
Pe3 fuax HamOONBIIEe 3HAUCHME QYHKHUH
f () Ha mpoMe;RyTKe HHTErpHpPOBAHHA H
BEIHECEM THUCJIO [, 34 3HAK HHTETpPAIa %
b b
[t@yde =2 fpto=

fmax

a a

(5.6.3)

[ max

[]
] fmax S f (:z;) dz.

flcHo, aTo B mociegHEEM WMETErpane NOKHH-
TerpabHAs  GyHKOHA /(@)
fmax
pasMepHa, TaK Kak f(z) m fg, HMET
OHY W Ty K€ DasMepHOCTE.

IlepeiineM temeps» ® GespazmepHoMy
aprymerTy ¢yHKRMEE u 0Oe3pasMepHEM
npefle1aM HHTErpupoBaHEHA. [as 3atoro
BHIMIOJHNM 3aMeHY HepeMeHHO#I mo ¢op-
Myie

yxe Ges-

T

3= b:: y Wit z=a-+}z(b—a). (5.6.4)

N3 (4) BEAHO, 9T0 BenwIMHA 2 Ge3pasMepHA.
Tax rak drx=(b—a) dz u =0 opu z=a,
z=1 mpm z=>, TOo HMHTErpa; B OPaBOI
9acTH papeHCTBa (3) HpHHEMAeT BUR
b 1

S 1 (=) dm:(b__a)Sf[a‘*';(b—a)] dz.

f max

) ° (5.6.5)
IMonossmm w;‘w(z); Torga

n3 (9) caexyer

5 1

SMdmz(b_a) [e@raz,

a ™ 0

U OKOHYATENHHO MONyYaeM

b 1
[f@de=tua6—0) [0(2)dz. (566
a 0

1
B ¢opmyne (6) S ¢ (z) dz — GespasMepras

0
BeJIUYNHA.

2 Mu wmonoxmin, 9T0 f(z) = 0 ® fpax #= 0}
B CiIydae 3HAKONEDEMEHHON (WJIH OTPHIATENb-
HOit) YHKIUEA DPOJB fpax FOIKEO HI'PATh HANGOIE-
Imee 3HAUCHAE |f|pax AOCONIOTHOH BeIMUMHE
dyermun f.
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Ecam f(z) Mano Memserca Ha IpoMe-
f(x)

fmax

JYTRE HHTeTPUDOBaHHA, TO ~1

(Ho, pasyMeerc, %gi, méo  f(x) <
< fma,); B atoM caygae ¢(z)=~1 (mo
1 1

2()<1) = I={¢()dz~1{dz=1
0 0
(mo I<1). A rorna GespasmepHH# MHO-
1
JKHATEND Scp(z) dz =1 mMeeT NOpPALOK Be-

o
amumEe 1 @ mATerpan (3) ompepmengerca
B IepBYI0  0dYepens HpOU3BEREHUEM
f max (b_a)'

Paccumorprm anemernTapHH#l npHMep: cBO-
OoxHOEe TajeHWe Tela B TeUeHHE Bpe-
mernn t,. IlyTe B JgammOoM ciiydae paBes
0
gv(t) dt. YckopeHue Teia paBHO g, H IIO-
9
3TOMy CKOpOCT®L Tena v{f)—==gf (MH cuu-
vaeM, 910 v(0)=0 m 4ro MmakcumambHAg
CKOPOCTh U, HOCTUraeTrcd K MOMEHTY [,
Upax = 81,). 3aMETHM, 4TO 3TeCh MaKCHMYM

00yclIOBlIEH HE TeM, 9T0 mocie t==*f, CKO-
POCTh HAYMHAET YMEHBINATHCA, a IIPOCTO
TeéM, YTO 3HAUYEHNA BPEMEHH, KOTOPHIM
JomKHa Gmta 0w oTBeyaTh GONbMIAA, YeM
gt,, CKOpOCTh, He BXORAT B IPOMEKYTOR
0 t < t, naTerpuposarus. Bsomum o6o-
v gt

8t

SHAYCHH A:

t
z:—?’ CP(Z):

Umax

= -—-— =2, TOorjga IlojryyaeM

3HaudAT, B JaHHOM ciay4ae GespasMepHEIH
1

MHOMKHTEIL | = S ¢ (z) dz (3mayeHme Ko-
0

Toporo B obmeM caydae Gymer mopsangka 1,

HO KOTODHH Bcerga wmeHbme 1) pasen

0,5, 9r0 DOCTATOYHO XOPOmO COOTBET-

CTByeT Hameil rpyGoil IPHEKEEKe.



I'naBa 6

PANAbI. MPOCTENIINE
JUOOEPEHIINAJIBHBIE YPABHEHUSA

§ 1.

IIpencraBnenne ¢yakumuii B BHAE
paxoB

Ilycry ¢yEKOEA y (z) 3amaHa KakoH-
aubo ¢gopMmymaoil, KOTOpas, OJHAKO, Ka-
JKETCA HAM CIHMINKOM CJIOKHOH U Heymo6-
HOH /i1 BEUuCIeHus sHadeHmi y. ITocra-
BuEM cebe 3aJayy — DOCTPOUTE HPOCTOE
¥ yrnoGHoe upuOIWxeHHOE BHPaKeHUE
¢yHEROUE ¥ () Ha HeG0AbIMOM HPOMEKYTKE
H3MEHEHHUA apryMeHTa z, HANpHMEp npu
SHAYEHHAX Z, ONWBKHX K (PHUKCHPOBaH-
HOMY 4ucly Q.

Ounpemenenne npomsBogHOK (CM. i, 2)
MOKHO 3aIHCATH TAK:
y(z) —y(9)

’

y'(a)=lim ———

r->a
OTKyJda cJefyeT, UTO
y (@) ~y(e)+(z—a)y’ (a),

rie unpubiamkeHHOe papeHcTBO (1) ABIA-
eTca «TOYHHIM B Ipefenxe», T. e. Oyxer
TeM ToUHee, 1eM MEHBIIE PasHOCTE | £—a .
@®opmyna (1) yxassiBaer, Wro upm Zz,
ONu3KOM K @, HBMEHEHWI0 apryMeHTa Ha
(Manyi0) BeIWYHHYy z—a@ OTBeUaeT H3Me-
HeHWE 3HaUeHWA yHRIEA Ha Y’ (a) (x—a),
T. €. OHa cornacyeTca €O CMEICIOM IIpO-

(6.1.1)

A3BONHON —* ——y' (@) war ckopocmu

d:c Z=
U3MEHEHUA gﬁymwuu B TOUKE T =—a.

Ilpn Gonpmux 3Ha4eHEAX | z—a | op-
Myna (1) cTaHOBHTICA HETOUHOH: dYeM
Gonvme |z—a |, TeM xyme oHa palo-

traeT. [leiicTBHTeNBHO, mojarag Ay=
=y (2)—y (a)=y’ (a)(z—a), Mu mnpunE-
MaeM CKOPOCTh H3MEHeHHA (YHKIHH

BCIOAY MeKAy £ K @ paBHOH CKOPOCTH
y' (¢) usmeHeHWs ¢YHKOHM B TOYKe 4,
B TO BpeMs Kak Ha 3TOM HLPOMEKYTKe
H3MEHeHHs & CaMa CKOPOCTh Yy  TaKke
MeHEgeTcsa Tourag GopMmyla, yUH-
TEIBAIOIAsA BTO HEIOCTOSHCTBO CKOPOCTH
y’ (t) mameHenums QyHKIUH, mMeeT BuJ

1 @opmyaa (2) HemocpeACTBEHHO BHTEKaeT W3

(3.4.5a): Bemp S y' (t)dt =y (1) |s=y (z) —y(a).

(6.1.2)

y@=y@+ [y @a.

(Dopmyna (1) HaswBaeTCA nepsslM, WIA
AuHelHuM 2, npubsuscenuem HyHEDWUD
y (z).

IIpmmermm Temepr dopmyay (1) x opo-
u3BogHOH ¥  (x). Mm monyumm

y' @)~y @)+ (= —a)y" (a)

Ipesxpe 4em mMATH malbile, HATIOMHUM
” dy'

uto y" (x) == _-—9T0 emopas
npouseodnaa $yEKNUW y HO x, 0603Hauae-

ay,
'&F7
Kak Yy —u3

yll

dz
Hajd QYHKOUN Y, ee 4eTBepTasA MPpoN3BOTHAS
y'V, mAraa unpomssopmag Yy’ (umm y®) u
T. 4. Ilpouseodnasn n-ro nopadra, mony-
yaeMass B Pe3yJbTaTe M-KPaTHOro I0CIefo-
BaTelbHOTO JH(pepeHIUPOBAHNA QYHKI[UN
y (n-KpaTHOTO B3ATUA nponsBop;Hoﬁ) 0603Ha-

(6.1.3)

YUTATENIO,
Masi TaKKe OHa TonydaeTcA u3 Y’

TaK Ke, y. Aunanoruyso

onpefensercs Y = —— — TPeTh IPOU3BOJ-

waeTcs uepes y nJm (HO BTOpAsd, TPETHSA

7 derBeprad HpOH3BOI[HHe BCerja 3ammchl-
paotcsa Kak ¥, y” u y'¥, a He Kak Y@, y®
n y¥’). CroGru BBepxXy B 0Go3navennn y™
CTABATCH A TOTO, 4TOOH OTIMYUTE IIO-
PANIOK TPOM3BOIHOA OT TOKasaTend cCTe-
[eHH.

flcHO, uYTO ecau x m3MepseTcsa B efgm-
HAIAX €;, 4 § — B eIUHALNAX e, TO Pas-

. ar
MEPHOCTE h-i1 TIpoM3BORHON dz‘l,/, €cTh
-2 T ©
T ak, eclm Yy — nyTh (uM3MepAeMHii
B CM), x — BpeMa (B ¢), TO BTopas
npomssogHasa (yckoperme!) y'’' mme-
eT pasMepHOCT:, cM/c?; mpHpameHze
(Tak xe mnpoBepserca H ¢opmyaa (3).)

2 B pupamenue (1) miaa y Beamdumea T BXOAHET
TONBKO B MEPBOH CTENeRH, T. €. B1eCH yJ — MHOIro-
wren Nepsoi cTenmenm oT x. Takad 3aBHCHMOCTH
rpadmueckn u3o0paykaerca HpAMON anHneH (cM.

§ 1.3) u moToMy HA3HBaeTcd sumelnOl.
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Ay'’ ycHopeHusa HMeeT Ty Ke pas-
MepHOCTH cM/c?, a, 3Hadumr, pasMep-
HOCTH «CKOPOCTH W3MEHEHUS YCKODEHUA)
Ay” 6 3
o~ Oyzmer yxe cMm/c® m T. .
BepreMca K 3aade Ipubau;KeHHOTO BLI-
paxenua ¢ynxmuu. @Dopmyra (3) mas
OpoU3BONHON €CTh He UYTQ HHOE, KAK
dopmyaa (1), mpumeHeHHasA K QyHROuUE Y’
(Bmecto y). ITopcraBuM (mpubimsxeHHOe)
BEIpasKenne (3) Aaa DPOMB3BONHOR § B TOU-
myo Qopmyay (2). M domydmm

x

v @~y @+ |V @+ —ay @di=
=@ +e—a)y @+ 5y ().

(6.1.5)

y”/ —lim

®Mopuyna (4) Tosxe spiserca mpmbiu-
sKeHHOH, HO OHA TouHee BHpakeHHMA (1).
IIpu BEBOAe (4) MBI CUMTAIMCE C T€M, ITO
apoussogHas Y’ (xr) HelOCTOAHHA, HO H3-
MeHedne y’ (z) yYuUTHBAJOCH JHEOIL HpHU-
Samxenno: ¢opmyaa (3), KoTopoir M
HOJB30BAJHCE B Xofie BuBOAa (4), moay-
9eHa B NOPEANOJO;KeHMH LOCTOAHCTBA
y'’ (z)(=y’’ (a)), 4TO UPHBOAMT K I H-
HelHoO# 3aBucuMocTm y OT x; OpH
9ToM mag y (x) momyduaerca K Ba X p a-
THYHAA sasmcmMocts oT z. IIpose-
neM eme A QopMmyis (4) «KOHTPOAD
pasMepHOCTeH», OrPAHMIMBAACE 1A IIPO-
CTOTH OTAJOHHHM LIPUMEPOM BpeMA—
OyTh: €ClId y U3MepsaeTcs B CM, a X — B C,
TO pasMepHOCTH NpOM3BOAHHX ¥ u y''
GyIyT COOTBETCTBeHHO cM/C (CKOPOCTB)
m cMm/c? (ycKOpeHme); BeIMUMHH VY ()
u y (a) Oyayr uMerh DA3MEPHOCTH CM,
a MEOMKUTEIN (T —a) u -%—(x-——a)z— co-
OTBETCTBEHHO pasMEPHOCTH C ¥ ¢%; mo-
3TOMY pa3MepHOCTH JeBO M NpPaBoOi
qacteit QopMmyam (4) Oyayr opuHA-
KOBH (CM).

VrounuM Temeph $opMyay (4), ydmTH-
Basg, 4TO W BeamugHAa y' ' HENOCTOSHHA.
BocmonnszyeMcsa (opMyIoH

x
¥ @)=y @+ [rod,
al
KOTOpas IIONydaercs U3 paBeHcTBa (2)
sameHoit y Ha y'. Ilpemcrasmm y'’ (z)
dopmymoii Tuma (1), TOABKO HpEMEHEH-
HOll y)Ke He K MCXOAHO# ¢ymrmmm y (z),
a kK ¢ymromm y'’ (2):
y' (@)=Y (a)+ (¢ —a)y” (a),

(6.1.5)

(6.1.6)

U TOACTABMM INOJyYeHHOE BHIPA;KeHHE
B (9). Us dopmyn (5) m (6) caemyer

V' @~y @+ |y @+t — oy,
niu

y' @)~y (@) +(z—a)y" (a)+
+ (z —a)® y” (a)

— .
(flcmo, uro (7) ecte gopmyna tmma (4),
sanucaHHaa miaA ¢QyEromm y' (z).)

Bupasxenue masa y' (x) us (7) momera-
BuM B (2):

(6.1.7)

x

v@~y@+[[v @+v@e—a+

+v" @ 5 =y @+

+y(@e—a) + L @—ap 1

+ y///6(a) (x—a)s-

O6muii 3aKOH yCMATPHBAETCH M3 Cpab-
HeHWA NOJYIEHHHX HAMH BHPAaKeHMIt,
B caMom rpy0oM HpHOAMKEHHH MOKHO
CUUTATH, 9YTO OPH MAJNOM |Zz—a |

y(z)~y(a)

(oueBupmHOe mpubawmxeHue (9) BooGme He
rTpebyer 3HaHMA MareMaruku). Hasosem
(9) wyaesim npubauscenuem EPyaroum

(6.1.8)

(6.1.9)

y (), BupaskeHme (1) — nepews npu-
bauacenuem, (4) — emopum npubaurce-
Huem, (8) — mpemvum npubausceruem

M BRIOAIIEM Bce BTH (QOPMYIH PAXOM:

Y (x)=y (a) (myneBoe upubamsxenue);
y (@)=~y (a)+(z—a) ¥’ (a)
(mepBoe mpubaminenme);

y@y~y@+@—ay (a)+

(z — a)z ” ~
~+—5—1y"(a) (Bropoe mpudimxenue);

y@)~y(@)+(z—ay (9 +

(z—a)?

” (x—a)® ,
+ 229 () 4y LD 7 (a) (rporse
opudansKeHne).

Temepsr merko mnpencraBuTh cebe, Ka-
Kot BHA OyAyT HMeTh UIDPHOIMKeHHEHe
dopmyan miaa y (z), momydaeMEe, eciH
OPOMOJKATH IPOHece MX yTOUYHeHHA: TAK,
ecam ydecTh, 4To y''’ HemOCTOsHHA, TO
B ¢opmyny Boimer y'V (a); mpm 3roM
BHpayKeHEme Ana y (z) (deTBeproe mNpH-
6mmxennme) OymeT cofepKaTh  ANeH
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¢ (z—a)*. Kaxpuit caegyomui mar 1o
yTOYHeHHMIO Y (z) IaeT RONOJHMTE]BLHEIA
9ieH ¢ Gojee BEICOKOHM cTeleHBI I—d.
Ilpr 5TOM MOKHO OKHMaTh, UTO UYeM
Goabime cTemeHed £—q BXORKT B HOPMYIIyY,
TeM oHa Oymer Toumee. Homeuno, ckasaH-
Hoe Oymer BepHO JMIIL LOPHW MAJHX 3HA-
4eHEAX | z—a |, a ipu Goapmux | x—a |
BCe 3T (QOPMYJH MOTYT OKasarbcsd He-
BepunMu (cp. § 3 Hmwxe).
O6muit BUA n-r0 NpUOIMIKEHUA

y (@)~ y(e)+cy' (@) (x —a)+
+ ey’ (a) (z — a) +cay” (a) (z — @) -
. +cy™ (@) (z—a) (6.1.10)

BHITEKaeT U U3 CO00paskeHuil pA3MePHOCTH.
B camom nede, ecim y uaMepseTca B efH-

HHOAX €,, 8 & — B eAWHANAX €;, TO
dak

y® (a)= £y nMeeT  DPasMepHOCTH
dzk =G

€2
(e1)%
Huu Ais y (z) caaraemoe ¢ y® (a) obs-
3aTeJBLHO IOMKHO COAeD)KATh MHOKUTENh
pasmeprocT: (6,)*, 1. e. MHONHTENDb
(t—a)*. TIpasna, 3TH IOMICIETH HE IO3BO-
AAI0T CYNHTH O UYHCIeHHHX B3HAYEHHAX
Koo HIUEHTOB ¢y, Cy, €3, . . - B HOPMYIIL
(10) (Mzt sHaeM, uTo cy=1, ¢;=1/2, ¢3=
=1/6, — HO KAKOBH ¢, M IIOCIeLyoIue
K03puUIAeHTH?), OTHAKO 3TH BEIHIUHEL
MOKHO OIIpelednTh CIefymuM o6pasoM.

O6o3HauuM IIPaBYW 4YacTb (OPMYJIH
(10) (MHOTOWIeH n-i CTeIleHH OT I€PeMeH-
Ho#t x) uepes P, (z):

P,(z)=y (@)} cy (a)(z—a)-
+ ey (@) (@ —af +cy” (@) (z— af’ ...
.+ y™ (a)(z —a)". (6.1.11)

Us (11), pasymeercs, ciaefyer, uro P (a)=
=y (a). Nauee, nmi)cbepenn;npOBaHne pa-
sercrsa (11) maer

P (z)=cy (@) + 2¢,y" (a) (z — a)-l—
-+ 3cgy” (a) (z — a)* +- ...
.+ ney™ (a)(x — a) .

IToatomy P, (a)y=c,y’ (a). IloTpeGyem Te-
nepb, urTo0H He TOJNBKO 3sHauenue P, (a)
muozounena (11) ¢ moure x=a cosnadano
co smauenuem y (a) Pyurkyuu y(x)
& moii e mouke, HO U umobbl ckopocmb
P, (a) -pocma MHOZOUIEHQ & mouke 1=a
He omauuaaacy om ckopocmu 'y’ (a) pocma
gyuryuw y (z). [laa sroro Hajmo Iouo-
#mrh c¢i=1.. ABajormuHo, guppepennm-

, TAK 49TO B HpﬂﬁJIH}KeHHOM BRIpaXKe-

(6.1.1ia)

pya Hajee obGe uacTu paBeHcTBa (11a) m
TOACTABJNAA B IOJyYeHHHIH pe3ylsTaTr
3HaUeHNe T==@, MH I0CIeJ0BATeJHHO IO-
dydaeM:

Pl(@)=2cy"(a) n P, (a)=1y"(a)

opu c,=—1/2,

P (a)="6cy” (a) u P,(a)=y" (a)
mpu c;—1/6,
PV (@)=24cy™ (a) n PV (a)=y" (a)
mpy ¢, = 1/24,

P (a)y=2.3-4.... - ny™(a) m
P™(a)=y"(a) mpu c,=1/2-3-... - n)

Nrax, ecam morpe6oBaTh, 4TOOH sHAuEHUS
N nocaedoeamesbHHT NpPOUGOOHBLL MHO20-
usena P, (x) npu x=a coenadasu co
BHAUEHUAMU NDOUSEOOHBL Mmoz20 e no-
padra ¢gyrnryuu y (x) ¢ moii Hwe mouke
(a aTo TpeGoBaHME KaK Pas3 W O3HAUAET
Gonpmyro Ommsocts ¢yERmM P, (r) n
y (x)!), T0 ME gomxHE GyleM IOJOMKHTH
=1, c,=1/2, ¢;=1/(2-3),

c=1/(2-3-4), ..., ¢,=1/(2-3....:n).
TaruM o6pasom,
P,(2)=y(a)-+y (a)(z—a)+
+%¥u—w+.
oo ’y‘”’ (a) -
Mu npuman K npnﬁnmﬂe}moﬁ dopmyae
y@)=~y@)+y (@) (e—a)+
—|—-y—,2(i) .'/r:——a)a--]—fy—(a2 (z—a)P+...
o 'y""(a) — (& —a).

ITpoussenerne 1.2.3.....n HepBHX n
[OCNIeOBATENBHEX HATYPAJIbHHX YHCeN
npuHaTo 0003HAYaTh cuUMBOIOM n! (H-
TaeTcsa: «9H (aKTOPHak», OT JATHHCKOTO
caosa factor — coMHOmHTENB): Tak 3!=
=1.2-3=6,4!=1.2.3.4=3!.4=24,5!=
=1.2.3-4.5=120, a 1!=1 = 21=2.

(z —a)". (6.1.12)

(6.1.13)

B stEx o6osHauweHmaX ¢opmyaa (13)
3anmmieTcsl TaK:
y@~y@+4P e—a+
(n)
+ y2! (x—aP+ ...+ Y nl(a) (x — a).
(6.1.13a)
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Bor Goslee HOJHOE [OKA3aTENBCTBO TOH IKe
$opmynn (13) (mnm (13a)), npaeoamee x Goee
CHJIBHEIM, 4YeM paHee, peayiabraTaM. BepHemcs
K TOYHOMY paBeHCTBY (2) H 3aMeHAM IOJ MHTe-
rpairom dt Ha d (t—2z):

x

v@=y@+ |y ea—

—v@+[vwae—a.

Jra sameHa 3aKoHHA, n60 37ech r (BepXHH mpe-
feJl WHTErPHPOBAHUA) PACCMATPHBAETCSA KAk IO-
CTOsIHHAA, H MotoMy d (t—z)=d!.
Bocmonsayemcsa Temeps OpmeMOM HHTeIPHpO=
BaHAA Mo dacTAM (cM. dopmyay (5.4.3a)):

x

v@=y@+ |y wie—o=

=y @+y@e—aE—{t—a o=

(@) +y' (a) (z—a)+

=Yy
4 S (@— 1) y" (£) dt. (6.1.14)

Ecnn Temeps cHoBa 3aMeHATH IOJ HATEIPAJIOM dt
Ha d (!—z) B IPOHHTErpAPOBATH IO 9ACTAM, TO
[I0JIyIHM

x

{e—nr@ae—e=

1
+5 | e—nrvrwa,

(4

W, 3HAYAT, ‘(a)

v @ =@+ (@) @—a)+ 3 a4
1 x

+‘2‘S (=) y” (t) dt. (6.1.14a)

IIpomsBoas mMHTErpEpoBaEHe IO JACTAM n pas,
MHB IOJy9AM BHIpasKeHHMe, COCToAmMee H3 n-{-2
9IEeHOB:

y(z)=y(a)+y' (a) (z —a) +

+ 5 a4 T a4 5

(n)
. —{—*'I%)—(m—a)"-{-

(6.1.15)

x
1
+ n—r S (.’1: . t)” y(n+1) (t) dt.
a
Qopuyna (15) B mpormsBomomoREOcTH (13a)
ABIAETCA TOTHOI: Beb 0Ba MoJIydeHa npeolpaso-

BaHHeM TOIHOH Qopmynut (2)! Iocmegumit wiren
x

r,= n—i,- S (z — ty* y(™+1) (1) dt B ee mpaBoil wacTn
a

Ha3BIBaeTCA ocmamrom, MIH OcmameiMnm uae~

Hom: OH FyKAasHBaeT pasHOCTH MEKIY JeBOi

9acThio y (z) dopmyin (13) m OpuGrImKEHEO BH-

paKaIieil ee npapoif YacTEIO TOH e (OpMYMH,
@opmyny (15) ynoGHee mepemmcats B dopme,

He cofepsamel mATerpainas:

y(z)=y(a)+ vy’ (a) (z —a)+

" (n)
-‘/2(1") (z—a)?+... +Ln$(z—a)"+
(z — a)n+1
+tmEnr vt e, (6.1.16)

rge ¢ — Kakoe-TO TACIO, 3aRI0YEHHOE MEMIy
z H a.

B o6mewm cayuae npousBonsHON QyHK-
ouu Y (r) HUKAKOe KOHEYHOe YHCJ0 CTe-
meHelt (r—a), B3ATHIX ¢ NOCTOAHHBIMHU
Kos(PummeHTaME, HE BHPASUT TOUHO %
ucxonHywo (yHrmuio: mpasag dacth (13)
(wanm (13a)) aump mpubGA UK eHHO
coBnajaet ¢ y (z), Ho He paBHA Yy ().
Tounyio ¢opMyny MOKHO NOJTY4YHTH,
Iumb cymMMEpys OGecCKOHedHOG®
MHOQ;KECTBO CTerleHell (r—a):

y@=cyt-c(e—a)te(z—aP 4
+e(z—a)P ... fc,(z—a)4...

(6.1.17)

3 OrHOCHTeNIbHO CIPaBE[IABOCTA IIepeXo/a
ot (15) 1 (16) cM. Texcr, namedaramumii B § 7.7
MeJTKAM HpadToM, B sacTHOCTH opMmyary (7.7.13),
I7ie Hafi0 TOABKO 0603HAYATH MEPEMEHHYIO MHTE-
T'PUpPOBAaHHA 4depe3 z—t (=z) (TemepL z IoOCTO-
fIHHO, TaK Y710 d (z—t)=-—dt), a 3aBACAILYI0 OT
HOBOH IEepeMesHO# r—i=z QyHKUHIO y(™1) (f)
opuHATh 3a f (2). Torma mMum moaywmm

x
S (z — )" y () (t) dt =
a

(.’1: — a)n+1
=T Tn4t
I'7ie ¢ — KAKOe-TO 3Ha9YeHue HE3aBHCAMON mepe-
MEHHOH, NpPOMEIKYTOUHOE MEXAY Z H 4.

4 JcrmiouenueM 3j1eCh ABIACTCA CIHy4Tai,

KOrfla Yy (x) — 3TO MHOTOWIeH (Cp. € Haua-
oM § 2).

y(n+1) (c)’



Ia. 6. Papgst. Hpocreiimue auddepennnansapie ypaBHeHAA

Crosmee B mpasoir wactum (17) BEIpa-
JKeHIe HASHBAIT OECKOHEIHHIM PATOM
(Bupouem, mpumaraTearHoe «OecKOHEU-
HBI» 00BMMHO OIIYCKAKT U TOBOPAT IIPOCTO
pax). Ilpm »ToM mpo pasescrBo (17)
TOKe MOKHO CKasaTh, UYTO OHO ¢TOYHO
B IIpefeie», OTHAKO 3IeCh 3TOT 0BopoT
HMeeT HeCKOJAbKO HHOM CMEBICH, YeM BRI,
Hdeso B ToM, dTo, pasymeeTcs, Hemb3s
CI0MUTh cpa3y OecKOHeUHO MHOTO CJa-
raeMHX; [0TOMY, BEIIMCHBAA CTOAIIYIO
copaBa CyMMy, Mbl Hems0esKHO JOJIKHBL
GyaeM oTPaHUYATECA TEM A UHBIM KOHEY-
HBIM YHCJIOM R TIEPBHIX €6 YIeHOB, Y TBeDK-
geHMe, 4Wro HOpPH [JOCTATOYHO MAJHIX
| x—a | ¢opmyaa (17) «rounHa», o3Ha-
gaeT, 4TO CyMMY CHDaBa MOKHO CHeJATh
CKOJNB YyrTomHO ONHE3KOI
K y () (mas 3TOro TOJABKO HY)KHO B3ATH
AO0CTATOYHO GONBIIOe YUCIO R CAATAEMHX).
MosxHO TaK:ke ckasarb, 4T0 Y (£) paBHO
npefgeay CYMMH n TIepBHIX UIEHOB
pAfa Ipum n — oo 5,

HoapdmumenTsr ¢4, €1, .- oy Cp - ..
B (17) pasnuunsl Aia pasHHX (QYHKIW;
OHE TaK)Ke BaBUCAT OT 3HAYeHMA 4.
Mu ysxe Bugenn, aro c,=y (a), c;=y’ (a),
y" (a) )
a0 ST

y@)=y(@)+y (@) (z—a)+
+ 2 @ —ap - 0O o gyt
. .'—f—y(:—!(a)(x—a)"—{- - (6.1.18)

OTMeTuM eme 4YACTHEIA caydai#r ¢op-
myasl (18), momywaemslii B mpepnmonosxe-
Hru, ut0o a=0:

yll (O)

y@)=yO)+y 0)z+—~—2"+

w (0 ) (0 n
+L(§(—)x3+"'+yn§ ):1: + ...
(6.1.19)

Cy— HT. 1., T. €.

C momoniplo CUMBOJNA CyMMEpOBaHuUA (op-
myan (18) m (19) MoxHO cRaTO 3amECATH

TaK:

v@=y@+ 3L o —ay,

n=1
(6.1.18a)

(6.1.19a)

y@)=y0)+ XL

[n=1

5 IIpm aToM BO3MOKHO, 4TO IIpH Pa3HHIX 3HA-
YeHHUAX & AAA NOCTHIKEHHA ONHOA W TOH e ToU~-
HOCTH IPHONH:KeHAS CYMMH IEPBHX WIEHOB DANA
K B3nadeEmio y (x) norpebyerca paszHOeE

@opmyast (18) u (19) (unm (18a) u (19a)}
JaT pasnoykeHme QYHKEUMHA ¥ (¥) B PAR
no crenenaM x—a (mam x). Crosammit
B OpaBoil wacra ¢opmyunt (18) (mnu (18a))
pan HaseBaerca padom Telinopa; 41a-
CTHHIl cJaydail »TOrOo pAfa, CTOANHAH
B mpasoii yacta Gopmyuan (19) (mam (19a)),
HagwBaeTcs padom Maraopena.

ITpuMepam mpmioskeHmii gopmya Teir-
nopa m MakiopeHa K KOHKPETHHIM (yHK-
nusaM 6yneT DOCBAIEH CAeAyIOmMuA Hapa-
rpad), ONHAKO DepBOe MOJ0GHOe HPeCcTaB-
nenme QYHKIOHE B BAZE PALA MEL PacCMOT-
puUM yKe 3[eckh.

Ilyers y=e®. Torma

y=¢e", y=c¢é, ..., yW=¢"...
Bocnonssyemca ¢opmynoin (19) pasno-

skeHma QyEKumEm B pag MaxiaopeHa.
B mamewm cayuae

y 0=y (0)=y" (0)=...=1.

IToncraBaaa atu 3HaveHus B (19), momy-
quM pasioykeHNe QYHKIME y=e” B DAL
MaxJopeHa

e"‘:fl—l—:z—]—-wz—z-—l-fg-—l—
LY

PaccMmoTpuM Temeph OpMyNy, KOTOpAs
nonyuaercs u3 gopmyas Teitmopa (18),
eclld OTrPAHWYUTBCH, HampuMmep, TpeMsa
9ieHaMu pAfa:

y@)~y@+@—ay (a)+
+ L5 ().

(6.1.20)

Packpoem B mpaBoil qacTi cKOGKE M pac-
TMONOKMM PesyibTaT HO CTeIeHAM I:

y(@~[r@—a @+% v @]+
+1¥ (@) —ay” (@)] = + % y" (@) 22 (6.1.21)

Copasa B (21) cromT MHOTOWIEeH BTO-
poii cremenm. O6pamaeM BHEMaH@e YHTa-
Tens HA TO, YTO HTOT MHOTOWIEH HE CO-
BrajaeT ¢ TeM, KOTOPHI IOJNydYHTCH,
ecim B3ATh TPH YleHa psafa MaxiopeHa:

y” (0)
y @)~y 0)+y (0) 2+ -——2*

(6.1.21a)
queso charaemux. (MH He ocTamaBamBaeMcs
aoxa Ha oOmmx Bompocax o6 obmactm mpmmenn-
moctm ¢opmya BuAa (17) @ o GyBERUAAX, L
KoTopmx pasiokenna (18) m (19) me BepHH.)
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9ro m moHaTHO: Begb opmyna (21) maer
Xopowmit pesyasrar, eciu x GIM3KO K @,
a ¢opmyaa (21a) Touna npm z, GaM3KOM
K HyJIIO.

B ra. 2 MH ompefeqHEnM IPOH3BOJHYI Kak
fipefiesT OTHOIIEHHS IPHPaeHasa QyHKIEA K IPH-
pameHm0 HegaBACHMO# mepemeHHoHR. ITocae Toro
#aK MH OOCTPOWAM BHpasKeHme QyHKOUE B BAJE
pAja, MOKHO YTOYHATH 3aKOH NpHGAMKeHAA

Ay . dy
OTHOMEHHA 7= K NPOA3BOJHON —= P yMeHb~
menun Az.

Bosbmem pap Teinmopa (18) m o6ozmawmm
r—a uepes Az, 3ateM mepeHeceM y {a) B JeBYyW
gacts (18), pasmenmm ofe dwacTH Ha zr—a= Az
n ofo3HauBM y (x)—y (a) vepe3 Ay. Mu moay-
M

Ay J 1,
Sz =Y (@) 4 5 y" (a) bz 4

1
+ gy (e) (Az)2 4 ... (6.1.22)
[Ipma manux Az BTOpO# wWIeR cupasa Goabme
Tperbero wieHa. IfpeHeGperas mociaegHEM, IPH-
Ay
/\ieM K BBIBOAY, YTO OTJHIHe OTHOUIGHHA 7 =
OT 3HaYeHAsA y’ (¢) UpOW3BOJHOI Ha Kparm Ipo-
MEKYTKA 0T x==a /10 z=a-- Az NpomopnHoHANLHO
selnumHEe BTOpPOH IOpoWsBogHOHd y’'’ (2) m JInHe
mpoMesKyTKa Ax:

Ay 1

G U (@) 5" (a) Az,

[Ipm aTOM MH CPaBHHBaeM OTHOUIeHEE IpHpame-

HAA ¢YyEKIAE Ha paccMaTPHBAaeMOM Y4dacTKe

3HaveHE# z K IOPHAPAamleHHI0 & ¢ IIPOH3BOZHOH

y' (a) Ha K p a 10 3TOT0 y4YacTKa.
IIpouspogHyI0 MOMHO BHIYHC/IATH H HHATE,

NDHHAMAA 3a ee TpHUOIMAKeHHoe 3HAaueHHe
Az) —
ne  1pobmb &__*—_[%_fﬁ)_ , a npo6s
{ (&4 4z/2) — | (z — A2/2)
A . Jlpyrama ciiosam,

npd BHYAC/IGHMM HPOM3BONHON B TOYKe ¢ MEI

¢ocTaBsndeM IpdHpameHde, KOTOpoe IIOJIYIHT
Az
$YHKIEA NPH A3MEHeHUN apryMeHTa OT 4 — 5

Az
o a +7 , 1 genuM Ha Az @EMeHHO 9TO TIPH-
pamenne. CpaBHEEM Teleph OTHOIISHHEe HAMIEro
nipupamenna ¢pysxkomm y =f (z) kx Az ¢ mpoms-
soxHOM y' (@), BWMUImCAEeHHOR B CepejgHHE
yuacTKa H3MeHeHHdA IepeMeHHOH. Mul Hafijem,
TO

so=t(at+7) = 1(a—");

narnee,
1(e+E)~1@+5F @+
+5(F) r@+5(E) ro.
f(a——A—z—z)»%f(a)——gc-f'(aH-
+§(A’)f(a (&) @

Yarw+is(F) ro=

(Ax)

= (a) + ~57— (6.1.23)

fll/( )

Mu BmpymM, 9T0 HOBHIi CI0CO6 OUEBKE Ipo-
H3BORHOA f’ (a) ropasfmo TOYHee CTAporo: pas-
HOCTL MEKAY OTHOUIeHWeM HOpHpameHu#id X Opo-
M3BOJHON Temeph HmpomopnuoHalNbHa (Az)%, a He
(Az), B K TOMYy Ke BRpasKeHHE [ 3TOH PasHOCTH

comeprar Manui Kosppmnmenmr 1/24. MWrax,
MH mMeeM HPHGIMAeHHO
' (a) &Mﬂ—:—f—(a—)-, (6.1.24)
a TouHee, A3 PopMyaH (22)
Az) —

Ll =t
—_ —é—f" (a) Az. (6.1.24a)
Wan, mHATE,
gy Lot —fla = 82) g 4 95
a tounee (B cmiay (opmyrH (23)),
, f (a4 Az/2) — f (a — Az/2)
f(a) = Az

1
— 5 17 (a) (Ax). (6.1.25a)

IIpm »ToM paBeHcrBa (24a) m (25a) (Kak m pa-
BeHcTBa (24), (25)), pasyMeercs, ABIAIOTCA
OpEOImKeHENMA: B HEX MH IIpeHeGperaeM Be-
amImEaMu Gojee BEICOKOTO MOPAJKA MAaJoCTH
(mo otHomeHmO K Az), 9eM Te, KOTopHe BXOAAT
B 9TH ($OPMYJIH.

AHAIOTHMYHO MOKHO MONYIHNTh W OPAGNMIKEH-
gple QOPMYIH JIA BHAHCJIeHHS BTOPO# Ipoms-
poxHoit. Ilo onpepeineRmio,

af” A7 !
P'="4z =z
Bameusna Teumepb Af ba f'{a--Az)—f'(a) m
omeumBas f'{a-+Az) um f'(a) ¢ nomompio

f (a A 28z) —f (a + Az)

oTHOmeHMiH Az
.f_(a__tﬂ—_—f(—al, MH OpAXOAWAM K npmbim-

Az
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JKEHHOMY BHIDaKeHHIO IJIA BTOPOW NPOM3BOJHOM

$YHKIHA, B KOTOpoit (UTypHpyeT OTHOMIEHES

1 (a 4+ 28z) — %f (a + Az) + £ ()
(4z)?

3TOr0 OTHOIIEHMA o6parTMMCA CHOBA K (opmyiie

Teitmopa:

1
f(a+282) 1 (a) 45 f (a) (282) +

. dua omeHru

1 1

+5 1" () (282)* 4 57 17 (a) (2827,
' 1

f a8y f(a) + 5 /' (a) b +

1 1
+ 5 17 (a) (Az)? 4 57 [ (a) (Az)®.
Orciofia, YIETHBAA IepBLHEe TPH WIeHA B IPABHX
HaCTAX HTHX (OpPMYJd, HOTYyIAM

 (a 4 282) — 2f (a 4 Az) + £ (
@z)

1

a)Q

" (a),

|

WM, TOYHee (C Yy4eTOM BCEX UYEeTHpeX WIEHOB),

g ma Lot M) 2 atba) (@) _

(Bz)2
_3 74
— 7 ["(a) Az,

(6.1.26)

Ona nonyseHma [’ (a) nyume KoMOHHH-
posaTp He sHadeHuA f (a), f (a4 Az), f (a2 4x)

Az/i? Azx/2

Pme. 6.1.1

$yHKIAN, BEIYHCICHHEE B IPOMEKYFKE OT a 7O
a--2Az, a sHaveHns f (a— Az), f (a), f (a-Bz).
(3mecs wHTEpecylolee HAac 3HaUeHHe I=—a
coBOajaeT ¢ cepexgHHOI obmacTH mame-
HeHmm aprymenra.) I B camoM perne, Jerko
moXasarhb, 9IT0

f(a+ Az) —2f(a) + 1 (a — Az)

f"(a)=3 (Az)z ,
WIN, TOuHee,

f(a + Az) — 2f (a) +f (a — Aa)
£ @)= 3 (¢ + Az) (AJ(;)I2 ( —

—710—]‘1‘“ (a) (Az)* (6.1.27)
(cm. ymp. 6).

TeoMeTpHEYECKH pasidddsa MeMAy IpAGiIH-
meHnAME (24) B (25) piA OTPOR3BOXHOA CBOJATCA
K TOMY, 9T0 B IeDBOM CJIyiae MH 3aMeHsAeM Ka-
carelpHYI0 ¢ K rpadpmky OyERomm y=f (z)
(pmc. 1) B Toure M (a, f (a)) (HaKJIOH 3TO¥H Kaca-

TeILHOH paBeH IIPoM3BOAHOM j’ (a)) mwpaAMoit
MM, =1, rpe M,=M, (a+ Dz, f (at Az)),
a BO BTOPOM clydae — mOpsamoi N{N,=Il,, rae

Ax Az
N1=N1(a—7, f(a—-T)), a No=

Ax Az
=N, (a +5 f<a+7)). Ho acHo, uro npamas

l; 10 HanpaBIeHAIO Topasfo GimHe K KACATETD-
Hoit £, wem mpsamas I (pac. 1). AHazorIHO PopMyTa
(26) monmyuaerca B IPeAIONOKEHEHA, YTO EKOPOCTh
n3MeHeHHs NPOH3BOAHOH y' (CXOPOCTH IMOBOPOTA
XacaTelbHOM K KpHBO# y={ (z)) oneHmBaeTcs mo
PasHOCTAM H3MeHeHHI HpPOHM3BONHON Ha ydacr-
Kax or M po M, mor M, o M, (z--24z, f (x4
+24z)), a dopmyna (27) — uTO CKOPOCTH W3-
MeHeHAS y' ONEHHBAETCA WO PAsHOCTAM H3Me-
HeHpil TIpousBofiHOR Ha ywacTKax or M’ (z— Az,
f (z—Ax)) jo M ®m ot M no M, (depresx cjenaiite
caMmu).

VYnpasucuenun

6.1.1. Pagnoskwre MHOrowreE 3-ii cremeHHm
y=ax3+b2®4-cz+4-d B pAfx OO CTemeHAM (r—z,),
Ie z, — OPOH3BOJbHOE (HKCEPOBAHHOE WHCIO;
CpPaBHATE CyMMY HEPBHX JBYX, TPeX M WeTHpeXx
WIEHOB MOJYYeHHOI'0 PasNOKeHEs ¢ MHOTO-
9IEHOM.

6.1.2. Pasnoxere B psay MaxiopeHa ¢yHk-
nu y=ze”; IpoBepbTe, YTO DasoKeHHme 3TOH
QYHKIME MOMHO NOJXYYHTH H3 pAasioeHHA
(OyHKOHR y=e yMHOKeHH6M NOCHefHET0 HA Z.

6.1.3. Paamoxure dpyEKmmO ® B psay Teitopa
no cremesam (z—1).

6.1.4. BuiacHmTe TOYHOCTH NPHGIHKEHHOM
dopmyanr (14-r)™ = e™ mpm r<€1 m mr<€ft,
sangcap NPHEGJIMKEHHO JIERYI0 H IPABYIO 4acTh
PaBeHCTBA B BEJAE CYMM a -} br - cr?, mosnyden-
HEIX B npeHefpe;keHEH 3-ii # BHCMAMHA CTe-
HeHAMH r.

6.1.5. Hcoompayss ¢opmyan (24) m  (25)
(coorBercTBenHO (26) m (27)) H 3afaBaAcyL HATEp~
BanoM Az=1; 1/2; 1/4; 1/8, BHajnmre npmbam-
JKCHHHE 3HAYeHHSA: a) IPOM3BOLHOH QyHKIum ¢*
npa z=0; 6) BTopo#l npomssoiHOR QyHKNHH *
opun z=0. CpaBEEMTe NONydeHHHE pe3ayJbTaThH
C TOYHHIMHA 3HAYCHHAMH.

6.1.6. Jloxammre dopmyny (27).

§ 2. Boruncienue snavenmii Gymrmmii
P DOMOIIH PAJOB

OcramoBuMmcsa BKpaTme Ha NPUHIHUIAX,
mONOEeHHHX B OCHOBY dopmyn § 1.
Ilpm nepBHX moAXofax K HOHATHIO HpO-
u3BOAHOH (T. e. CKOpPOCTH u3MeHeHHs
QYHRIUE) MH CIMTAIE PACCMATPHBACMEHE
QYHKOWMA M3BECTHHEIMM, T. €. MCXOJMIT
U3 TOTO, 9YTO MOKeM BHMUMCINTH 3HAUCHHE
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¢yEEDEE npm a00oM B3HAYeHWH apry-
MeHTAa. OJTa YCTAHOBKA NO03BONANA HaM
HAXOMTL HPOU3BOTHEIE HEIIOCPEAICTBEHHO,
TAK CKa3aTh ONBTHHIM IYTeM, BHYIHCIAS
3HaUeHNA (YHKOUYN NPH 3HAUSHUAX apry-
MeHTa, OJHBKHX K DacCMATPHBAEMOMY
mamu. IloToM MBI BayImiaHch HAXONHTH
OpPOM3BOTHEIE O JOPMYJIIAM, H OKABaJI0Ch,
4T0 cocTaBjeHEmEe (OPMYJI JJIA LPOUBBOJ-
HBHIX — JOBOJABHO 1pocTOe fHexo. Ilo-
3TOMY YacTo BHUHCJIEHHE SHAYCHHHA QYHK-
OEA OpE moMomu| (OpMys, B KOTODPEHIe
BXOIAT UPOM3BOJHHE (4 HMMEHHO TaKo-
BHMH Obuim Bce upmOimeHHB® ¢op-
myau § 1!), oxassiBaerca Goxee mpocTHM,
4eM IOPsMoOe BEYMCIeHUe 3HAYeHW QyHK-
num.

QOyHKOuE, OTAWYHbEE OT MHOTOWIEHA,
OpPefCTABAANTCH OECKOHEUHHMHE
psAaMH, TaK KaK TOJBKO B ¢Jy4ae MHOTO-
uneHa paAx Te#nopa o6GpriBaeTcs, co-
HeP;KUT KOHeUHOe UNCJIO0 WICHOB (9TO
yTBep)KIeHUEe MBI HOKasKeM UyThb II033Ke).
IIpakTudecKas MeHHOCTH [JIA BHIUCIeHTA
0eCKOHEYHEIX PAZIOB CBA3BAHA C BO3MOKHO-
CTBI0, OTPAHMIMBAACH HEGOJIbIIUM YMCIOM
(savacTyro AByMs MM TPEM) YNEHOB PALA,
TIOJIY9ATH JOCTATOUHO TOUHBIA PO3YIBTAT.
Hasa »sroro EHeobGXxogumo, pasymeercd,
4T06H cyMMa OTODOIIEHHBIX YIeHOB Ghiia
OOCTATOUHO MAaJa.

PaccMoTpuM HeCKOJIBRO OpMMepOB pas-
doxeHEs (GYHROWE B paaw. Mu yike
YOOMRHAJHE (mpocTedmuit) caydai, Kormga
dyHKROUA

y=by+bx4b*+ ...} bz"

ecTb MHOTOWIEH cTelleHH n. Ero Ipoms-
BogHasa Yy’ (xr) Oymer MHOTOUWIEHOM CTe-
mean n—1, y'’ () — MHOTOYIEHOM CTe-
neau n—2uT. ., Yy (z) ects mocrosHHASN
BeawamHa, a ¥+ (£)=0 n Bce mpousson-
Hele §oJiee BEHICOKOTO HOPANKA — TaKKe

(6.2.1)

Byam., IlosToMy pas MHoOrowieHa psp.
Teiinopa (1.18) o6priBaercsa, oH cocrouT
H3 KOHEYHOI0 4MCIa WIeHOB. B KauecTse
pana Teiutopa Mbl moJIy4aeM TOT ke MHO-
roYNeH, TOJBKO PACIONOMKEHHEBH II0 CTe-
neraM (r—a):

y=co+ci(z—a)+cy(z—a)4 ...
et (z—a). (6.2.1a)

Ilpm sTOM NAS MHOTOWIEHOB n-ii CTeLeHN
cyMMa mepBHX n-+1 uwigenos papma Tei-
Jopa faeT TOYH OE€ PpABEHCTBO, Bep-
HOe mpu J00HX z, a He TOIBKO NIpPH I,
0MM3KHX K @; caMo ke Bepaskenume (1)
MHOTOWJIeHA MO)KHO HOBUMATh KaK (op-
myay Maxxopena (1.19) npna mameit
dyakmyur y () (mogemy?).

B  npepgmigymem — maparpade  mui
yiKe DPacCMATPHBAJIH HKCIOHEHIMANbHYIO-
¢yarnuio m moxyumam Qopmyay (1. 20)

e=1+4at I 4.
=

B wuacrHOCTH, mOmcTaBaAs cloma zr=1
n z=—1, moAyUMM BHIpAKeHHUA IJA ca-

(6.2.2)

MOI'0 9ucJaa e M nis 06pa'.1‘H0r0 e ypcla '—:~
B BuUJe DANOB:

1 1 1
e=1+14gdg+t .+t
1 ¢ g O
=ttty —gtu—rm+

1 1
"'+(2n)! (2n+1)!+"'

(6.2.3a)

Qopmyna (2) HosBoaser ObcTpo H
¢ GOXBMIOA TOYHOCTHIO BHYHCAATE €%, 94TO-
MOKHO BHHeTh u3 Tabm. 1.

Ecau mpu 2=0,1 mm orpaEmunmmcs
IepPBHIMA JBYMA YieHaMu (ODMYJIH, TO-

Taoxaga 1
2 2 3 14+x+ = +
x ex 142 At [tder S+ s 2
X X
+5tar
0,10 1,1052 1,10 1,1050 1,1052 1,1052
0,25 1,2840 1,25 1,2812 1,2838 1,2840
0,50 1,6487 1,50 1,6250 1,6458 1,6484
0,75 2,1170 1,75 2,0312 2,1015 2,1147
1,00 2,7183 2,00 2,5000 2,6667 2,7083
1,25 3,4903 2,25 3,0312 3,3568 3,4585
1,50 4,4817 2,50 3,6250 4,1876 4,3986
2,00 7,3801 3,00 5,0000 6,3333 7,0000 )
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nonyuuM omuGKy, He IPeBOCXONAMYI0
0,5% w®WCTHHHOTO 3Ha4YeHMsa (yHKOUM.
Ilpu £=0,5 mepBHEe TpH 9i1eHA (OPMYJIH
nator ommbry B 1,4%. Ilpu z=1,0 mep-
BLIe YeTHIpe WieHA OPMYJIH HAI0T ONMOKY
B 1,8% 3HaueHua OyHKmEmM y=e”.
Takas BHICOKAS TOYHOCTH CBf33HA
© TeM, 9To WwieHH pafa (2) y OB a w0 T.
KakqEil 4ieH »TOro pama MeHbIe Hpef-
MeCTBYIOIEro eMy Ipesiie BCero Io-
TOMy, 4TO 3HaMeHarenb (n+-1)-ro uneHa
B n pa3 Goubme 3HAMEHATENs MIPENBILY-
mero (rn-ro) wieHa psaga. A ecaum z < 1,

$
v
i/_ \3’ ‘?§'Z,\$J "
s *xZ
(S=N 724
A\ <=
= ey
= %
c\\‘ < é@ .
7 7 z ISz
7
V4 7
./ o
Pue. 6.2.1

TO K 3TOMy HRoGaBigercsa eme M TO 06-
CTOATEAbCTBO, YTO C POCTOM 7 BeIMIMHA
z" Onictpo yOmBaer. Ho pmaxe um mnpm
z >1 B Jajgekux 0T Hauaja ydacTKax
pAfa yBeiuueHHe 3HAMEHATeNs ¢ POCTOM
n 0o0A3aTeBHO IEPEeCHINEAST POCT YmC-
JAuTeNA: Begb UMCAMTENb IDPH Hepexofie
OT n-To 4ieHa K (n-41)-My yBenrumduBaercs
B x pa3, a 3HAMPHATEJNb BO3PACTaeT
B 1L pa3 — M HaM HAJIO0 TOJbKO TOKIATECSH,
noKa (OpM NBUWKeHUHM BROAb PARA) n
He craHeT Ooabme xr. Kak BugHO u3
taba. 1, mpm r=2 cyMMa NATH 4YeHOB
paga paer omubKy 5%; ecam ke moGa-

o x5
BUTH IIECT 91 —ar
(0)/ eH ( 120) , TO cyMMa

cTaHeT paBHoH 7,3500 — smeckr ommGKa
cocraBut Bcero 0,5%.
ITocTpomM Qopmyas Takoro e THHA

g TPUTOHOMETPHYIECKHX  (YHKIMIA.
Tak, nasa y (zr)=sin £ nMeem:
Y (r)=cosz, y'’ (x)=—sin z,

¥ (¥)=—cos z, YV (z)=sin z.

3axon 06pasoBaHMA NOCHENYIOMUX IIPO-
H3BOJAHHEIX OdYeBH[ICH.
IlomcraBasa =0, moayumm:

y(0)=0, y' (0):. 1, y* (O):O,

y”’(O)_—_—1, .
CiegosarensbHo,
. z3 8 z7

s1n {l)—x—T—‘—m—m—}— con
(6.2.4)

AmamormaEo moxyuuMm Qopmyay

12 .'E4 $6
Cco0S $—1——T+X—m+ e (6.2.5)

Ha puc. 1 moxasauu rpaduem cuHycCa,
KOocuHyca, a TaKyKe TpaduKm MHOTOWIe-
HOB, KOTODEHE NOJAYIAWTCA, ecliy OpaTh
OflMH, NBAa WIM TPH UIGHA COOTBETCTBYIO-
mero pafa. BumHo, Kax yaydmaercsa Tod-
HOCTL IO Mepe TOro, Kak Mu 6epeM Bce
foJdbImee THUCIO WICHOB pPA7A.

B Ta6n. 2 m 3 mpusemeHH 4YmcieHHHe
3HAUeHMS CHHYCA W KOCHHYCA COOTBET-
CTBEHHO; B DTUX TalIMmAX ¢, KaK H T, —
yroJ, HO BHIDa;KeHHBIX He B paguaHaXx,
Kak z, a B rpagycax. Kaxk Bumao us Ta6-
JIHL, TOCTATOYHO JBYX-TpeX WICHOB PANA,
9106H TONXYIUTH B mpoMesyrke or 0

o % IpekpacHylo ToIHOCTE. Tarum oGpa-

80M, CTeIIeHHOH PAJ JaeT 09eHb YMOGHBII

OpaKkTEIecKud ¢mooco6 BLIYMCICHHS 3HA-
4YeHOH TPUTOHOMETPHIECKHX (YHKIHIA.
3aMeTuM, 4TO 10 aBCOMIOTHOH BeXwdmHe
He PaBHHe HyJI0 WIeHH PaAfa [JIA CHHyCA
M KOCHMHYCA B TOYHOCTH PABHEL COOTBET-
CTBYIOINMM WieHaM PARA AasA QyHKOUE e°.
ITosromy Bce cxaszamHoe 06 yOGHBaHHEI
41eHOB ¢ BHCOKHMM CTeleHAMH I B Qop-
Mmyie (2) orHocuTea u K pAxam (4) u (D) —
B OTH PaARHN, Hoxo6Ho (2), MO3BOAAIOT
BHUUCJIHUTL 3HAUeHHE COOTBETCTBYIOINEH
dyEroum npu aoboM z.

IToguepxHeM, ofgHAKO, cpasy ke, 4TO
yOnBaHue dWieHOB psaAfa unpu JawboM z,
a TeM Gojdee crpemieHMe mpH HIOGOM Z
«9aCTWYHHX» (KOHEYHHX) CYMM DpsAfa
K OIpefeJeHHOMY 9UHCJIYy HYM B Koeil mepe
He ABJAIOTCA o6muM 3aKoHOM: pamnl (1),
(1a), (2), (4) m (5) aBasIOTCA B OLIpEfieseH-
HOM cMEcae Gonee GIATONONYIHEIME, TeM
«obmue» panu (1. 18) = (1. 19). Dromy
Bompocy OymeT NOCBAINEH CiefyOmui
naparpad.

Papgu Teitmopa m MaxiaopeHa HaXOfAT MHO-
JKECTBO IPHJIOKeHAH B BHCHIeH MaTeMaTHKe;
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Tabamua 2
x 9° sin x x x — —oé—- x— 36: + 1—23%-
0 0 0,0000 0,0000 0,0000 0,0000
/20 9 0,1564 0,157 0,1564 0,1564
/10 18 0,3090 0,3142 0,3090 0,3090
3=/20 27 0,4540 0,4712 0,4538 0,4540
47/20 36 0,5878 0,6283 0,5869 0,5878
5n/20 45 0,7071 0,7854 0,7046 0,707
6=/20 54 0,8090 0,9425 0,8029 0,8091
7=/20 63 0,8910 1,0996 0,8780 0,8914
8=/20 72 0,9510 1,2566 0,9258 0,9519
9%/20 81 0,9877 14,4137 0,9427 0,9898
n/2 90 1,0000 1,5708 0,9248 1,0045
Tabamna 3
x #° cos x — 5ty | =Tty
0 0 1,0000 1,0000 1,0000 1,0000
/20 9 0,9877 0,9877 0,9877 0,9877
/10 18 0,9510 0,9506 0,9510 0,9510
3n/20 27 0,8910 0,8890 0,8911 0,8910
4nf20 36 0,8090 0,8026 0,8091 0,8090
57/20 45 0,7071 0,6916 0,7075 0,7071
67/20 54 0,5878 0,5558 0,5887 0,5877
77/20 63 0,4540 0,3954 0,4563 0,4539
8x/20 72 0,3090 0,2105 0,3144 0,3089
97/20 81 0,1564 0,0007 0,1672 0,1561
®/2 90 0,0000 —2,337 0,0200 —0,0009

¢ HeKOTODHIMH W3 HHX MH BCTDeTHMcH HILKe
(cM., manpumep, § 6). 3nech e yKameM Ha Bos-
MOJKHOCTh HCHOJNL30BAHHA DANOB JJIA HHT e-
rpupoesaHEEA ¢QyEKnEZ. Ecam ¢yERuma
y=f (z) pacKJIaJnBaeTci B CTeleHHO# pax

(@) =0+ az+ az® 4 ... a2+,
(6.2.6)

TO, BooOIme roBopA (¢ HEKOTOPHIMH OT'0BOPDKAaMH,
CBA3aHHEEIMH ¢ COfep:KaHHeM § 3; 3/iech MH IOKAa
9THX OrPAHHYEHAA He KOCHEMCA),

Sf(x)dng(ao—}—alx-}—azxz—{-...
eor F a4 ...)dx.—_—C-f-aox—{-%l:zz—}—
(6.2.7)

ap

ag
+3 x’+..-+n+1z"+l+-~-

IIpm sroM pegyabrar (7) cOpaBe[IAB He3aBACHMO
OT TOr0, MOKHO JH BHpPAsATh HEoIpefeseHHE

mETErpal (mepBoobpasHy0 QYHKIHIO) S f(z) dx
¢ Tomompio adrefpamuecKoir QOPMyNH HIK
Heanza. Tak, HaupmMep, BEIIE ME BHJICNH, 9TO
dymxnms Se"' dt He moser GHTH BEIpaKeHA

HEmkakofi  (komeuHO#) Qopmymodt.  OpHaro

«GeckoHeqHONR Popmynofy (paAmoMm) oTy yHKIMID
mpejacTaBmTh MOKHO. IlofgeraBus B (2) BMecTo z
BHpajKkeHRe -—1%, TOTYyIAM

—t"_i__t2+_ti _ﬁ.

e = 776 T
12

—}-(—1)”;{1——}—.,

MO3TOMY

2 13 t8
Se‘fdt=C+t——§—_}_m_

(6.2.8)

t7? $2n+1
-t +(—1)"m 4+ ... (6.2.9)
B wacrrocTH!,
x

" 3 5 z?
Se d=x—'§‘+2—5—6——7++
0

z2n+l
+ 0" Ty T

1 Mopuyna (10) opumennma NpH 11060M Ko He I-
HOM z, OgHAKO fICHO, YTO BaKHKH pesyib-

(6.2.10)

o] -—
—12 T
TaT _S‘ ¢ dt= -7 BEBECTH H3 (10) menp3a —

8qech HYKHO HCIOJIB30BATH €OBCEM [Pyrue
IIpAeMHL.
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Ynpascuenusn

6.2.1. Bripasnte KoaPPHIHSHTH Co, €1, Cay « oo
«pApga» (MHOrousIena) (1a) Jepes KoapuueHTH
o, by, by, ... MHOTOUNEHA (1).

6.2.2. laBecrno, uto QyHKUuA
sin z

siz= S dx (unmezpasbrbii  Curyc)

He BHpa)kaercA ABHOH dopmynoii. Ilpexcrasnte
dymEnmI0 Siz B BHge GacKOHeYHOro pAja.

4 3. Cayuam HempmMeRHMOCTH PANOB.
gleomerpuuecraa mporpeccas

@®opMynH, B KOTOPHX QyHKOUA IpefcTas-
JIAeTCH KAK CyMMa DANA W3 CTeHeHed x
¢ HOCTOSHHHMHE KodpPmpmeHTaMM, GHIIE
COCTABIGHH B IpefHAymeM maparpade
IOns 4deTHpex (QYHKOHI: MHOTOYIeHa, €%,
sin z, cos z. Bo Bcex sTmx ciaydasx oxa-
-3a710Ch, 4TO0 HpH JI000M Z KaKIHHA cie-
OyIOmMuil 4jieH pAfa, HCKIYas, MOKeT
OHTH, HECKOJBKO IMEPBHX WICHOB, MGHBIIE
TIPeRBAYIeTo u YeM 00Jblie HOMED 4ieHa,
TeM OImKe 5TOT 9WieH K Hylwo (a B Iep-
BOM — CAMOM 0/1arOMOTyIHOM — CIIY-
yae BooOmEe BCe WIeHH paAfga, HAUYXHAA
¢ HeKoToporo, o0pam@wnTcsi B HYIb).
B srux mnpumepax npm anmwbGoM x
MOKHO BHUHCAMTL 3HadeHWe (QOYHKOUE
Opy IOMOMM PANA, ecld B3ATH OCTa-
“TOYHOP YHCJIO WIeHOB PAAa TAK, UTOOH
-OTOPOIIeHARE WIPHH HPAKTHICCKH He
BIMANH HA Pe3yabTart.

HamoMunM, 970 ME HAYMHANH C 330a9H
0 OpuOMIDKeHHOM BHIpKeHUW QYHKOHT
B MaJloit 0061acTw M3MeHeHHA HepeMeHHOH
U cTpowaHm Bce 0Oosiee ToOUHEE (QOPMYIH
€ ydeToM mepBoil, BTOpOH, Tperwbeirt m
T. J. OPOM3BONHHEX. TOWYHOCTH Ka;KEOI
«HOPMYIIBI

Yy (z) =y (a), (0)
y(@)~y(a)+ (z—a)y' (a), )
y@)~y@+(—a)y (a)+

+ L= ) ()

u 7. 1. TeM Goabine, yeM MeHbIIe BedMIMHA
lr—a|. Kpome Toro, npm HaHHOM Z—a
KasrIoe Hociefylomee NpubAIKeHEe TOI-
Hee mpemgmpymero: gopmyna (I) Tounee
gopmyan (0), dopmyna (II) roumee ¢op-
myast (I) m 1. m. IlostomMy yBeamdeHme
<quCcia WIEHOB paAga I03BOJASAET YBejxu-

YUTh BEIWYUHY [r—a|, cOXpaHAA 33JaH-
HYI0 TOYHOCTb.

Tenepsr mocraBuM BOOPOC, BCerAa JH
MOJKHO IpH J 0 6 0 M 3HaYeHMH |r—a |
AOCTHYL 3alaHHOR TOYHOCTH IIyTeM yBe-
AudeHusA 4HUcIa dieHOB pafga. Ha ouens
BAJKHOM HpuMepe MH yGemmMmca ceitdac,
qaro 10 He Tak. CremenHolt pan, maommi
Xopomee DpuOIM;KeHHe B Majoit ofiacru
W3MeHeHHA I, T. e. IPW MaiHX |r—al,
MoKeT OHTH NPHHOWIMAIBHO HEIPHIOJ-
HEM B obxacrm Gonbmux |z—a|. Ipy-
THMH CJIOBaMH, 9TOT DA MOKET HMETh
ecTeCTBeHHHI IIPefied IPAMEHAMOCTH, Ipe-
Ael MOUYCTHMOTO yBeJHWYeHHA |t—a |,
He 3aBHCAMMN OT 4MCIA B3ATHIX WICHOB
pana. lusa opuMepoB IpeRHAYIero mapa-
rpada feao o6croano 6osee Gaaromoayano,
HO CTOJIb XOpomee IOJNOKEHUEe [eJl AB-
JsieTcst UCKIAKYeHHeM, a He o0muM mpa-
BHJIOM.

PaccmoTpmM  cienyomyo IpoCTYIO
QyHKOUIO:
1
— X

— —_ -1
y=r = —2z

BrgucaAa mociaefoBaTeabHO IPOU3BOJ-
HBIe, HaWAeM

' 1 "

yzm, ¥y =

1.2
T—zp "

y(”):(i_:-;)—"ﬁ-, P

Mg x=0 Gymem umers
y(O):i, y' (0):1, y”(0)=2,. ..
e M (0)=n!, ...

Tarum o6pasoM, MOAYIUM PAR

1
T— =14z} ...

i IR
Ilpumep ¢ymxmun

(6.3.1)
[, S%aMeuareleH
He TONBKO HeOGHMAlHO NPOCTHM BHEOM
HOOJNyuMBIIETOCA CTeNeHHOTO psfa (Bce
KooQpunuenTsr paBHH 1). B srom cay-
4ae HeTPYXHO HATh TOYHYI0O GOPMYNy AIs
CYMMH . IepPBHX wieHoB psama (1):

1-—[—:1:—{—-:1:2—}—...—]—3:”‘1:1 i

{—2z°
CopasegnuBocTs 3TOH (PopMyian — dop-
MYJB CYMMH KOHEYHOU 2e0Mempuxeckoli
npozpeccus — ROTKHA OHTL H3BECTHA M3
Kypca cpenmeit mroan. (Ee MoHO moKa-
3aTh, yMHOMasa o0e wactH Qopmyuanr (2)

(6.3.2)
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Ha 1—z.) CoorHomenue (2) MOKHO mepe-
OHCaTh TAK:
1—'—(3—'—(1}2—]— coo —l—:cn—lz_—'

1 i

11—z 1—=z°
7

Cpapamsas (3) u (1), BugmM, 9TO —11?:5—

(6.3.3)

€CTh «OCTATOYHHN WIGH» IIPUOIIMKEHHEOr0
PABEHCTBA

T—i-—xmi o424+ . .. 2", (6.3.9

T. €. TA BEJIMYMHA, KOTOPOi ME mpeHeGpe-
raeM, €clim OrPAaHWUYMBAEMCH NEPBHMH
n QieEAME CTOAmEro B mpaBoit wactm (1)

pra
1+$+$2—l—x3+...+$”+.. . (6.3.1a)

Ecam —1 < 2< 1, 10 2" TeM Oumxe
K Hyiwo, 9emM Oolbme n, H, CIEI0Ba-
TeIILHO, B3AB JNOCTATOYHO MHOYO YJIEHOB
pana, MH oTOpacHBaeM MAaJylo BelN-
unny. Psaper, ofnapgamomue TAKNM CBOI-
¢TBOM, HasuBaloTcs cxodsuumucs. Cxonn-

1
Moete psama (1a) mpm ZT=- MIIIOCTPH-
pyer UpmBepeHHas HmKe TaGuuma;
3JeCE T— x=2. Bennuuaa A B Tabanmne —

370 BHPayK€HHAas B IPOMEHTAX IOTPem-
mocTh upubmmnenHoi dopmyns (4) (pas-
HOCTL JeBOI M TpaBol gacTeir (4) B oTHO-
meHAn K JIeBoil gacrm).

|
n 1 2 | 3
1tz z2 L ... L1 1 1,5 | 1,75
A 500 | 2595 |12.5%
n 4 5 6
14 ot a24 ... Lam1|1,875 |1,9325)1,9637
A 6,25%| 3,120 | 1,569

SaMeTuM, uro ueM Gumzke = K 1, Tem
fompine WIEHOB DAl mPUXOmuIcs OpaTh
Lif TONYyYeHNs 3afaHHOU TOYHOCTH (TeM
Xyie CXOEHUTCH PAN, KAK TOBOPSAT MaTe-
MATIKH).

Onmaxo KapTUHA MONHOCTEI) H3Me-
HATcA, ecim B3ATH |z| > 1. Tak, ecnm
¢ > 1. T0 KaIKRIHH CHeNYIOmMUE JileH pAna

11 3araz M 1085

(1a) Gompme mpemsimymero. Mopmyna (3)
OCTaeTCs B cHjle, OfHaKO mpu & > 1 peim-

9pHa 2" HeOrPaHWYEeHHO pPAacTeT BMeCTe
7

X
4l =5
npere6peraTh HMKak HeIbL3s. DopMmyia
(1) B aToM cnysae Gynmer yxe HeBepHa.
Her paske HHKAKOT0 KaYeCTBEHHOTO
CXOJ[CTBA MEJKAY CYMMOIl IOIORHUTENIh-
HHIX cnaraemsex (1a) m orpmmarennHoi

¢ POCTOM n, U IO3TOMY le0613[0

(mpu = >>1) Benmunmoi T—5- LaK, opm

z=2 ¢opmyna (1) oGpamaercsa B abeypn-
HOE «PaBeHCTBO»

—1=14+2441-8+16-1-...

Ilpz =z >1 cymma pspma (1a) =eorpa-
HUYeHHO VBeJNYUBaeTCsd LPH yBejmde-
Hnn n (370 BEpHO u W3 (3)). Ecim xe
z< —1, T0 MH moiyyaeM B TpPaBOi
gacte (1) sEaromepememmyl0 CymMMy, HU-

HaK HE TNOXO0KYI0 Ha BeIuduey

1—2z

Tar, mpn z=—1 ¢opmyxna (1) naer
12=1—14+1—1+4+1—...

Psaner, momobuEle TeM, B KoTopuie oGpa-
maeTest (1a) mpm |z| > 1, HasmBaloTcs
pacxodawumucs.

Mu ycraHoBHImM, 9TO CyMMa YJICHOB
0OeCKOHEUHOI TeoMEeTPHMYECKOil mporpec-

1—1;, ecim |z |<1;
ecin xe [z| > 1, To Geckomeumasa reo-
MeTPHYeCKasi Nporpeccusi He MMeeT Ko-
HEYHOH CyMME (pacxojmTcs), NPYyrHEME
CIOBaMM, CyMMa HEPBHX 70 UJIEHOB 3TOTO
Pafa mpu n — CO HE CTPEMUTCS HE K Ka-
KOMY Tpefiely.

OrmeTuM eme, 49To Jrobas mepHommde-
CKas (lecaTWaHasg) APoGh MIpecTaBiseT
cofGoil CcyMMy 4UIIeHOB TreoMeTPHYecKOit
nporpeccun. Tak, HampmMmep,

cun (la) pasHa

1,()=1,1111 ...=1-+40,1 +0,01 |
40,001 4...=1+0,1 4 (0,124
+(O)1)3+-..:ﬁ:0,19:

_ 1041

=—=15.

Tarxum o6pasoM, ¢ mpocTeHIMEM PAXOM
(reoMeTpHYecK o TpoTpeccueil) Mul BCTpe-
YajMCh yyke W paHbme, B apH@MeTHEe
n axrebpe.

Qyarnusa y= (pumc. 1) Tepomr

1—z
paspeiB mpu z=1: ecam x Guu3ok K 1,

1
HO Gonpme 1, oo m—6on5moe mo ab-
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COIIOTHOII BelMuuHe OTpUIaTelbaoe YUCllo;

1
ecin z 6nnsok K 1, 5o Mensme 1, To —

Goapmoe nogoxuTensHoe ducio. Ciermo-
BaTeIRHO, IPKM Iepexofie x dYepe3 3HaUe-

Hue z—1 ¢ymruusa CKAgKOM Tlepe-

1—=z
XOAUT 0T OONBIMUX TOMOKATCJIBHEX YH-
cell K OoapmuM 1o a0CoNIOTHON BeIH-
4yHe OTPHNATEIBHHIM IHCIAM. ITOH 0CO-
GenHoCcTH NOBegeHuA (QYHKIUUM PAR ONM-
caTh He MOKET, IO0ITOMY OH H OTKAa3BI-
BaeTca HAM CJIYKHUTH.

K4

Pue. 6.3.1

OrMeTuM eme ciemyiomee: opu z=1

dymROuA Y=
HeIHOCTH (eM 6amske £ K 1, TeM Goapime y
1o a6coMI0THOH BeaUInHe), M UPK ITOM FKe
3gavennu r wiensl psaga (la) mepecraror
y6EBarh. PaAR Moyket OBTL OPUTONEH OJA
BHUMCACHUH, JUIOb eCIH ero WIeHH [O0-
CTATOYHO GHCTPO CTPEMATCH}K HYIIO, T. €.
yOHBaloT [0 abCoM0THOH BeiamuuHe !,
Ilpu =1 ¢opmyna (1) HesepHA, TAR KaK
YWIeHH CTOAIIET0 B IIPaBOH YacTH pARa
me y6mBalor. 3HauumT, pax (1a) Hempm-
rofieH MJs BHYMUCACHUA 3HAYCHHH GyHK-

i y=1_2
z < —1 (3pech Toxe unenn (la) me yOm-

BaioT), X0TA caMa ¢yEKOuA y mpm x = —1
paspslBa HE  HCIHTHBAaeT H  paBHA
1 1

obpamaercs B Gecko-

u mpu zr——1, 1n 1npu

1—(—1) " 2°

HE(iK )6m Mu 2 HE |BHGupanm Koaddu-
HUeHTH MHOTO4YJeHa, ero rpagux Bcerma
GymeT CILIOMHO, HeNPepHBHON JIMHUEl:
rpaguy MHOTOWIEHA PA3pHBOB He uMeer.

1 Kone4dno, ecam OJHH-/BA WJIHYHECKONBKO
HepBHX WIEHOB PAJA BO3PAcTalor, 5T0 He Gela —
Opd YCIOBHH, 9TO CJIeAyIOIue AAJblle TIEHH
pAfa JoCTaTOuHO OHCTpo yOHBAW0T (CM. IpEMEp
¢ e upm z=2 (Taba, 1 m3 § 2)).

IToaToMy ecam HexoTopas QyHKIuUS 7 (x)
TePIMT PaspeiB NIpm xz=x, (B mpumepe

1
C T MBI HMenn x0:1>, TO OpU 3HAYCHU U

X=2, PAN, COCTaBIeHEHH miaa [ (x), 3a-
BEIOMO HENPHUTOREeH [JNA BHYHUCIeHUI.
Hockonsry KakmE# 9IeH ¢, x" pAna
CoTCx-Fex®4-. .. Oymer Tem Godbime
no abcosoTHOX BenmduHe, yeM OO0JibIne
abCodI0THAA BeNUYMHA Z. TO UPH JioO-
6oM z, mo aGCoONIOTHOH BeawumHE GOIb-
mieM, 4YeM I,, PAJ TaKiKe HeOpuUrofeH
JUIS BEIYMCJICHUH,

TaxuM o6pasoM, Upu HATMIAM Pas3pHIBA
f () moKEO 3apaHee ykasaTh TaKoe T,, ITO
upu BceX z, GoNpmMUX z, M0 aBCOMIOTHOI
BJIMTHHE, DA, Oyder HenmpuUTOmeH NJd Bh-
qHCIeHUN.

Paccmorpum eme onmu npmmep. Cocra-
BuM paAx Maxmopera mis  QyHEDEK
y=tg z. Ilojo6muM mpaBmiaM HaXomumMm:

=t m::ﬂ ’:._.E__
y g cosz * Y cos?z ?
ron_ 2sinz ” [24-4sin?z
y (m)——m, y (l)——W,
16 sin z -} 8 sind z
IV () —
ye)= cos®x ’

16 4 88 sin%z - 16 sin4 x
cos® >

Orcropa y (0)=0, y' (0)=1, y"(0)=0,

y” (0)=2, yV(0)=0, y"(0)=16, ...
ITosromy

tge=0+41.240 2"+
2 |
Ty e+ 0 2
16
+3

5
.4.3.2.1m+---

y¥ (@)=

TakmuMm oGpasoM,

1 2 .
tg:z_—_.x—{-gﬁ—{——ﬁa:“—{—

5 A7 62
+aEd F o P

(smecn woadPuiuernTH mpu r’ m 2° MoryT
OLITD TOIYYeHHl TaK ke, KaK OBIIN ImOay-
4eHH KOaQQUIMEHTH mpu I, Z° ®m 2°).

Y10 MOKHO CKazaTh 06 ofmacTu mpu-
menuMoctn psama (9)? I'padur TaHrenca
(cM. puc. 4.10.5) nopmckasLBaeT HaM, YTO
pAn (5) moskerT OHITH TIPHIONEH [JIA BHI-

(6.3.5)

o k3
aucnenuii sums npa |z | < 5, MOCKOIBKY
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T ~
Ipn z = QYHKOUA tgT BeJieT cels TaK iKe

II710X0, KaK (QyHKIAA mpu =1,

1 —

Opaaxo mo popMe psapga (5) HeIeTKO CKAa-
3aTh, IPW KAKOM B3HAYeHWUH & 3TOT PAX
Helb3sg HIPUMEeHATh, ub0o BaKOH 00paso-
BaHuA KO3PPuUIMeHTOB psaAma B OTJIMIHe
OT paccMOTpPeHHOro Bume paAna (1a) BoBce
He mpocT 2,

OrMeruM, 4TO Hajamive PaspHBa QyHK-
Ui TOCTATOYHO MJIA TOro, IT00H

pax mepecTal CXOOuUTLCA, HO HEe He-
o6xogumMo. B xagecTse npmmepa
paccMoTpuM PYHRIUIO V=175 IIpu-

MeHas ¢opmyay (1.19) uniu mpocro sa-
MeHsA B paseHcree (1) x ma (—uzx), Haii-
nemM

1

m:l-w—f—ﬁ—a&’—{—... (6.3.6)
BosbMem, manpumep, x=2. Torma

1 11
T+ 2l 1+2  3°
CymMa sxe wieHoOB paAma
l—zt+a?—a*4... (6.3.7)

TP U3MeHEHHMM YUCIA 7 HMePBHX ero Wie-
HOB KoJie0JieTcss BeChMa Pe3K0 W HU HOpH
#akoM n Ha 1/3 He moxoxa:

n l1 2 |3 4‘5 6 !Tt
Cymma n | 1] —1 (3§ =5 11 | —21] 43 ...
TICHOB
paga (7)

flcHo, 9To TWpm x=2 Ham pAf HEIpHU-
rOfieH /i BHYMCIeHHMA 3HaUYeHUs QPyHK-

1
Y=
rakuM obpasom? Benb cama ¢yHKIHA ¥
HUrge B uatepsane oT r=0 g0 r=2 HuKa-
KUX Pa3PHIBOB He MMEET; B 3TUX LIPENIeIax
OHA — IjafKkasg. «Xopomasgy QYHRIHUA

(puc. 2).

. Ho mowemy meno oGcront

2 3aMeTHM, 9TO OTHOMIEHHS [IOCIelOBaTeIbHAIX
roa(dumuentos pana (5)1:1/3=3;1/3:2/15=2,5;
2/15 : 17/315 =~ 2,4706; 17/315 : 62/2835 =~

nw\2
= 2,4677 66IcTPO CXOASATCA K BeJIHYMHS (—2—> =

=2 4674. MHI, ofHarO, HHUKAK HE MOKEM oCTa-
HOBHUTBCA 3[I€Ch §Ha [JOKasaTeJbCcTBE JTOI'0 HE-
oxmfanHoro Qaxrra.

Orxas papma (7) «paGorathy mpm =2

1
o6pAcHACTCA TeM, 4T0 QYHKOUS y:mE
MCOHTHBaeT paspus npu z=-—1. Ilo-
sroMy npm z=-—1 a6colawTHNE Beau-

4yHH WIeHOB psAfa (7) He yOHBAIOT ¢ HO-
MepOM paccMaTpuBaemoro wiena, Ho a6co-
JAIOTHEIe BeJMINHEl wieHoB pafa (7) He 3a-
BUCAT OT 3Haka z. IlosroMy m mpm x=1,
u TeM Oodee mpum x > 1 5TOT PAN [NA BH-
YUCIeHUR HemPUTOIeH.

&

|
|
|
|
f A
|
(
|
i
|

-7
/
A /7 zZ Jz

Pre. 6.3.2

Tarum 0Gpasom, Jase ecan Hac MHTepe-
cyeT JMIND HOBefeHme PANA IPH IOJ0KH-
TeABHHX x, BCe DPABHO HAN0 YIMTHBAThH
BCe 3HAUEHWA r, B TOM YMCJIE U OTPHOA-
TeJbHEE, TP KOTOPHX pasjiaraeMas B paf
QYHKIUS nperepueBaeT pPas3pHB.

dna umratesnreil, 3HAKOMHX C XOMNJACKCHHMU
yucranu (cM. Tiaen 14 m 15), ykamem, 4To

A

-2 -7 g1 7 2 .z

Pne. 6.3.3

Ha caMoM jele Ha CXOJUMOCTH PAja IpH BemlecT-
BeHHHIX 3HAUCHWAX z BINAET JasKe MMoBefeHme
paceMaTpuBaeMoi GYHEKIEA OPH K 0 M I JI € K C-
H W X 3JHAUeHWAX apryMeHTa. IlpmBejeM mpm-
mep aroro (cm. Takme § 15.2). Bamenus B gop-
mynae (6) z Ha 2, HoayIEM

=1—z+at—a84 ... {6.3.8)

1
14 22 )
T'papmr pynruuu y =11z (puc. 3) He mMeer
PaspHBoB HE IPH IOJNOKATENBHHX, HH IIpH
OTpPHNATENHENX z, HATNE He YXONuT B GeckoHed-
Bocth. OpHaro pap (8) OpErofeH [A BHYUCIE-
Emit, namb ecin 22 < 1, 1. e. mpu —1 <z < 1.
IIpwunHEa 3TOr0 B TOM, 9TO IPH Z== +V=1= +i,
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1
T. e. npn r*=—1, fyEKIEA V=TI obpama-

erca B 0eCKOHEYHOCTb; LOATOMY WIEHH pAia
He yOHBAaOT D0 AafCOMOTHOW Belm4mHe IIPH
22=—1, a sHauwmr, m mpm z® =1 (cp. ra. 15,
c. 430).

MokHO TIpHBECTH U [ApyTue HPUMEPH
$YHKOUHA, KOTODHIE HENH3SA PABIOKUTDH
B pan Teitnopa, nHampumep ¢yHEIMIO
eV mpm z=0 (cp. c. 169). He pasaa-
raoTca B pax MaxriopeHa npoGHEE cTe-
IeHHE ¥ QYHKIMH, cofepsRamue qpotHyo
CTelleHb apryMeHTA, HaUpuMep (QyHKIUA
sin yz.

B pamrax pmamHO# KHETH pPasbICHHTH
J0CTATOYHO NOAPOGHO M HOHATHO BOIPOC
o rpaEunax mpuMeBuMocTE gopmyn Teii-
aJopa 1 MakiopeHa HeBOSMOMKHO; [JIsI TOTO
4TOOH Pa300paThCA B BOSHAKAIONMX 3/6Ch
BOIPOCAX, HANO 00paTUTBCH K KAKOMY-
aubo Kypey Teopuwm (YHKOMIA KOMILIEKC-
HOTO mepemeHHoOro (cp. ria. 15). Ocraerca
OJHO YyTelleHHe — BCe BCTPeTAIIMUeCcH
¢usuKy MJau wH;KeHeDy QYHKOUEI He pas-
nmarapTca B pax Teiuiopa Toapko B OT-
meabHBIX (0c0GHX) ToukaX. Kak mpasuio,
MH BeTpedaeMcsa ¢ QYHKIUAMHE, KOTOPHE
MOKHO, BO BCAKOM Cjyuae Ha yAadHO
nogo6paHHOM KOHEYHOM WHTEpBaje, pas-
ao:xuth B pap Teinopa.

Ynpaacuenusn

6.3.1. Bunmmare pag Mariopera gia gyHi-

. z-+1
nmii: a) y=7——; 6) y=1In (1 4-2z).

6.3.2. Bummmure pasioxenme  (YHKIHHA
y=In z B pay Teiuopa mo cremensm z—1.

HaxroBH 06acTH IPAMeEAMOCTH PSANOB, HOTY-
9eHHNX B ymp. 1, 27

6.3.3. Ilycts f (z) M g (z) — w3BecTHHE (yHK-
numr. Haiigwre mepBHe TpH wieHa pasloiKeHHS
B DAJ IO CTelleHAM z IIPOM3BeieHHsA (yHRUm#
f (x) g (z). HocTpoiire ToT e psAx mepeMHOKe-
HAEM pAJa JJIA f (z) | pApja 1A ¢ (z); cpaBEATe
moJy4eHHRE pPesyIbTaTH.

§ 4. Buaom HeloToHA i measlx m gpo6-
HBIX IIOKa3aTelei

CocrasnM pasiosxeHHe B pang MakaopeHa
NpPOM3BOJBHOR CcTemeHu m  JByWieHa
(a+zx), T. e. pyERmUE y=(atx)™.

ITo obmemy mpaBuny cHadaia HaiifeMm
OpPOM3BOTHEE

y' =m(a+z)"?,
yV=m@m—1)(a42)"3 ...,

y'=m(@m—1)... m—n-+1) X
X(a-++z)™™, ..

M BHAYEHHMA caMoii GyHKIUH M ee Ipo-
u3BoaEEX npu x=0:

y(O)y=a", y O)=ma
¥ (O)=m@m—1)a">, ..., (6.4.2)
y'O)=mm—1)...m—n-1)a"", ...
Orcioma moaydum paAn MaxiopeHa
@ta)=am i o BT

X a" g4 ...

... +m(m—1)(m—2) cen(m—n+1)

nl
Xa" "zt 4 ...

Ecau moxasarens cremeHm m — I0JO-
JKUTEJbHOE meaoe duciao, To (a-+x)™ ecrs
MHOTOYJIEH CTemeHHM m, TaK UTO B 3TOM
cayqae pafg (3) Oymer KOHEUHBIM: IIPOU3-
pogHaa (m-+1)-ro mnopsagka QyHKIUM
(a+z)™ paBHa HyAI0, a BHAUMT, W BCe
ee TIpOu3BOOHHE O(ojiee BHICOKHX TOPAA-
KoB Toke pasmsl Hymw0. Qopmyast (1)—(3)
oTpaskawT »To o0oOcTosTenncTBO. B ca-
MOM [iese, Tpu n=m-+|1 MHOKHTEJIb
(m—n-+1) obOpamaercs B HYyNb; UpH
n >m+1 TIe-TO B HOCJIed0BATEALHOCTU
mMHO;ETeNe# m, (m—1),. .. Hakmerca
MHOKUTENBb, PABHHIN HYJ0, H, CIEN0OBA-
TeJHHO, Hpou3BeneHye OyeT PaBHO HYIIO.

IIp¥ meioM mOJOMMTENIBHOM m HPOU3-
BeJleHHe B YNCIHTENIe MOKHO B3aNHCAThH
B Gosee ymoOHOM dopMe: YMHOMKHB I pas-
nexus mpomssegenne m(m—1)... (m—
—n+41)ma(m—n)y(m—n—1)...3.2.1,
MOy YHNM
mm—1)...m—n-+1)=

m(m—1)...3-2.1
(m—n)y(m—n—1)...3.2-1

ml

(m—n)!

(6.4.1)

m—1
’

X
(6.4.3)

Il

OxonuaTensHO 6ymeM uMeThH

!
(@-+o)"=a"+ rro =T

m! '
T w1 T+
m | m—n.n
et Tme T @
! =
e e+

m me— m
T oo & ™

am—lx _;_

(6.4.4)
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B ¢opmyne (4) cmpaBa um caeBa CTOAT
MHOTOYJEHH crenleHu m. TaxuM ofpa-
30M, JUIf IEJOT0 IOJOKMTeJILHOTO Mm ME
uMeeM TOYHOe PABEHCTBO (4), cuUpaBemau-
poe mpu J0sx 3sHaueHmax x. IIpasas
gacTh (4) cuMMeTpPUYHA OTHOCHTEJIBHO X
n a: KoaQdummeHTH upHm gYiesax a” "
m a"z™" paBHE. JTO TOHATHO, TAaK KakK
(x - @)™ Ee 3aBHCHT OT NOpAOKA cJarae-
MHX B CcKOOKe: scHO, 4ro (r-}-a)" =
=(a + x)™

Qopmyny (4) He cosceM CIpaBelIuBO
(cM. HmKe) HasHBAIT QOPMYJIOH GuHoMA
Hviomorna. Ee MOJKHO OJIYyIuTh, He IOJb-
3ysACh TIPOWBBONHEIME ¥ pamamvu. Has
3TOTO HY;KHO B3ATH INIPOU3BefieHUE m
COMHOMKHTeIe (at+x)(at+x)- - - (atx),
BHIIOJIHUTEL YMHOKEHME M IPHBECTH 000~
geie wienk. OpHaxo umpm m, 3agaHHOM
B oOmiem BmOe OYKBOoH, a He UHCIOM,
mpuBefeHNe IOAOOHEX WICHOB CTaHO-
BATCS MOBOJBHO TPYAHHM, M B HeJOM BBI-
oy, Omioma HeroToHa upm momMomy BEIC-
mei MaTeMaTHKH, T. €. CO CCHIIKON Ha pAN
MakiaopeHna, OKaseBaeTCa INpoue BdJe-
MEHTAPHOTO BHIBONA TOH sKe (OPMYIH.

OtmeruM, uto HeroToH Domyaun o06-
myo gopmyay (3), 1. e. pasnoxeHne gag
(x-+a)", B caydae a0 6 H X WOKaza-
teseit m. IlosToMy npasuabHee Gvuio GH
mmeEHO Qopmyny (3) masHBaTH $OpMY-
aoit 6unroma Hurorona, a He Gopmyny (4),
KoTopas Obiia m3BecTHA ® 1o Hrloroma !
(m xoropas nmpencrasiseT coboif UPOCTOH
YaCTHHIA CAydaii B3aBHCHMOCTH, CBI3H-
paromeir KoapPuImeHTH HPefCcTaBISHUMA
(2.1) u (2.1a) mHOTOWIEHA; cM. ymp. 2.1).

Bepuemca x ofmeit popmyie (3). Ecan
m He Tejoe MOJ0MKHTeIbHOe, TO, IIO-
CKROJIBKY CTEIeHH 7 IepeMeHHOH &t — Ie-
IXHe DONOKATeNbEEIe, HY OfUH W3 MHOKH-
teaesr m, m—1,. . ., m—n-+1 uncnurens
KooPdumuenta mpu " He obpamaercd
B Hynb. TakuMm o6pasom, Bce a1l Ko3ddu-
IUEeHTH OTIMYHE OT Hyis u ¢opmyaa (3)
maer 6ecKoOHedYHGHH pag B gacr-

HoCTH, TIpH m=—1 BTOT psAfN NPHHUMAET
BUL
1 1

x x? a3
ataE—t..

3amermmM, uto ipu a=1 ¢opmyna () nepe-
XOIMT B YK€ BHAKOMYK HaM QopMyIy

e (6.4.5)

1 B Eppone dopmyry (4) (The m — HATypab-
HO€ 9HCJI0) BIEPBHE TOJNYIAN HTATbAHCKUHE
maremaTok Huxxomo TaprTa xb a (ox. 1499—
1557); ofEako eme pambile OHa OHJIA W3BECTHA
apaOCckEM MaTeMaTHKAaM.

CyMMH 4jeHOB (0eCKOHeYHOIl) reoMeTpu-
9ecKoil uporpeccun (3.6).

N3 dopmyas (D) HAXOAMM TaKKe

1

1 z xz2 x3
e e TaTatat

1
Huas m == TOnyInM
— - 1 =z 1z
a T=\/a —
Voto=vaty m—srt
1 z3 5 ozt 7 b
Ty TSy, T v
21 z% .
——‘m m —'i" P (b.4.6)

B pasaommenuu (a-}-2)" mpu awdov m
BCE WIEHE UMEIOT ONHHAKOBYIO CYMMY CTe-
TeHel NPM @ M IPU & M KKAEM CIeqyio-
muil WwieH OTIMIAETCA OT IPeNHAYILEro

T
MHOKHTEIIEM (;) 1 wvoapdpunuentom. Du-
3uK ckasan 6, uTo a u x B dopmyae (3)
HOJKHE OHITH ONMHAKOBOW DPa3MepHOCTH,

x
3Ha4MT, OTHOIIIeHME - 6espasmepﬂo.

MoxkHO ¢ caMoro Hauana BHHeCTH 3a
cKOOKY a

(e+z)"=a™ (1 -[—%)m

z\™ z
H pasaarath (1 —]—7> 0O CTENeHAM — .

OrasmiBaeTcsa, 4to Upd Bcex m (Apo6-
HHIX, TOJOKUTEIHHEX ¥ OTPUIATEIbHEIX)
pan (3) npurofer (T. €. CXOAMTCA) JMUITb

HPH]—Z—I<1, 1. e. mpu |x|<|a|. Ilpm
]%|>1 pan (3) — pacxogamuiicst. Uck-

KJIIOYeHNe MPefCcTABIAIT IeJHe I0JI0-
JKUTeNbHHE m, HOTOMY 4TO B 3TOM CIY-
gae ¢QopMyna (3) comepKHT KOHETHOe
qUCIAO UIeHOB.

Ilpunmmasn B (3) a=1 u samenus 6yKsy
z HA r (rme moaskHO OnTb |r| < 1), MHI,
OrpaHWYMBIIMCH JHIOb IIEPBEHMHE NBYMA
ciaraeMmIMHu TpaBoil wactu (3), HONYINM
npubamKresEy0 QopMyay

A+r"=~=14+mr)

KOTOpO# HEOQHOKPATHO IOJH30BAJIHCH
BHIIIG; OHA CHOPABENAWBA JUIOb HpH Ma-
anx |r| (Gosee TouHA:m ¢opmymna mMeeT

Bug (1 -+r)"~1 —{-mr—[—-—rf—(—mz—_—i—) r2>.

@®opmyna (6) gaer xopomnuit cmocol BH-
uucJeHNA KBafpaTHHX KopHeit. IIpu aToM,
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MEHblI€ UY/IeHOB

RN

YeM MeHblIle , TeM

MO;xHO 6paTh B (0) musA MOCTHKEHHA 3a-
MAHHOH TOYHOCTH.

Ynpascnenun

6.4.1. Ucnonnsya pasioeHHe B DAM, Hail-
mure V1,1 u V1,5 wak V12 mpn 2=0,1 n
npu z=0,5, ygepauBas B DPasjo:KeHUH 1Ba,
Tpu u vernpe Wiena. CpaBHNTe LDOXYUYeHHbIE
Pe3yIAbTATHl ¢ TAOIHYHLIME 3HAYEHUAMI,

6.4.2. Ilowamure, uro npm |z|<{1:
a) '{/1—|—zx1+%; 6) ’%/’1—{—95%1-}-%——
n —_—
— o3 z?, npudeM QopMyaH a) u 0) TeM Tod-

Hee, UeM Menslue |z| (m Qopvyma 6) TouHee
dopMyIRL a)).

6.4.3. Haitnnre mo dopuymam yup. 2 §1,2,
¢T,1, ¥{,05. Cpasmure mnosIyueHHble BHAYEHLA
¢ Hali/leHEREMH H3 Tal0aMIl,

6.4.4. Haiigure V6 ¢ TpeMa BepHLIMHU sHa-
KaMu mocsle sandaToii. [Y kasaH#e. Bocnoms-
3yiiTech TeM, 4TO 6=4-+2, Vi=2n npuMe-
Hute dopmyay (6).]

6.4.5. IloueMy HeJb3d PpaBJOKUTD y=Vz
no gopmyste Max:topera? A MOMKHO 1M PABIIOKUTH
1o »Toil gopMyie GyHEmUIO y = {/z1000p

§ 5. Iopagox Bospacrauus u yOLIBaHHA
¢yremuii. Ipasuro Beprymwm—J/lo-
MHTAJA

Pasznosxenue GyHKNUEA B g gaer olmumit
CIOCOG IpUBeNeHNA PA3IUIHEX QYHKIHI
K OJHOTHIHOMY BUY 1 I03BOJACT CPABHM-
BaTh Me;ELy c¢o00ii pasandHble (QYHER-
mur. QyHgiuw HAago CpaBHHBATH, Ha-
OpuMep, B Tex CiydagX, KOT[a paccMar-
f(z)
g (x)
3HAUeHMH apryMeHTa 2z, IIPH KOTOPOM
Kak f (z), Tark u g (xr) OMU3KM K HYIO.
Taxme oTHOIIEHNA TACTO MOKHO OpUpPaB-
HATH ONPeeleHHOMY dicJy — He O4YeHb
MaJIOMy, T. €. He (JIMBKOMYy K HYJTIO, HO
U He OueHb (OJXBIMOMY; B )TOM Hac yle-
KOAIOT IPHUMEPHl Ha BBRYNCICHHE IIPOUS3-
pogHEX. OgHAKO MHOTJA OTHOINGHHE NBYX
GOUBKNX K HYII0 QYHKIHHL MO;KeT 00pa-
maThCa B HyIb AU B (MOJOMKHUTCIBHYIO
Wi OTPHUNATeNbHYI) OECKOHEYHOCTh, W
3T caydauw HaTo yMeTh DPACIO3HaBATh.
@llpubemey HecKOIBKO mpuMepoB. Jlaa
IPOCTOTHL PACCMOTPAM CJIydYad, B KOTO-
PHIX HHTEpecyinee HAC 3HAYeHNIE T PABHO
HYIIO0.

puBaeTcA OTHOIIEHIE 1Ip¥  TaKOM

Ilpu ManoMm z ¢yHKmUE sinzx m tgx
take Mansl. QyHROUU €° 1 cos x GAU3KNM
k 1, a, caemosareanno, e—1 u 1—cos z
Mansl. Ilpm »ToM B3HaueHMA (GYHKIMIL
sin z, tg z, e*—1 u 1—cos x GymyT Tem
famxe K HYd0, YeM MeHBIe [z|.

CpaBHuM 5Ty QYHKOUHU ¢ BeJIWIMHON .
HOuaa sroro pasiomuM (QyHKOUM B PAAH
MaxJjopena:

. x?
sing =z—-+- - -,

z3
tgw—_—x—{-—é——}— .

z? xt
1 — cos w_T_ﬂ‘i"' -

Orcrona HaxomuM

sin z x?
z —1—-6—'+..-

(6.5.1)

CnegoBarensHo,

sin x

. sinz
—1 opu z—0, waa lim =1
z->0

Apanormuno u3 (1) maxommm:
t 2
%:14—%——[—. o1 mpu z—>0;

1—cosz 1 z? 1

— =5 —%; -5 Opn z—>0;
1—cosz z =
—m——:?—ﬂ‘i""—)o npu z—0;

ez

—1 z

—=1+4+5+...>1 mpn z—-0.
Moskao Haiitrm u Gonee CJOJKHHE COOT-

momenust, Hampumep, #3 TOro, 9ro

. 3 8
sin T 5 —{—-120 ,

t _ z8 2 .

gw_w—l—?—l—ﬁx +...,

CIepyeT .
. 1 1

tgz —sinz=- e Tt pURRY

W, 3HAQYAT,

tg—x—;fﬂf—)% mpu z— 0.

MOsKHO MOCTPOMTH IIKANy ILOPARKA
yObBaHUA PA3IHIANX (QYHKIEA [Opu
crpemuennu x K Hyiao. Ecrm f (z) -» 0
npu z — 0, To nopadrom yowsarus (mwiu
nopadrom marocmu) f () OTHOCUTEABHO X
HA30BEM CTeleHb r, yOHBAIOIMYI0 TAK JKe
osictpo, Kak u f (z). Toumee, yTBep:;xme-
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HUe 0 TOM, uTo f (r) uMeeT LOPSMOK Ma-

JocT & OTHOCHTeJNBHO x, 03HAUAET, UTO

oTa $pyEEmua yOuBaer, Rak z°, T. e. UTO

T

OTHOLIEHIE —f—(k)— uMeeT TMpejeloM IpH
T

z — 0 xomeunoe, He paBHOE HYIIO 4UCIO.

Tarkum o6pasom, sin z, tg 2, e*—1 opn
z — 0 yOmBalor, mMes IePBHI NOPANOK
ManocT, 1—cos x uMeeT BTOPOiH IOPATOK
Mamnoctd, tg x—sin x — TpeTuit LOPAAOK
MaJ0cTH OTHOCHTENBHO Z.

B HEKOTOPHX KOHKDETHHX CIyd4aax
LOPANOK MAJOCTH MOYKHO OIPe[eJNTb M
6e3 pasnozxenus B pan. Hanpumep, us mu-
poxo wusBectHoro pumc. 1, tne MP =
NA — nuHEM cuHyCa M TaHTeHca, OTBe-
gaomue L AOM =z, jerxo ciemyer, 4T0
tg x >z >>sin x (cooTBeTCcTByIOHIEE Dac-
cy;kIeHue, OCHOBaHHOe HA TOM, 9UTO
Saoma < Scexr.oma < Saona, HMeeTCA
B INKOJBHBIX y9eOHMKax). A Tak Kax
sin z~tg z upum Maawx z (6o B 3TOM

x
clydae OTHOHIEHHE = CoS T~ 1) ,

To Sin z=“z ® tg z~~r, Korma z Maio,
T, . Sin Z M tg £ UMET UePBLIH LOPHA-
gorx Majoctru. Cupasemiusa  (opmyia
1—cos z=2sin?(z/2), a Tax Kak sin (z/2)
HepBOT0 HOPAAKA MAaJOCTH, TO SCHO, UTO
¢yurmusa 1—cos z foMxHA MMETh BTOPOH
nopAmor manoctu. QyErmuio tg r—sin x

sin z .
MOJKHO 3allMCATh Kak —sinz =
cos
sin «
= (1 — cos z). Tar rak Ana MaIHX x
cos &
BeawdInHa sin z mepBoro  IopAAKa,

1—cos £ — BTOPOr0 HOPAXKA MaJNOCTH,
a cosx=1, To ACHO, 4UT0 QYHKIUA
tg z—sin £ — TpeThero - MOpAfKA  Ma-
noctu. ONHAKO 9TM KOHKDETHEIe TIPHEMBI
TPeGyIOT HOTafKM, OCTPOYMMSA, — M MMEHHO
HO3TOMY II0JIe3eH HPOCTOH 0Oe30TKA3HEIHM
obmuit mMeTon.

Taroe coorHOmeHHe MeKJY OCTPOYM-
HHIM peIneHNeM OTHeJhHBIX 3amau u 06-
IUME  MeTOflaMu HabJIomaeTcs Besme:
cBoiicTBa KacaTeJbHBIX K Iapaboie, IJIo-
magp Kpyra, o6meM mnupaMmpbi, 00beM
mapa H3BeCTHH OBLIM IPEBHUM TpeKaM,
HO TONBKO nupdepeHMUaNBHOE M WHTET-
palipHOE MCUMCJAeHHs fAaau obmme mpo-
cThe ¢cIIoCOOH pemeHMs Bce X B3ajfau Ta-
KOTO THIla, OOCTYIHEE KAaKIOMYy HHKe-
Hepy, QuBMKy, yyalmeMycs, B TO BpeM:
KaK WBOL[PeHHEE MeTONK AHTUIHHIX My[-
pernoB paccuMTaHn OHJM pa3Be UTO Ha
BHIAIOIUXCA YUEHBIX.

IIpu moMomm PAKOB MO;KHO HaXOIUTh

He TOJBKO OTHOHUICHWA (YHEOWM K CTe-
IleHH Z, HO ¥ OTHOIIeHue ORHOM (yHK-
UM K Apyroil. IIpuBemeM NpuMepH 3T0ro:;

2 z8
et — 1 z_l_—z—'}_g-—'}—"'

sinz z8
, x
14+5+
= -1 npm z—0,
1-——3-{—
IQ
e* —1 z4 g+
T—cosz 2° zt =
2 T2
T
L5+
= —co mpu z—>0,
27T 2%
CIIZ . %,
v 1 Tyt Vet 5+ 0
— == — — —
vz vz 1

mpu z— 0.
KHoosppmumentsr pamos Maxiiopena BEI-
pamzaorca deped npomssonubie. Iloatomy

Puc. 6.5.1

MOKHO cHOPMYIHPOBATE PE3yIbTATH, II0-
JydaeMmble IIpPH IIOMOMIM DAJ0B, B BHOJE
npasui, OTHOCAMMXCA K TIPOM3BOTHEIM.
Ecan f (0)=g (0)=0, 10 ¢opmyrn

F@)=F0)+F0)z+f"(0) 2* - . ..
g@)=gO0)+¢ ) z+"8" (0)2*4. ..
YIpoIDATCH TaK:

Hay=1 0z + " (0)2* +- - .,
g@)=g O)z+ 1" (0)z*+ ...
Orcrona

i (0)$+’;_f"(0)$2+

1
g’(O)x—}wgg” 0y &> +...

1
OO

= b g

1
€O +5g Ozt ...

f (x)
g€ (z)

7 (0)
&' (0)

u, 3Hayur,
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(0
ectn f(0)=g(0)=0, o ]g%)j ;((0))
apit & —0 (6.5.2)

(a ecam TAKGS 1 ' (0)=g' (0), To mpenen
T

OTHOIEHUS v IPH T —> 0 paBer npejeny
OTEOMEHUA Ez; npa z— 01).
Pazymeercs, mnpaBmio (2) NOIBOCTHIO

cOXpaHfeT CUIy M B TOM Cjydae, KOTja
f(@)=g(a)=0, rae a—Raxoe yrogeo
WHCI0, M HAC METEPecyeT OTHOMEHN® - -
upu z, OIU3KOM K a:

f@ _ f'(a)
g(z) g ¢ (a)
opu x —a 6.5.2a)

ecan f(a)=g(a)=0, m0

(aecan rarsre u ' (@) = g’ (@) =0, To peze-

1= f’()

£ (2) u 77 IpHa - —> G O i~

HAKOBHI, B CHJY YeTO LACINEN f,,(a) ).

g(z) = & (a)
ISl J0Ka3aTelnbCTBA HANO BMecTO psna
Marnopena wucHoanzoBate pax Teliropa
{cM. yup. 2).

Taxum ofpasom, ecau 3HAYeHUS ABYX
$yaRIUi 6ausky K Hya0 (eciu 06e QyHK-
uum o0pamanTca B HYJb HPU OFHOM X
TOM Ke 3HAYeHUHM apryMeHTa, BOIu3u
KOTOPOrOo MH 3TH (QYHKOMM paccMaTpu-
BaeM), TO OTHOImeHHe caMuX QyHRouwi
MO’KHO 3aMEHUTH OTHOMMEHHEeM HX IIPOH3-
BOTHHX. JTOT Pe3yJbTAT HA3HBAOT Npd-
surom Beprnyssu—Jdonumans, win (dame,
HO MeHee CIPABEJIABO) OPOCTO NPACUAOM
Jonumaas 2.

ocie mayyenus pamoB ynoGHee He 3a-
AOMIHATE 0co0ble NPaBWIA HAXOMKIECHUS
fIpefiesioB, A IUPH MAJIHX Z HOJb30BATHCA
pAfaMu, B KOTOPHX (YHKIOUA PAa3ioeHa
mo crenmedsMm z. llpm »sToM BCciOmy, THe
CTOUT CYyMMa PpAa3JIHYHHEIX CTeleHed z,
Opu TlepeXOfe K MAaJHM & MH OCTAB-
JgeM JIHIIL WIeH HAUMOHBINEH CTeNeHH.

ABanormdHo M3yUeHUIO XapaKTepa yOR-
BaHUA QYHKOUYN IIPH MATHX z (IIPH yCJIO-

TIBE OTHOTHGHUH ~——-

31ech

! Tak kak B cmiy 7Toil :xe Qopmyns (2)

8/16Ch iﬂé E; i ((?))) TO MB IPHXOJUM
K DaBeHCTBY i‘i’%g,{((z)) =gj:” Eg; 3 AHaJIoOTHYHO,

ecim - f(0)=f"(0) =f"(0) =g (0) =¢' (0)=
4 O)
=g"(0)=0, Tohmf( )—-u__,u'r. .
© eog@ g A
2 OTo HAZBaHWE COXPAHAIT W 33 HEKOTODHMH
PONCTBeHHENIMA CHOPMYITHPOBAHHOMY IIpeJIo-
JHeHUSAMH, HALIPAMED 3a T€M, 0 KOTOPOM F'OBO PUTCH
B cHOCKe 1 unm B yup. 3 m 4.

1(z)

Bum, uro npu r=0 dyHKnuA obpamaercsa
B HyJb) MOKHO DPacCMATpUBATh IOBege-
HAe QyHKOUM Opr 6 oAb WM U X I, T. €.
OpE Z ~—» 0. 37ech YMeCTHO pasiaraTh

1 1
PyHRIMIO [0 CTENOHAM — (Benb — ¥ Hac

Majo!), BOCIOJB30BABIIACE IIONCTAHOB-

o 1
Koii — ==t. Ecin Hama pymxous Aisercs

MHOTOWIGHOM, TO OYeBHJHO, UYTO UIPH
00JabMmOM 2z Ba;KeH TOJBKO WieH ¢ HaH-
BHCIIEHl c¢TemeHnl0 &, uGO oOCTaJIbHEE
QIeHH eMy yeTynawt: ax’-4-bax"14-...=
—_—ax”(l +% -+ .); 371eCh BHIPAKEHHEe
B croOrax crtpemmrca K 1 mpm z — oo.
Mo:xHO TOBODHTE 0 nopadke pocma QYHK-
uuu f (), T. e. 06 ee BO3PACTAHNM (KAaK I»,
«KaK %, «kag z% u 1. I. [oBopdAT, 4TO He-
OTPAHMYeHHO BO3pacTalomas o abcoaT-
HO BeAWIHHE IpH I —> © (QYHROAA
f () mMeer mopsmox pocra k, ecam OTHO-

meHue

Opad x —» 00 CTPeMUTCA K KO-
T

HeYHO# (OTIAMYHOR OT HyNs) BeIHYHHE.
IIpn sToM scHO, uTo d1060H MHOTOWIEH
cTeleHM 72 uMeoT HOPANOK POCTA 7.

Baxmeiimuit ¢arr 3aKiI09aeTCA B TOM,
970 IpU HeOTPAHMICHHOM POCTe L IKCNOHEH-
yuasvnas Pywryus e® pacmem Gucmpee
41060 cmenenu z (T. e. €° uMeeT, Tak CKa-
3aTh, «GECKOHEYHHIA NOPATOK pOCTay).
JoraszaTs 3T0 JerKo ¢ IOMOIBIO DPA3IO-
menna (2.2) ¢yHrRumm €®, cIpaBefjaH-
BOTO, KAK OTMEYAJ0Ch BHIIe, IpH J1060M
3HAYeHHM . B cumy »Toro pasioKeHHA
ez

T n—1+"‘+nl+

(6.5.3)

+ (n + 1)1 + (n + 2)
ITpu BaJIaHHOM n U IpHA KOCTATOYHO GOJb-
oM & ;Ipoor, — CTaHEeT CKOILb YTORHO 0015~
IO 32 cYeT WIeHOB B mPaBoi dacTm (3)
C TOJ0KUTeAbHHMHU cTemeHaMu z. flcHo,
9TO0 TO K€ OTHOCHTCH M K QYHKOUE €°
¢ II00KM HOMOKUTeIBHEM £ (1l K QyHK-
mun a*=¢"% % rne ¢ >1); Tak, o6osHa-
qasa kr=y, HalgeM, 9T0

kx kx Y

e e e
7 =K =
z (kz) yn

T. €. OpH & —> oo,

—> 0 HOpm Yy —» 00,

(6.5.4)

Taxum o6pasoM, Aw0baa MoKas3aTelILHEAL
pyarums e**, tme k >0 (unm o, rme
a >1), pacter 6chpee n1000i cTeneHHOR
pyarnun z" (unnm cz®, rien >0 me > 0):
X0TA IpH H960JIL]]I]2[X x, cKaskeM, rpadux
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OyERIUE ¥y=z1°00 yXoouT BBEPX TOPABLO
crpeMuTeIbHEe rpajgmka QYHRIIY
Y,=€%0% (pyc. 2), BmociaencTBEE (C po-
croM z) rpadux’ pyHEDUE y; CHOBA Nepe-
ceueT rpaduk! pyERUMU ¥, HGo BenMumEA
Yy OOTOHHT BeAWUIWHY V.

IloxasaTennnaa ¢yHrmuUA ¢ oTpuma-
TeJIBHHIM TOKazaTejeM CTeHmeHH e~ %, Ife
Z - oo, Yybreaem ¢ pocmom x Gvicmpee
awboli ompuyamesvrol, cmeneHy z: TpHU
aobomin >0

-

f:-;-_T—_—a;"e‘”»O OpH & —> 0. (6.5.3)
Hcnosn3oBaTh [UIA  [NOKa3aTenbeTBa (D)
pasioykeHWe €™ IO CTeIeHAM %, CYHTAR
B HeM Z OuYeHb (OJBIIHM, DPUCKOBAHHO,
u6o »T10 pasmomenue Gymer 3Haxouepe-
MEHHBIM, TaK 4YTO WIEHH Pa3lioKeHUud
B MBBECTHOM CTEIEHU KOMIEHCUPYIOT APYT
npyra. IlosTomy smech ymoGHee paccMoOT-
pethb oGpaTHYIO [ BeIWINHY
1 z e”

f e % "

Cornacro (4) mpm a0G0M 1 BeIMUHEA

1 e*

e > 00 opua T —> O, HO 9T0 U4 O3HaA-
x

f
qaer, uro [ — 0 mpu z-—> co.

Taxum o6pasoM, B Ipefene, npe Gorb-
mux no abcomoTHOUI BeJImUMHe 3HAYE-
HOAX AapPTYMeHTa, CTOAIEro B TOKasa-
Teze, NoKasaTenbHan} ¢yHKNEA (SKCIO-
HERTA) 3aBHCHUT OT & CuIBHee, deM Jobas
DOCTOSHHAA CTelleHb z: Opu JiioboM n
dyERIuSA € BospacTaer GricTpee 2", PyHK-
nma e ® yOmnmaer GbIcTpee x™".

Huxe 2T0 HATJIATHO LPOXEMOHCTPHPO-
BaHO Ha ImpuMepe QyHKuUH 2° 1 €™

z 1 3 51 10
z° 1 243 | 3125 | 108
e” 2,72 20 150 | 2.104
b e~* ’
= =% 0,37 12 21 5
x 20 50 100
® 3.108 3-108 1010
e® 4.108 5.410% 1048
8 e . _
=5 0,01 10713 10738

W3 nokasaHHOTo BHITEKAeT TAKKe, UTO
aoeapugimuveckas gynkyua log, x (c mmo-
OmM ocHOBammeEM a > 1) pacmem c¢ po-
cmom T medaennee 0601 NoACHUMEALHOL
(xorss OB} m oueH®s wMauroit) cmenewu z"
apzymerma I, a, cKayeM, QyHKImMsa e~l/F
mpu x >0 u x — 0 y6mBaer 6mcrpee
a060#f NONOKUTENBHON CTemeHM X:

lo
£e2>0 npn 2 o, (6.5.6)
e—l/x
— =0 mpu 2>0 u -0, (6.5.7)
‘y ‘Z_‘/Iﬂﬁ
é,AZ‘//ﬁﬂ/?
7000
Z/7000
/ £
Puc. 6.5.2 7 /: Tt s

Jina moxasatenncrsa (6) mocraTouHo, mpo-
ussecTn saMeny log,z=u, z=2a" "=

= q™, ofpamalmyl0 UHTEpecylomee HAC
u anu
OTHOIIEHNE B W::l 1~—-, & IuA MoKa-

1
3aTenbeTBa (7) — 3aMEHY — ==V, obparmao-
—0
Iyl paccMaTpEBaeMoe OTHONEeHMEe B —
(cp. (5), a ramxe ymp. 9).
 ype e p=1/2?

Tarme m QyHKIUA, W=¢€ lolx (roTOpyI®
ecTeCTBeHHO} CIMTATh PaBHOHM HYJNI0 IPH
z=0: Bemp Ipm MANBIX D0 aGcomloTHOR
BeIuumHe r, T. €. 0OJBINUX 3HAYCHUAX
1
z2
Maid) yGmBaer mpm z —> 0 GricTpee Jio-

n w=—el"” Gymer CKOIb YTOLHO

© w
Goii cTemeHMm &, T. €. ?,-—>O npE  Beex

n > 0. A orcioma, B CBOI 04Yepenb, BEI-
TeKaeT HeBO3MOKHOCTh DasJI0KeHUS, 9TOM,
Kaszajoch O, MJOCTATOUHO «XOPOIIe»
¢yaxmum (cM. ee rpaduk Ha pme. 15.1.1)
B pax Makaopena. B camowm pere, eciim 6u
3fech mMena mecTo dopmyia tuma (1.19),
pAN HepPBHX KO0d())HIUEHTOB HpaBoi
gacT KOTOPOH MokeT u# o6paTuThesa
sjayasb, T.’e. dopMyIa W (x)=ak:z7°+akﬂi<
XxF14-. .., rme a,540, To PpyERIHA W (T)
npu MAJAHX & AMeaa OB OTHOCHTENBHO X
k-it, a me «0OeCKOHeUYHHI» HOPAMOK Ma-
aoctm (cp. ¢ § 15.1).
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Ynpascnenusa
6.5.1. Haijignte cnmepyiomue  Ipegesisi:
a) limln(i-}—z); 6 lm In(1+x)—ax
z->0 z >0 z2 '
5 lim82—%. oy lim&l—l=tEe.
>0 x3 >0 z3 ?
B) llmex,'—'1 ;o) lim S EZ =%
z>0 SIn & >0 T — tg x
6.5.2. [owaxure BapuaHT (2a) NpaBuia

Bepaynnu—Jlonurand.

6.5.3. Horamure, uto eciau f(z)=/[ (z)=
=f"(z)=... =" (z) =0 0pu z =10 u anao-
raamo g (0) =g’ (0)=¢" (0) = ... =gV (0)=

=0,

0 lim GO g G (roe Mo, pasy-
z>08{(x) g" (2)

Meetcd, CUMTAeM, UYTO IlOciIefHee OTHOLIeHHe,

Kotopoe Mo;ker obpamarbca B 0 unaw B oo, cy-

IeCTBYeT).

6.5.4. Nowamure, uro: a) eciuu f (z)— 0 npm
z-> oo u g(z)—>0 npu z-> o, TO OTHOLIEHHA
f@) 1@
glx) & (2)
A ToMy ke mpefleny; 6) ecau f{z)—> o mpm
z—>a (I8 BO3MOYKeH Tak;ke clydail a = o) H

OpU z—> o CTPeMATCH K OfHOMY

!
npu x — a, To lim_f(_z)=limm
g (z)—> o np D) e (@)
6.5.5. HMoraxkure, 910 QyHKOHA e M* mpm

z< 0 u z— 0 pacrer mo aGcomoOTHOH BeaUINEE
6ucrpee ;oGoit (westoff) oTPHIATEIBHON CTe-
HeHD Z.

§ 6. Indpepennnaibarie ypaBHEEHS Hep-
poro mopaxara. Cmywaii paspgensio-
IEXCA TepeMeHHbIX

Brmre MbI y:ke BcTpedamuch (cM., Ha-
npavep, § 3.6) c¢ momarumem gugipe-
PeHOHANLHOr0 YPABHEHWA, CBA3HIBAIO-
mero (Hem3BecTHYI0 HaM) pyHKOMIO ¥ =y (x)
U ee IPOW3BOJHEe:

Fx,y, 959" ..)=0 (6.6.1)

3amech F — mexoTopas u3BecTHas (QyHK-
Ousa, B3aBHCAMAS OT HeCKOAbKUX Lepe-
MeHHNX. EcrecTBeHHOHAYYHBIe 3aKOHHE U
KOHKPeTHHE CBOWCTBA TeX MM MHBEIX CH-
¢TeM WM MeXaHM3MOB BechbMa d4acTo 3a-
micHBaoTcs B Bume nudpdepeRnraIbHBX
ypaBHEeHMi, TAK 9TO BO MHOTHMX CIy4aax
¢yIecTBeHHAS dacTh M3yueHUA HHTepPe-
eyIOmero Hac SBIeHHA COCTOUT B AaHA-
JAu3e U PelleHuH COOTBeTCTBYIOMET0 ypaB-
HeHuA. B ria. 9 kHurm ckasaHmoe Oymer
OpPOWIAICTPHPOBaHO Ha IpHUMEepe Mexa-
HOKH, OCHOBY KOTODOH COCTaBJAET TaK
HasHBaeMBlii 8mopoli 3axorn Hvlomona,
T. e. guddepeHNUAIbHOE ypaBHEHHE
(9.4.2).

Bricmuit mopsafok mpousBofHOl, dury-
pupylomeit B fudpdepeHNUaILHOM ypaBHe-
HHAM, HABHBAEGTCH NOPAOKOM yPaBHEHHA.
3mech MH OTPAHMYHEMCH DaCCMOTPEeHEEM
muppepeHMUANPHHX YpaBHeHMH W € p-
BOT 0 LOpAAKA:

F(z, y, yy=0,

WIKM, ec/id PA3pelm’Th TAKOe ypaBHEHHE
OTHOCHUTEJNbHO NPOUBBOTHOM y':

y' =1(z, y).

IlpocrefimuM caydaeM ypasHeHHA (3)
ABJIAGTCA TOT, Korga QyHKOuA [ He 3aBu-
CUT OT Y, T. e. KOITla yDaBHeHHe HMeeT
BHJ

) ,
y' =71 (z).
Hocne;mee ypaBHeHne yKaamBaeT, qTo

y=f (z) ectb nepeoobpasnas QyHKIUH
f (z), miu Heonpedesennblli uHmMEZPAL:

y={1@ds;

pemenuio ypaBHeHEuMs (4) ObIu IOCBA-
meHH TiaBe 3 u 5. PasyMeercs, ypasHe-
ume (4) ABIAETCA CaMHIM TIPOCTHIM, & pe-
HIeHue ero BEHITEKAeT U3 CaMOTo Olipefee-
Hug uMHATerpasa; OgHAKO, roBopsa o (00-
mux) ruddepeHnUAIbHEX YyPABHOHUAX,
m0JIe3HO UMETh B BUAY 9TOT HeDPBHI IpH-
Mep, NPOJUBAIOINUIT CBeT U Ha o6y cu-
tryaquio. Tak, HampuMep,:yme 37eCh XO-
poIIO BMAHA HEOIpeNleJeHHOCTh HOCTAaB-
JIeHHON 3agaun: Hajiudue y faHHOTO Tudde-
PeHmUaNbHOr0 yPaBHeHHA MHOMKeCTBa

(6.6.2)

(6.6.3)

(6.6.4)

(6.6.5)

pemennii. B cayuae (4) stm pemeHumsa
HMEIoT BUT

y==G ()4 C, (6.6.5a)
npmaeM G’ (x)=f (z). Tpaduxm Bcex

QYHKOUOHAIBHEIX 3aBUCHMOCTell y=1y (T)
TOJAY4aloOTCA ONMH U3 JPYTOro CHBUTOM
(mepeHocom) B Hanpasierun ocu ¥ (puc. 1).
Hna Toro uro0H BHOEIHTH oIpefieleHHO®
pemeHue 3afaud, HAKO 3afaTh SHAYGHUE
Y=Y, TPH OIpE[eJeHHOM «HAUAIBHOM»
BHAUCHUH I=1I, apryMeHTa — TaK HA3H-
BaeMoe HauaibHoe ycaosue misa nuddepen-
OUajJbHOr0 ypaBHeHus (4); oHo ompene-
JseT eTUHCTBEHHOe PpelreHue
x
y=yo+ | (@) da

Zg

(6.6.56)

ypasHesusa (4) (equHCTBEHAYIO HHTETPANb-
Hyl0 KpuByw Y=y (z), HOPOXONAI[YIO
yepes 3agaHAyI0 Touky Mo=M, (74, ¥,)).
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Teopuu puddepeHnUANBLHEIX ypaBHe-
HE# NOCBAMmMEHO MHOTO yIeGHAKOB, cofep-
JKaHFe KOTOPHX MK HE B Koell Mepe He Ha-
MepeHH B3Heck HoBTOPATE. ME orpamm-
TAMCA BHECH JUINB TeM, 9T0 PacCMOTPUM
crydait ypasHenu# Tuna (3), KoTopHe pe-
MaTcA IOYTH CTOJb jKe IPOcTo (Wau
IOYTH CTONB 3K€ CHOKHO, HOCKOJbKY OHH
TAaKIKe IPUBONAT K BOBCE He IIPOCTOH
omepanuyu WHTerpupoBaHuA!), KaK ypas-
HeHue (4) mius nepBooGpasHoll. A UMeHEHO,
ecau QyHENuA f (z, y) UpemcraBiger CO-
Goit mpoussenenye g (z) k (y) ¢yBEERDUE
or x U QYHKODHMM OT Yy, TO IlePeMeHHEIE
Z H Y B ypPaBHeHUH

& — g @) h(y)

MOKHOpDpa3pmeJguTbh, DepeHeca B OIHY
JacTh ypaBHEeHHsA BCe 4YJIeHBI, 3aBUCAImMUE

SN

(6.6.6)

Prec. 6.6.1

0T Z, a BO BTOPYIO — UIEHH, 3aBUCAMMeE
or y. Takwe ypapHeHUs HASHBAIOTCA
YPASHERUAMY € PABOCARIOUWUMUCS NePEMEH-
HBLMU.

PasgenmMm oGe gactu (6) Ha A (y):

1 dy .
) 77 =& @);

/

(6.6.6a)

saTeM yMHO:xUM o0e gacTu (6a) Ha mudde-
peHnmaa dx:

dy
— r)dzr.
w8 @

A remeph [Nig HAaXOKIAEHUA PeNEHHA
ypasHeHus (6) HaM ocTaeTcA JIWINb BSATH
HHTErpPaJsl OT JeBOH W IIPaBoX Jacred pa-
BeHctBa (66):

Sh—d(yy—)—._—Sg(w)dx.

Ecau crosamue B JeBoil ¥ 1paBoil JacTax
(7) mHTETpaNH MOKHO BHYHCJIHUTH, TO MBI
npugeM K (HeaBHOH) sammenm ¢QyHEDUH
y=y (z):

H@y)=G@+C,

e H(y):Sl-h% u G(:c):Sg(w) dz

(6.6.66)

(6.6.7)

(6.6.8)

— KAKMe-TO 3HAYeRHH HTHX MHTEIDANOB;
C — upousBoNBEAA IOCTOAHHASM.
IIpocrefimuM npwMepoM ypaBHeHUSA
¢ PAasHeJAIOMUMACA DePpeMEHHEIMA MO-
JKOT CJHYKMTBH ypaBHeHuwe (4), momydae-
Moe, ecim mojoxuth B (6) g=f m h=1.
IloncraBus 5Tu 3Ha9eHUs g u 7 B (7), M
opumeM K pemenuio (5) ypapHeHusa (4).
Iloutu cTonmb j;xe mpocT ciaydai, KOrma
B (3) f (z, y)=f (y) saBucuT TOIABKO OT Y,

T. e. xorma (3) obGpamaerca B ypas-
HeHue
¥y =1 (6.6.4a)

smech, mamporus, g=1, a k=f. B Tacr-
HOCTH, K 9TOMY THIIy yPaBHEeHHUH ¢ pas-
JeNAI0mMUMUCA [epeMeHHEBIME OTHOCUTCH

ypaBHeHUE
y' =ky, (6.6.9)

C KOTOPDHM MH B fajbHelimeMm dacto Gy-
aeM BcrpedarThea (cM., Haupumep, Ta. 8).

‘B cmygae (9) pemenume (7) ypaBHeHHMSA

IIpUENMaeT BUT S -dy—y: k S dz, naailn y =
—kz -+ C, win, HaROHEII,

y == "%t0 = Ae"*, (6.6.10}

rame obosmaueno A=¢eC. (Ilockonsry C —
NPOUBBONBHOE THCIG, TO H A — Ipoms-
BOJIbHOE (monoskuTenbHoe) uncao.) Taxum
06pasoM, MBI CHOBA TPHUXOJHM K BHEBOAY,

4TO SKCIOHeHIUAThbHAs QYHKIHA y=Ac*~
XapaKTepuayercs NPOHOPUKOHAIBHOCTHIG
(9) mpoussogHOR GpyHKRIUHA U caMo# PYHK-
WY,

PasGepeu ente HeCKOJIBKO IPOCTHIX OPH-
MepOB YypaBHEHHA ¢ pasuesAaIomuMuCs
nepeMeHHEIMH.

1. Ilyers

’ dy
Yy =zy, RIA —==7TY. 1(6.6.11)
Pasmenss mepeMeHHBIe, IIOIyYaeMm
Wy _ zdz,

y

2
OTKyza S %: S zdr, nmm, Iny = %— -+,
ni¥, HaKOHeIl,
fid 22

y==exp (7—[— C>=A exp (7>, (6.6.12)

rae™ po-upe;xHemy o6osHaueHo A=ef,
Tpaduru ¢yurnuit® y wmsobpaskeHH Ha

puc. 2,a.
2. Ilycrs
r Y ay vy,
y =—, MM o= (6.6.13}
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TOT 14 S %:S ‘i—x, minln|y{=In|z|4|
~+ C, unm, Haromenm,
y=— Az (6.6.14)

(puc. 2,6; specs cmosa |4 |=¢C).

Pue. 6.6.2

by’ _ =z

dz y°®

3.” Ecan

xz
=, W (6.6.15)

] ] y2 x2
TO IO ydaeM &ydy: S\xd:z:, 5= -

—+ C, unu, maromer,

¥ —a?=a, (6.6.16)

re yepes @ oGosuaveno uneno 2C (puc. 2,6).

PasyMeercs, Bce OTE OpAMEDH «ygadyHO
nopodpadty]—[anecs me Toanrko 3agamEHOe ypas-
HeHHe (3) ecTh ypaBHeREHMe BHja (6), Ho ¥ WHTe-
rpaisl B pemeHmn (7) OmaromomywHedmmw 00-
pasoM GepyTcA, TAK UT0 yRaeTcsA JOBOLBHO JETKO
BHOHCArs obmme pemenma (12), (14) mmm (16)
ypaBHeHmit, OpHako peanbHO [elo oOcToUT
CTOJIb XOPOIIO BOBCe He Beerpa. B ofmem ciayuae

npaBas d9acTh ypaBHeHHsA (3), pasyMeerTcs,
BOBCe He 00s3aHa pacHajaThCsi Ha [BAa MHOMKHE-
TeJIsi, 3aBHCAINAe COOTBETCTBEHHO JHMb OT %
u Wb OT y; KpoMe TOTo, ecld mociepHee 06-
CTOATENIbCTBO M HMMeeT MeCTO, TO MHTETPAIH
B opmyae (7) MOTyT He BHpaKaThCA dIeMeHTAD-

&

j} O A
—_— N e
Puc. 6.6.3
74 o\a\ Z

HEMA $YHKOUAMHA. B TakoM ciaydae TPAEXOQHATCS
npuferaTh K TeM HIX HBHM MeTOAaM- npmbian-
KeHHOTO (YHCACHHOT0) pelleHAs puddepen-
OUaJIbHEIX ypaBHEHMH.

3amernM, 49To ypamHeHHe (3) yxasHBaeT 3a-
BACAMOCTh HaKJIOHA y' pellleHHSA y=y (z) aTOTO
yPaBHeHHAA OT TOUKH (z, y) ILIOCKOCTH; APYTHEMHE
cloBaMn, ypasHeHHe (3) 3ajaeT nose Hanpas-
4enuli Ha TII0CKOCTH, BHENAS B KasKAoH TouKe
M=M (z,y) HanpaBldeHEe ¢ NpeqIACAHHKEM Ha-
KIoHOM k=y’'=Ff (z, y) (pAc. 3). ITo 06cTOATEMD-
CTBO HOJCKa3LIBaeT /[JOCTATOYHO eCTeCTBeHHEKIH
MeTOJ{ IPAOIMWKEeHHOTO PellleHHsl ypaBHeHHS (3).

K /‘/,/.Z;,,j///

Pue. 6.67.74

IIycts M XoTEM HafiTH KpHByH y= f (@),
LIpOXoAAmYyIo 9epes 3aaHAYI0 TOUKy My (z,, y,)
ILIOCKOCTH, ¥ TAKYI0, 9T0 GYHKNHUA y (r) yAOBIe-
TBOpAer ycnommio (3). CmecrmMcsa W3 Touxm M,
[0 33jaHHOMY B Heil HaIpaBleHWI0 B GIH3KYIO
TOURY My (x1, 1), TR 2y=2+ Bzy, y;=yo+AYo

3areM m3 Toukm M,

uy
CMeCTHMCA [0 MMEIIEMYCA B 3TOM TOYKe Ha-
OpaBleHmo B (amskyo ¥ M, Touky M, (%3, ¥a)s

Zy==x Az,

=f(x1, y;), ® T. 7. MHorokpaTHO mOBTOpHA BTY
Opouenypy, LOJAydYaeM HeKOTOPYI0 JTOMAHYI0
(rak HaablBaeMas aomanas Jiepa, puc. 4), Ko-
T0pad (OPH MAAHX «marax» Az, Az, m 1. 1)

Yo
70=/f0 = f (o, Yo)-

. Ay
rie ya=y1+4-4y B Ay = 1=

. 12eT ROCTAaTOYHOE IIpefcTaBJIeHHe O IoBeJeHNN

unmezpanbholl kEpusols (T. €. PemieHHs) y=y ()
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ypasHeHHs (3) (ToMaHEe Jilepa B ONpejeseH-
HOM CMEICJIe «CXOAATCA» K HETerpaapHoil KpHBoit,
KOTjHa Bce HX 3BeHpA crpeMaArcd K Hymo). Coor~
BETCTBYIOINEE DacyeTH OPA COBPeMeHHOH# BH-
gmcaATeIbHOR TeXHAKe (KOMIBIOTEDH) OKa3H-
BalOTCA [OCTATOYHO NIPOCTHIMM, a MeToX B @e-
JoM — yGepdTeIbHEIM ¥ HANKHKEM,

Hpyroit merox pemernusa puddepeErAAIBHEIX
ypaBHeHmii ocHOBaH Ha WCHOAH30BAHAE CTETIeH-
HHX PAROB (34eCh, KaK W B CIydYae JOMAHEX
Diinepa, peus uier, pasyMeeTcsa, Bosce He 00 of-
HAX JHIOb TONBKO YPAaBHEHHAX € PasyielIAIon(m-
MAcH mepeMeHHHME). [Iycrhb MH MMeeM ypaBHe-
gume (3), B XKoTopoM 3aBHCHAMOCTH f (z, ¥) or z
H y [OCTATOYHO IPOcTa (CMEIJ STOTO Hocaex-
Hero MOKAa JOBOJLHO TYMaHHOro TpeGoBaEAA
MH TOSICHEM YyTh HEKe), M XOTHM HalTH pellle-
HEe y=y (r) 9TOoro ypaBHeHHsA, NPOXONAINee
gepe3 HKCHPOBAHHYI0 TOUKY My (2, Yp) IIOC-
rocTm. Ilpegmo;oskmM, 4dYro OyEEROEA ¥ (z)
B OKDeCTHOCTA TOUKH Z=z,, 1 HKOTOPOH
y (vo)=ay, pasiokena B paj Teitmopa:

y (@) =ao a1 (z — z¢) + a5 (z — x)® +

Lag(z—ze)¥ .. (6.6.17)

Torgal

v’ (z) =a; 4 285 (z — zp) + 3a3 (z — )2+ . . .
(6.6.18)

Tlopcrasasas supaskenns (17) m (18) B mexopHOE
ypaBHeHHe (3), MH BO MHOTEX cJydYasX IPHXO-
IAM K YCJAOBMIO DAaBeHCTBA J[(BYX CTeOEHHHX
panos: paga’(18) paa y* ¥ paAga, BHpaKamImero
$yrrumo f (z, y), rae y nmeet Bag (17) (BoT TyT-TO
¥ jKeJaTeJbHO, 9ro0On (YHKOuA f Gbhiia «gocTa-
TOUHO MPOCTa», T. €. TaKOBa, 9YTO BHIpa)KeHHe
f@ atay (5—zo)tay (z—zl+. . .) moxHO
IIpeJCTABHTH KaK cTemeHHOH pAx byt by (z—zp) -
+ b, (x—z9)%+-. . .). IlpmpasHEEmBas Koofdmmu-
eHTH BTHX [ABYX DAAOB OPH OJTHAKOBHX CTeIe-
HAX z, MH 9aCTO MOKeM M3 CHCTEMH a;=b,,
2ay="5,, 3a3=b, B T. ., UNCIEHHO ONPEHEINTH
KoopAIAEHTH @, a5, . » . PAZa (17), T. e. HafiTh
pemeHme ypaBHeHHS (3) (Begb KosPPHOHEHT a,
HaM M3BecTeH 3apaHee) 2,

Jla MIMOCTPAIMA;3TOTO MeTORA PACCMOTPHM
ZBa TPOCTHIX DIPHMEpa, NepBHIA M3 KOTOPHX

"1 Yurarenmo fopuperca JOPHHATL HA Bepy
(me JoxasaHHyl0 Hamm, HC Kak OyAro Aocra-
TOYHO eCTeCTBeHHYI) "BO3MOKHOCTh HOWIEHHOIO
nuddepeRIApoBanTA "CTeIeHHEIX DPANOB, T0700-
HHX pAAy B mpasoii gacTm (17).

|2 3amermM, uro fpasmokenme (17), KaR MBI
3uaeM, o0samoYenpaBenanBo IHMb JIA HEKOTO-
Poil OKPECTHOCTH TOUKH T=I,; HOITOMY 3a7aCTYI0
TIPHXOZATCA, QOHAS IO |HEeKOTOPOTO BHAYCHHS
z==z;, or6pocuTs pasmxoxcenne (17) m WOIB30-
BaThCA PA3IOKEHHEM y [0 CTETIeHAM T —Zy B T. .
PaccvarprBaeMule mmke mpuMepH BRIOpaHEL Tk,
9ro0sl 130eKaTh ITHX 3aTPYRHeHHIl.

MOKeT MMeTh JIMIIb YHCTO WIIIOCTPATHBHOe 3HA-
9eHne, MOCKOJBKY COOTBETCTBYIOUiee ypaBHeHHE
JelKo pemars ® Ge3 pAmoB; Bropol we pocra-
TOYHO THOHYeH,
1. BepHeMca K yse pacCMOTDEHHOMY BHIEe
ypasrerm0 (11)
I=zy

A O0J0HM B HeM

y=ay+aztayx?t-azz3 4. . . (6.6.19)
TOrza
¥’ =a;+-2a,743a322+ 4agad4-. . . (6.6.20)

Hopcrasnasn sHavenms (19) m (20) & (11), moxy-

InM

a1 -+2a,7+4-3a52? +4a284-5aget 4 Bagad4-. . .=

=aoz4 1224 2,23 - agzt 4 a,78 4 agzt-. . .
(6.6.21)

IlpmpasEuBas Temeps B (21) RosddumumeHTH

IpH OJMHAKOBHX CTeNeHAX z CJAeBa H CTpaBa,
moJxydaem:

a a

a1=0, az=?o, as='§‘=0,
ay ay a

u=g =37 =73 =0,
ay a9

Qg = -E-=2.4'6 s seny

rae ay=y,=y (0). B culry sTEX paBeHCTB pas-
aoxeHne (19) B HameM ciaydae HMMeeT BH[

z2 1 z4
y=ap (1 +5+37
OTKyZa clefyeT, 49T0 y=gage (mopcTaBpTE
B IPaBYw 9acTh dopMyas (2.2) BMeCcTO x Beld-

g ),

222

12

ymHy <= 1),

2. Iyerp
y =zy-4-1. (6.6.22)
Ypasrenme (22) He ABIseTCA ypABHEHHEEM C Pas-
JeNANIEMACH OePeMeHHHIMA, W MOMKHO J{OKa-
3aTh, 9TO €0 pelmeHNe BOOOIYe HEXBL3A 3alIUCATH
B BAJe ABHOW (YHKOHOHAJHHON 3aBACHMOCTH Y
or z. HecMoTpsa Ha 3T0, pemeHne ypaBHeHHSA (22)
HETPY[HO BHDA3NTh B BHJE pAXA.

Bocmonsayemcs cHOBa pasiosxeHEaMu  (19)
n (20) m mogcraBmM mx B (22). MH Dogyumm

a;+2a,2-+3az2?--4a,28-+-5ag24+-6ag25-1-. . .=
=1-+4agz-ta 2%+ ag2?+agzt+a,28-4-. . .,

OTRyJa clepyer, 4To

a a 1
w=1, @=35, G=g=r,
__8r 4 _ ez 1
W=7 5.2 B=F=1:3.5°
% 4
=% 2460
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TakuM myrem MH nHoxydaem ofmee pemenne
ypaBHeHEA (22):

e x3 xb
v=(f+r5+r5 5+

z7 2 "
st ) ta(l+ T g+

28
R .), (6.6.23)
Iie 3HaUYeHHE @y ONUPEJENAeTCH HauaibHbM YCa0-
6uem: TaK, HAIIDAMED, €CHH MHl 3HAEM, 4TO
y (0)=0, 10 24=0 (cp. yup. 4).

Ynpasncuenun

6.6.1. Pemure pnnddepernumanbuiie ypaBHe-
HEA (C Pas[eJAoNuMuCs IepeMeHHKIMHA): a) y' =
=y 6) y’=k§: B) y'=k%; r) y' =gy,
A) y' =cos z sin y.

6.6.2. Noxamare, 49ro wusobpaskeHHEe HA
puc. 2 npamiie a) y=0; 6) y= 4z TaKike ABIA-
0TCA WHTerpajbHBIME KDHBHMI ypasHemmit (11)
u (15) coorsercTBeHHO.

6.6.3. Yrasxure «ocoGoey pemeHEe ypaBHe-
HAA (9), cXOAHOE ¢ PACCMOTPEHHHIMH B yup. 2
«ocoOnME» pemeHmAMEA ypasHemmii (11) & (15).

6.6.4. JJorayxmTe, 4WTO DPOXOJAIAA Uepes
HAYAJI0 KOODJMHAT WHTerpajJbHAA KpuBas (23)
ypaBHeHHE:A (22) mMosKeT OHITH 3amucana $opMyIoi

x

y =" (z), re © (z) = § e~V 1%41,
0

6.6.5. PemaTe MeTOROM Da3iIOKeHWA B DAL
a) ypasmerne (9); 6) ypasmenme (13); B) ypapge-
gne U3 yop. la.

§ 7*. Mudepennuarsnoe ypaprenne
BBITEKaHMA BOJBIL

B xadecTBe eme ogHOro npmMepa 3ajadu
Ha pemenne auddepeHMUTANLEHX ypas-
HeHMH  paccMOTpPUM  QUIYyPHPOBaBIIMH
B § 3.6 BOIpPOC 0 BHTEKAHMN BOXH H3
cocyna. Mu GyzneM cauTarh, 910 paccMar-
puBaeMuit cocyn (cp. puc. 3.6.3) mmeer
BHU3Y OTBepcrue (WM W3 HEro BejieT
TOHKaA TPy6ra), B cumiy dero Boja u3
COCy/la MOKeT BHTEKaTh; ONHAKO HAPANY
C 9TUM TeHepb MH CIHTaeM, UTO B COCYI
TAKKe MOJKET IOCTYIaTh BOJA M3 BHEII-
Hero MCTOYHMKA. ITO 3afada 09eHb IIPoCTa
¥ HarlAjgHA 1O CBOeHl IIOCTaHOBKe,
Bmecre ¢ TeM Te ke MaTeMaTWUecKme Me-
TONEI, KOTOPHE LO3BOJNAIOT ONHCATH pPac-
CMATPUBAeMHIH IIPOIECC BEHTEKAHUA BOJH,

OPUMEHAWTCA # B 0(ollee CJIOMKHLEIX R
COZleP/KaTeAbHEX 3aadax.

Ilpencrasmm cefe cocym, B KoTophi
BTeKaeT (WM U3 KOTOPOrO BHITeKaer)
Boga. OGneM BOHEI, HAXOXAMEHCH B co-
cyme, oGosHauuM dgepes V. dTor 0GbBeM
CO BpDeMeHeM MeHsgeTcA, T. €. V ecTh
dynrmua Bpemenu f. KakoB cMECa Bemu-

Al
YNMHBL "

feno, uro dVaV (t+dt)—V (t) ects
o0beM BONH, TOCTYNHBINEH B COCyN (IpE
orputiaTensHoM dV — ymenmei ®3 co-

cyma) sa Bpema dt. Iloaromy %Lt/:q(t)

€CTh CKOPOCTHL HU3MeHEeHHUSH
KOX®MIecTBA BOXH B cocyle.
Beanmunna ¢ (t) BOCHT cnemmanbmoe Ha-
3BaHMe nomoka Bopgel. Ecum g >0, to
BOfa B COCYN IOCTyNaeT, ecau xe g < 0,
TO BOJA U3 COCY/la BHTEKaeT, T. €. Macca
BOIBI B cOCyde yMeHbIIaeTcA. B wacTHOM
ciydae, KOrfia IOTOK ¢ NOCTOSHEH, He 3a-
BUCAT OT Bpemenu, V (t--1)=V (t)+q.
3mech ¢ ecTb KOIMIECTBO BOJH, TOCTYIAB-
Iee B COCYJ 3a eQWHMIY BPeMeHm (0HO
MoxeT OHITH ¥ OTpHnaTeabHEM). B o6menm
ClIy7ae Ha NPOTAKEHUN eIMHUIE BPeMeH:
(3a KoTopyn MoKeT OHTH IpHHATA He
TONbKO 1 ¢, HO m 1 ¢ i 1 ropx) Bemmumua
g MO)KeT MeHATHCHA; LI0STOMY-TO M LPUXO-
BUTCA OLPEAeNATs ¢ KaK IPOM3BONHYIO.
Hna unrarens, pasoGpaBmeroca B cooT-
HOIMEHUN MEMKIY CPerHeHd M MIHOBEHHOI
CKOPOCTBIO, MeMIy IPOUBBOXHON M IpH-
pamenmem (cM. ri. 2), ganbHeHmue pasb-
SAICHEHUST He HYRHHL.
Mur smaem, gto

av
W:Q(t). (6.7.1)
Ecnum zaBmcummocts moroka Bome ot mpe-
MeH¥ W3BECTHA, T. €. M3BECTHA (GyHKIus
g (t), To muddepennmansroe yparrenme (1)
BO BceM 1ofo6HO ypammenmio (6.4) m 3a-
hada HaxomJenua V MaTeMaTWdeCKW He
OTIMYaeTCs OT 3afladil OLpeleNeHHA IyTH
110 3a[{aHHON CKOPOCTH, KOTOPAf, KaK Mol
sHaeM (cM. IJ. 3), pemaeTcs ¢ LOMOIBIO
BHIYHCIeHUs (OLPefeleHHOr0) HHTerpasia.

Has Toro urobs mama 3amaua mMena
ompefieieHHOe pelleHHe, HYMXKHO 3aarTh
obbeM V, BOEH, KOTODHI HaxoOmWICH
B COCyle B onpeeleHHHH HaYaJdbHHH
MOMEHT BPeMeHH f,. Ycaosue V=V, npn
1=1, HAaBEIBAETCA HAYALLHYIM YcCA08UEM,
BHIIEJIAIOMYM OHO OLPefelieHHOe pelie-
Hme ypasmenusa (1) (cp. ¢ § 6).
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OfbeM (KOTUYECTBO) BOAH, KOTOpas
BreKaa B cocyia (Wim yimiaa #3 Hero)
t
3a BpeMa or f; 10 I, ecThb Sq(t) dt. Ilo-
tO
3TOMY KOIMYECTBO BOAHL B COCY/e B MO-
MeHT [; paBHO

z

V(t)="Vo+ | g () dr.

¢

(6.7.2)

e

3TO/ BHIpajikeHHe CIOPaBeNJINBO JJiA JIO-
fofo MoMeHnTa BpeMeHUW I, ¥, CIENOBa-
TeAbHO, MOAHOCTHI0 OIpefielaeT NCKOMYIO
saBucuMocth V o1 ¢, Ilpm &, =1, unTerpan
B dopmyie (2) paser Hymo u V (t,)="V,.
Tarkum ofpasom, pemenue (2) pmeiicTsu-
TeJIbHO YLOBJeTBOPsAeT HalleMy Hadalb-
HOMY YCIOBHIO. :

®opmynoit (2) MOEHO IIOIbB30BATHCH
u npu t; <t Opmmako mpm ¢ < i
¥u opm i, >t, ata ¢opMylla mMeeT Ppa3-
mHit cmuca. Ipu ¢, > ¢, senmanna V (%)
ecTh KOIMYeCTBO BOAH, Koropoe Oy-
JeTr B cocylme B MOMeHT Iy, eciIHd
00BbeM BOXEL B COCyle B MoMeHT f, OBLI
paBen V, u norok BOuH 3amaH QyHrmuei
g (t). Ipu t, < t, Beawuuna V (¢;) ecrs
10T 00beM BONH, KOTODHH MOIKeH OBLI
HAXOAMTECA B COCyHe B MOMEHT Iy LA
toro, Urofe B Oojlee IO3mHEee BpeMi,
K MOMEHTy f,, IpHM IIOTOKe, 33JaHHOM
¢ynrmuert g (), o6beM BOIH OKABANCA
pasesiM V.

Bwmecro £; B (2) MOIREO IHMCaTh HPOCTO &,
XOTA Takad 3amuch W He BIOJHE AKKy-
paTHa, m00 ¢ y Hac — IepeMeHHas WH-
TEerpUpPOBAHMA, HO MONOOHYI0 HEaKKypar-
HOCTE MEI TOIIYCKaJ M 9acT0. B TaKoM cay-
yae (2) mpuHHMAaeT BHJ

[

V)=V,+ | q(t)dt. (6.7.3)

v~

4

Hago Tonpko moMHMTE, 9T0 ¢ (1) 3mech —
5TO He BHAUYeHNE ¢ Ha BEPXHeM Ipefene
gHTErpupoBaHus, a (lepeMeHHad) QyHK-
quEA apryMenra ¢, mpoGeraimmerc Bce
3HauYeHHA OT f{, KO {; HUKaKUX Hexopasy-
MeHHMH npm DTOM HE BO3HHMKAeT.
Gdopmyay (3), maomyo pemeHne 3a-
AU O BHITERAaHWH BOAH, KOIMla 3aMlaH
noTok ¢ (t) m roamgecrBo Vo=V () Bomst
B HAYANBHHEIH MOMEHT {=1,, MO/HO IONY-
YNTh I TP TOMOIGNM HECKONbKO HHHIX

paceysxmenuit, Uz (1) B cuny onpefesnenns
HeoUpefleIeHHOr0 WHTErpaia CiIexyer

V(t):g q(t) dt.

IIpemronoxuM, uto mepBooOpasHad (YHK-
nuu g (f) wakuMm-1H00 o0pasoM HalimeHa.
OGosnauum ee uepes I (t). Torpma

fewar=r10)+C,

rge C — DOCTOAHHAA  HMHTEIPHPOBAHUA,
Orcroga
Vvey=I1@)-+C. (6.7.4)

Insa ompefeneHdAss IIOCTOAHHOR WHTer-
PADOBAHWA BOCHOAB3YyeMCHS HaZaNbHBIM
ycaosmeM, T. e. morpeGyeM, drofH Impu
t=t, 6mmo V=7V, HogcraBnaa B (4)
t=t,, moxyumm V=1 (t,)+C, orryza
C=V,—I (t,). IloncraBnsg 210 3HAUEHHUE
C B (4), HaxOmUM

V)=V, +I (t) - I(to):

410 coBmajgaer ¢ popMyoi (3), IOCKOIBKY
¢

[aa=1@k=10)—10)

i)

@opMyny (4) MOKHO Ha3BaTh 06LUM
pewenuexr nuddepeHnAaNbHOrO ypaBHe-
uusa (1). Bubupas 1o niu mHOoe 3HaTeHHE
C, MOXHO [OXYIRTH u3 (OopMydH (4)
PA3IUIHEE YACMHBE PEeUueHus, COOTBET-
CTBYIOIIME PasiuYHHM HA9alBHEIM yCIO-
BHSIM.

OmHako DOTOK BONH XaK (QyHKImA
BpeMeHH W3BecTeH OTHIOAb He Bcerpal
Yamme usBecTeH (PU3MIECKHM 3aKOH, yKa-
3HIBAIOINMII 3aBUCUMOCTH IOTOKA OT HAlIOPa
BONEL, T. €. OT BHICOTH Z YPOBHA BOJEHI
B cocyme (puc. 1). Tar, mHanpumep, npu
BHTEKAaHIH BOJH Tepe3 TOHKYI IINHHYIO
TpyOKy MOKHO CYHTATh, 9TO

q—= —kz, (6.7.5)

rne KooduumueHt XA — 3TO HEKOTOPOe
IO ORUATEABHOE IIOCTOAHHOE  YHCJO,
a 3HAK MHEHYC 03HA9aeT, UTO BOJla B Bi-
Tekaer. Ilpu BHTeKaHWM BOJH H3
OTBepCTHA B TOHKOH CTEHKe HMeeT MecTo
cOBCeM [PYTOH 8aKOH, YCTAaHOBJEHHEIH
proepeiie yieHumroM lammnes 9. Toppm-
JeJIan; 37ech

qg=—ayz. (6.7.5a)

Bosmorkna TaKike KOMOHHAITUA IOCTOAH-
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HOr0 IOCTYyIJIEHES BORH CBepXy (go)
} BEITEKAHHA ee 10 3aKoHy (5) wam (Ha):

g=q,—kz wm g=—=gq,— a\/z. (6.7.6)

B xaxnoM u3 aTMX cilyuaes, IOKa HHTe-
pecylIasd HaC 3agada He pellieHa, 3aBU-
cuMOCTh 2=z (f) YPOBHA BOIH B COCYHe
OT BPeMeHN HeW3BeCTHA, 4 3HAYAT, HaM
HeW3BeCTeH W MOToK. Ilosromy sapmagy
onpefielleHUA W3 ypPaBHeHUS

av

o =4 (2) (6.7.7)

¢yEEnUE V Helb3st cBeCTH K IpexBILymie
3afiade.

Pue. 6.7.1

Mu  chopmynmpoBalm 3mech 3agavuy
B o0meM clydae JafA NPOUSBOILHOH 3a-
BUCHMOCTH ¢==¢ () IIOTOKA ¢ OT YPOBHS Z.
B ypaBrenne (7) BXOOAT qBe HemsBeCTHEE
BeJIMINHE: KojmuecTBo (oGvem) V Bogm
¥ ypoBeHb BopHl 3. O4eBHIHO, 5TH Beju-
YWHH He He3aBUCUMEL: KaKIOMY YPOBHIO Z
COOTBETCTBYeT BIOJHe ONpeJeleHHHR
obvem V Bomsl, rTak 4To V ecrs pymrmua
V (z) uepemenHnon z.

fcno, uwro Bup ¢ymkmum V (z) mox-
HOCTHIO oIpefenserca QopMmoi cocyna.
Tak, HampuMmep, I OUJIHUHJP H-
YeCKOTr O COCyZa pamuyca ry, ecid z
€CTh PacCcTOAHNME OT HIKHEr0 OCHOBAHUA
cocyga, 10 V (g)=mnr2z. [aa wmsobpa-
JKeHHOro Ha puc. 1 KOHMIEeCKoOT 0
cocyga mo ¢opMmyle ZasA obbeMa KOHyca
HaxomuM V (2)=/; S (2) 2z, rme S (3)=
== [r(z) | — nuomanp cevenus Ha BEHICOTE
2 (a r(2) — pag@yc COOTBETCTBYIOMEIO
cedeHus). Ecam r, — paguyc BepxHero
OCHOBAHHMA KOHyCa, a h — BHCOTa KO-

Hyca, TO u3 @mogobua TpPeyrolbHAKOB
ro3
JerK0 Tonydaercd, 4To r(z) :;T; TaKHM

1 2
obpasom, speck V(z)=- ’ih’_g_ 23

IlopcraBnsan ¢yErmuio V=V (z) B
ypasuernue (7), Halmem

dv (z) dV (z) dz
& = @ w10

av =
HpOHSBOI{HﬁH az OT o00BeMa II0 BRBICOTE

paBra nnomaznm S (2) cedeHHsT cocyma Ha
BHCOTe 2 (cp. Popmyny (3.6.20)): éVd—iz—)::

= § (2). Oxomvatensno momyumM
d.
S (2) 7-=q (2).

flecro, 910 (8) ecrs muddepeRmUATBHOE
YPaBHEHMe ¢ PasfedsomuMuCA TepeMeH-
HEIME. PaccMoTpuM Teneph pemenus aToro
YPaBHEHHA [N DPA3HHIX BHIOB B3aBYCH-
Mocreit S (z) u ¢ (z) L.
Ilepennmem ypasmerme (8)

(6.7.8)

B BuHe

d S

Zi_::%('(% 1 00o3BaunM %ﬁ; =7f(2). Tor-
ma (8) npmmer Bup

dz 1 .

-E: m , (6.7.9)

a YPaBHEHWS TAKOr0 POfla MBI ysKe  pe-
maau (cp. ypasHenme (6.4a)). Ilepemn-
meM Teneps (9) B Buge

dt

—-=1(2). (6.7.10)

3anucs (10) osmagaer, uTo B Xome pelle-
HUA 33729 MH BpeMeHHO GyjeM paccMar-
puBathk ¢ Kak QYHKOWIO 2z, T. e. OymeM
ucKaTh He 3aKOH 2=z (I) W3MeHeHUs
ypoBHA BOAH, a o6paTHYIO z (1) pyuKomio
t(z), — ysxe Haigs t(z), BHpasuM 2z
depes 1.

YMHOREM IeBYI0 H DTpPaByl dUacTn
(10) ma dz u npomHTErpUpyem ofe "TacTm
IOy IMBIIErOCA PaBeHCTBA:

? z

Sdt: S f(z) da.

? Zo

(6.7.11)

Orcroma mMeeM

b4

t=t,+ | f(z)dz.

L)

(6.7.12)

Mu monyguan pemenume 8ajflaun: BpeMs ¢
BHPaKeHO KaK QYHKIUA NepeMeHHOH z

1 PasymeeTcs, BOBMOKEEl W TaKHe BAPUAHTH
3a/ladyd O BHTEKAHWA BOJH (CKayKeM, CJpesep-
BYapoM HeompelleIeHHOH]DOPMEI, He D0O3BOJIAI-
ImEM BEINACATH ABHO QyHEIMmO S=S (z)), Korna
COOTBETCTBYIOINiee YPAaBHEHHE He JOIYCHAaeT TOd-
HOTO pemeHnsa W €ro NIPEXOXHTCS "peInaTh Ipu-
OImKenso (Cp. ¢ 3aKIOYATENLHON 9ACTBIO § 6,
HANeYaTAHHON MeJKEM IpufTOM).
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(mamoMEMM, 4TO f, — 3TO IPOCTO TUCIO).
Pasencreo (12) mosBoasfer TamiKe IpH
KayRIOM 3HAYEHUN { HAHTH COOTBETCTBYIO-
mee eMy z. Pemenue (12) yrosnersopser
Ha4YaJBHOMY YCIOBUK 2=3, Opu I=l,
(B HagaJdbHHEH MOMEHT I=1, 3aflaH ypo-
BeHbL Z=Z, BOGE B COCYHeE).

Paccmorpuym eme ABa KOHKPeTHHX IpH-
Mepa saBucuMmocreR f (z).

1. Bopma BHTeKaeT U3 N M JI X H L P U~
9eCKOIr O COCYJHa B3alaHHOrO pPa-

owyca r, mIo0 TOHKO# TpybGKe.
3necs
S (z) =const ==r2, ¢q=—kz,

Tax 9ro ypasHenue (8) DpUHEMaer BUJ

nrg%:—kz, (6.7.13)
nian
—nr3 22— pdt.

NaTerpupys JleByo "acTh B Ipejenax
OT 2, IO Z, @ OPaByl0 — B OTBEYAIIUX
»TOM 3HAYeHHAM 2z Opefedax or i, Ho i,
IoNydIuM

—_ 2 1y 2 —
—ar2(Inz — Inzy)=—=riln =

== 7r2In (6.7.14)

2=kt — ).

W3z (14) BerpynmHO BHPas®ThH Z uepes i.
HeiicTBuTENIBHO,

nz=In zo—?fg (t—t,),

T. €.

2=2, exp[—— o)]-

PacemoTpuM [gBa MOMeHTa BpeMenu ¢
z (t -+ At)

u ¢t Al w HalifeM OTHONEHWe —— OB

U ZM) _exp[————(t—l—At—to—t—l—

-+ to)]:: exp (—— iﬁ;} ) .

Mu BuHpmM, 9TO 9TO OTHOIIEHWE 3aBHCHUT
ToNbKO 0T At u He 3aBucut oT {. Ilosromy
3a paBHBlE IPOMEKYTKE BPeMeHU yDOBEHD
BOIEL yMeHBINaeTcA B OJHOM H TOM JKe
OTHOIIEANH;, OH BCe BpeMsd Iajfaer, 9KCIIo-
HeHIIMAJbHO yOHBaA, HO HEHKOIZa He J0-
crurser sHadenusa z=0, xapakrTepu3syio-
IMero IOJHOe BHTEKAaHWEe BOJHL 2.

2 HeroTopasA NapajoKCajIbHOCTE IIOCIE/IHETO
BaKJIIOYeHAA (BOAA M3 COCYAa He BEITOYOT H H-
Korja) CBAsaHA ¢ TeM, 9T0 ypaBHeHme (13)
OTHOCHTOJbHO TOYHO ONHCHBAGT PaccMarpuBae-

CpaBHUTENBHO MaJIO MeHSET PHIRIECKYIO,
KapTaHY ¥ IPeIIoIoKeHue O HOCTOSHHOR
mofiade BOJLL B pesepByap, KOrjla ¢ (z)=
=g,—kz, W Balle ypaBHeHWE IPUHUMAET.
BUR

0 42 _
wry = — kaz. (6.7.15)
3pecs ynolHO HAYaTh ¢ HAXOMKCHEH
CMayuorHaproz0 pexcuma, T. €. HUCKATh
pelneHne z=z,=const paccMarpuBae-
Moro ypasHeHusa. M3 mnpemnomosenus

_ dz __ 0
z=3, # 5, =0 caexyer

qo—kz,,=0, z,= q]: -

flcpo, 4TO ecam mpomecC HAUMBALTCA
€O BHAYeHWs 2=3, YPOBHA BONH, TO
?Ta BeJHYMHA 2 He HBMEHHWTCH: BHeCh
moXadYa BORH B pPe3ePByap NOIHOCTBIO
KOMIEHCHDPYeT ee BHTeKaHWe M yDPOBeHb
BOJEL B COCy[le OCTaeTcss LOCTOSHHBIM,
Ilycts Temepr HavanbpHOE  3SHAYCHHE
Zg > Zoy, TAK 9UTO (IPONOPIMOHAIBHOE z)‘
BEHITeKaHMe BOJLI IIDEBHIIAET €e IOCTYII-
JieHWe W yPOBeHL 2 yMeHbIaeTcs., Bymem
UCKaTh PasHOCTh Z;=2%—Z,, YPOBHA BOTH
OT CTAanWOHAPHOI'0 YPOBHA Z,. JT4 Pas-
HOCTH, OYeBHAHO, YHOBIETBODPAET ypPaB-
HeAW0, noxyiaeMomy wu3 (15) mopcra-
HOBKOH BHaueHM# z=z-+z, H ¢,=kz

arg SO o) s — k(24 2,0)

.
cT*

i S
T. 6. Tri—> dt 2.
Ho »r10 ypasnenwe oriudaerca ot (13)
nume 0003HAUEHUSIME, TAK 9TO €TI0 pemie-
HEE WMeeT BHUJ
(t—to)]v

or- OROHUATENLHO IOy 9aeM
k
2 == 2y —l_ (ZO - zc’r) exp ['—"W (t - to)];

37lech BOJIMIMHA z CTPEMHATCS K CTAmmo-
HapHOMY YDOBHKO Z,, BOJH, HWKOLJA ero
He pmocturas’.

2. Bopma BrHTeraer M3 KOHU Y e-
cexoro cocypga (c Beicorolt h m

2, =129 exp [—

rae z(M =z, —z

MHHA ¢uspyeckMii Ipomecc JWINbL NpH z S>p,
rfe p — pagayc TpyGxm, depes KOTOPYI BHTe-
KaeT BOja.

8 TlocyiepHee  BaKJIOUSHH® BeDHO M NDH
29 < Z,y {CM. yHOD. 3), 9TO CBHAETEJILCTBYET 06
ycmotiuueocmu  YCTaHOBHBIIGIOCA  COCTOAHHA
2=z, BOIH B cocyzne {cp. ¢ § 9.3). "
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PajUycoM OCHOBAaHMA ry; cM. puc. 1)

0o TOHKOMN TpyoOKe:
2
S@ﬁ:mdg),q:—%z

B aToM caydae ME MMeeM yDaBHeHUe

di _ q(z) __ kak® _ kR* 1
T ooS@) T wmE o w2 (6.7.16)
KOTOpPO® MO;KHO TIepenmcaTh TaK:

TW‘O

T zdz =dt.
Wurerpupys, monyyaem

Z

ﬂr% P E%_ iz— Z%) .

—g s =T (5 —3)=t—t

N B sTOoM mpmmepe He mpefcTaBIAeT TPyHd
BHIDasNTh Zz Kak (PYHEKOUIO [:

z® z3 kh?
T=7 "y Wl
uin

(6.7.17)

z——]/z2 2kh4(t_t)

®Qopmyna (17) momHOCTHIO pemiaeTr 3a-
magy. $Jlerko nposeputh, 9UTO

A kR2 T, 2R S
gt wrg L“O § g (¢ tO)] -
e

T gz

TaK 9TO 2Z AeHCTBHATEJIHPHO YHOBIETBOPACT
ypasueruio, O4eBHAHO TarKe, 910 Z2=3,
upu t=t,. Bripaskenue (17) wmo3Bouger
Ha#iTHE MOMEHT, KOTZa COCYJ MOJHOCTHIO
OLOP OIKHUTCA:

"W‘O Z“

z2=0 mpu =t 5.

(6.7.18)

CymecTBeHHOe KadecTBEHHOE OTIWINE
OepBOTO IPHMepa OT BTOPOTO COCTOUT
B TOM, 9TO BO BTOPOM CIydJae BCA BOHAA
IIOJHOCTBIO BHLIMBAaeTCA M3 cocyaa 3a

KOHEUHHH  HHTepBaX  BpeMenm I'=
wrg 23
=Zh—"0270 (ca. (18)), B TO BpeMa Kax B mep-

BOM cJiydae Mbl MMeJH JINIIb (ACHUMIITO-
THYeckoe» (IPOfOIIKAIOMEeecs HeorpaHu-
9eHHO [0Jr0) TUpPHOGAMKeHHe YPOBHA
BOSH K HyJIeBoil ormerke z=(,

Ynpascnenusn

6.7.1. PaccMorpnTe pemenne ypasHenusa (15),
VIOBJIETBOPAWINEe HAYAIBHOMY YCJIOBHIO 2y <
< 2,,. Rakoil xapakTep OyneT HMeThb B 8TOM CILY-
9ae paccMarpuUBaeMblil IPONECC BHTEKAHNA BOHP

6.7.2. PaccMoTpare ciydail BHITeKAaHASA BOJH
o TOHKOH TpyOkKe M3 KOHMIECKOTO cOCyAa B yC-
JIOBUAX HOCTOSTHHOTO II0 WHTEHCHBHOCTH IPHUTOKA
Bogil. [Yxasamue. J[nddeperunanbroe
YpaBHEHAE DpAcCMATPHBAeMOro IIpoIecca HMMeeT

) 2 dz
BHJ T —hT—dt—=q0~—kz.

* k%

Ecim B rmaBax 2 m 3 paccKaseBaerc
06 wupgeitnoit cTopoHe nUPPepPeHTHAIE-
HOr0 M WHTErPAIbHOr0 WCYUCIACHUA, TO
riaBH 4—6 DOCBAMIEHH alapaTHOR CTO-
poHe (Tak CKasaTh, <(KYyXHe») BHCIIeH
MaTeMaTHKH — ¥ KajKIOMY, KTO X04eT OB-
lajgeTh MaTeMaTHIecKUM AHAJW30M B Ta-
KOHA cremeHm, ITOOH MMETh BO3MOKHOCTH
OpUMEHATs Ha IPAKTUKE COOTBETCTBYIO-
mye IOHATAA ¥ 7TeopeMH, HeoOXomuMo
5Ty ammapaTHYI 9acTh ocBonTh. Homedno,
riaBHasg 3aja4da, KOTOPAs CTOUT Nepepn,
eCTeCTBONCILITATEIeM WM WHKEHePOM, —
5T0 3aj[ada aNeKBaTHOI'0 ONMCAHUS WHTe-
pecyomero ero Ipomecca B MaTeMaTH-
YecKHX TepMUHaX (¥alie BCero — B BHIeE
HeKoTOporo pufdepeHOUANLHOIO YypaB-
HeHHA); NATbHEHMU# dTHCTO MaTeMaTH-
decKuil aHanws Mopgesau (pemeHze gudpde-
PeHIZANBPHOIO YPaBHEHMA) MOKeT OHITh
HOpy9IeH MaTeMaTHKy WM IepPefaH Ipo-
rpaMMECTY AJIA MAIINHHOM (¥CHOAB3YIO-
meir OBM) obpaborkm Bcero mMarepmaia.
(Ho BoT caMo HOCTPOEHHE MaTeMaTHde-
CKOM MopeNu fBIeHHS NePeOPYYUTh HH-
KOMY HeIB3s: 9TC HeoOXOMMMO HeXaTh
Yei0BeRy, IIIy00KO BHAKOMOMY ¢ pas6m-
paemoiM sasienueM!) Wexoma w3 sroro,
HHXeHep MOKeT PemuTb, YTO B OBJaje-
HUM MaTeMaTHIeCKOH TeXHHKoH eMmy ce-
rogus Her HajgobHOCcTH, — @ TrayGoKO
omuberca. IloruManne cyTu BHCIIeH Ma-
TeMaTHKU HEPasPHBHO CBABAHO ¢ BJiane-
HEUeM ONpejeJeHHEMHN TeXHHYeCKHMY Ha-
BHKAMHU: $€3 MUHUMAJBHOA TeXHEKU He
MosieT OBITH ¥ IOHMMAHWA NPHEHIHAIRAJb-
Holt cropoHH mena. Tak, mus 9TeHEs cue-
OUANBHOR JHTEPATYPHl Ha He3HAKOMOM
AsHKe, X0TA OH M ¢ IOMOIBI CI0BapA
(drpaiolmero B [aHHOM DIpUMepe pOoIb
(IPOTPAMMHUCTa»), HEOOXOAUMO Kak BJia-
IeTh OCHOBHEIMEH (aKTaMu I'pPaMMaTHEH
(«reopum» ABHKA), TaKk u o0aafaTh He-
KOTODPHIM MHHEMAJBHEIM 3aIlacoM CJIOB
(ra7ana «TeXHHIECKIXY BHAHMI).
Bes npepcraBieHAS 0 rpaMMaTHIeCKOM
crpoe sA3HKAa MH GymeM GecrioMomuH,
He 3Hasi, KaKWe MMEHHO ¢J0Ba (M B KaKOI
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dopme) Hago cMOTpPeTh B cjOBape; HO
m 0e3 MEHAMAJBHOIO 3amaca CJIOB CJO-
Baph He CMOMKeT HaM IIOMO0Yb, U000 MHE
B PacTePAHHOCTH OCTAHOBHMCS Iiepef Co-
BePIIEHHO TEeMHEIM [JiA HAc TEKCTOM.
OpHaxo yke HeGOJBHION 3amac CJIOB M
BHIP &KEHMI ILTIOC A3K I'PaMMAaTHKHA I03BO-
JISI0T COBEPIMEHHO CBOOOIHO MOIH30BATHCA
cloBapeM, mono0HO TOMy KakK, QUBHKY
WM WHXKeHePY 3adacTylo (Ho He Bcerpgal)
MOKeT XBATHTh SHAHMA HaYad BHICIHEHR
MaTeMaTUKW ¥ BJIANeHUA NIPOCTeHITIMHU
TeXHUTECKIMY HABHIKAMU.

T'nash 4 u 5 kauru gator obmee (10 He-
00X0IMMOCTH — J[OBOJIBHO Oersiog) mpef-
CTaBlIeHUE O TeXHUKe [updepeHIUPO-
BaHUs (HaXOKJASHNS NPOW3BOTHEX) W MH-
rerpupoBanua. Texnuka muddepeHIEPO-
BAaHHA BechbMa WPOCTA, IHOITOMY IKesia-
TeXBbHO oTpaboTaTh ee [0 TOH CremeHH
aBTOMAaTH3Ma, KOIla HAaXOMKIeHHe IIpo-
W3BONHBIX HECJOKHHX (YHKOWH ocy-
mMeCTBJIAETCA LOYTH «caMo 1o cebey. Ilpm
9TOM BOBCe He HANO CTPEMHTLCH K pelle-
HMIO OGOJBIIOr0 9YHCHA CJHOKHEIX 3aqay:
Belb CO CIOKHHIMA (YHRIZAMEA PHSHKY
WY WHKeHePY HTPUXOINTCH BCTPEYATHCS
He Tak YK dacro. l'opasmo BaskHee yMe-
Hue OHCTPO pellaTh IPOCTHeE 3aJadH,
IO9TOMY YMTATENI0 MOKHO IIOPEeKOMeHJ0-
BaTh IpoOpemaTh Bce coOpaHHble B HACTOA-
Me# KHNre ynpa;KHEHWSA HA BHUNCJICHUE
TIPOM3BOAHEIX, HO He YBJIEKATHCS IHUP-
¢depennupoBanneM Golee CAOKHEHX QyHK-
nuii. Ecim pemeHma 3amad ¥3 KHUATHM
OymeT HegocTaTOYHO MAsS TpHOOpPereHUs
HeoOXOMMEIX HaBHKOB, TO MOMHO o6pa-
TATECA K HI000My [pYroMy B3afadHUKY
1o puddepeHNIEATBHOMY UCIUCICHAIO MK
Iajke BHIOHMCATH CAMOMY PAX (YHKIOMI,
TaK CKa3aTh, Hayraj W 3aTeM MCKaTh UX
npoussogHue. IlHTarbca  SaMOMHUTEH
cpasy Bcio Tabammy — IPOU3BOXHEIX
(cm. Ilpmaosénme I B KoHme KHHUTH)
He CclJefyeT: Temecoo0pasHO Ha TepBOH
cramuu paGoTH mepenmcarh Bee GOPMYIH
Ha KapTOYKY U II0IB30BaTHCA COCTAaBIEH-
HOH TaOnuueil B mpomecce permieEnWA 3afat.
Upu stoM Qopmynb, K KOTOPHM dYacTo
mpupercsa o0pamaThCsa, 3aNOMHATCA CaM¥
cofoil, ¥ B KOHIE KOHIOB TabaumuKa cra-
HeT HEHYIRHOM.

Topasmgo cuosxHee TexHWKAa WHTETDH-
poBaHEA, wu3JOKeHHaA B TiI. o. Ham
Kaykercs, 910 oTpadoTKe »Tof TeXHUKH
He clefgyer YHeIATh CIMIIKOM MHOIO
rHEManuA. Pasymeercss, LOJNE3HO yMeThb
0e3 TPyma BEIYACIAATD NPOCTEHIC HHTEIPAJIH;

ONHAKO, BOBMOMKHO, Gojee HelecoobpasHo
HaydHThCA CBOOOJHO IIOJB30BaThea Tab-
aunamu uwHTerpasos. Ho, Kouedno, yme-
E@e WHTeTPUPOBATH ipocTeiinue GyaKIun
u npuobperaeMoe B mpomecce paboTH
¢ MHTerpajlaMu 3HAHWE OCHOBHEIX CBOMCTB
MHTETpadoB (CKakeM, CBOGONHOE IOIL-
30BaHME MeTOJOM IIOICTAHOBKM) Heo0Xo-
OUMBL Ka)KEOMY: BeJb WHTETPaJH, C KO-
TOPHME BH MoOKeTe BCTPETHTHCH B CBOeil
pabore, Jauie Bcero He OYyAYT TOYHO COBIA-
JaTh C TeMHU, KOTOpHE ecTh B Tabammax,
a aumpb OyayT IPUBONUTHCA K TACIMYHBIM
IyTeM  HeCIOKHEX Iipeo6pasoBammit,
BKJIIOYAIOMIUX ¥ 3aMeHY llePeMeHHEHX.

Tnapa 6 maumnaercalc reMel 0 padaz.
TexHnKa BsaMeHH CAOKHBIX (HampmMmep,
SKCIEPUMEHTAILHO NOJXYICHHHX) (yHK-
nuil Gollee IPOCTHIME ABIAETCA OFHEM
U3 OCHOBHHIX BKIJAJ0B BHICIIeH MaTeMa-
THKM B WHIKEHeDHYI0 NDAKTHKY; Ipej-
cTaBjleHHe 0 Heil} HeoOXORUMO KaskmoMy
¢nsurky @ wHKeHepy. KurueBoe mecrto
3lech 3aHHMAaeT YYeHHE O PasJIOKeHUU
¢OyHKIUE B cTemeHHHle PANH (cM. § 6.1—
6.4), xopomo JonoNHAEMOe I PIMeHAeMBIM
B IDYTHX CIy4adX DasJoKeHUEeM (yHK-
Iy B TaK HasmBaeMHe «TDUTOHOMETDH-
JecKWe PAXED, T. e. Opubav:KeHHEIM
mpeficTaBieHNeM)Y MX B BHIe IPOCTHX
KOMOWHAIMIZ TPUIOHOMETPUIECKUX (yHK-
nu# (cm. § 10.9).

B HacroAme# kHure MH OrpaHUYMJINCE
IMME 5JeMeHTAMA COOTBETCTBYIOMEH Teo-
pum, Ilepe;KUBAIONIeN HEIHe HOBHIE pac-
IBeT, CBABAHHKBIN C TENHM DALOM IPUYAH:
OyPHEIM PasBUTHEM TeX Pas[el0oB YHCTOH
(Mn¥  TEOpPETHTICCKOM) MaTeMaTHKHM, Ko-
TOpPEHEe IMUPOKO HMCIOJAB3YIOTCA B TeOopHm
npubamreHus QYHROUA (PyHKIAOHAIB-
HBI# aHaJ®3, Teopus QYHKIWA KOMILIeKc-
HOrO IepPeMeHHOT0 H® Jp.); sampocaMu:
OPaKTHKY, T[OCTOSHHO BCTPedawmeics
¢ Heo0XOAMMOCTHI0 YIPOIMEHU CIOMHLIX
dysrmuit; cospammem IBM, nocraBisio-
muX HOBHE BO3MOMKHOCTH YIPOIIEHHOI'O
npeficTaBleHNsA GYHKIUA M B TO jKe BpeMs
IpeABABIAIUX  HOBHe TpeboBaumsa
K BOIpocaM 3ajaHus (YEKOUR B Imomxo-
IameM naA mcnorb3oBaBEUA B IBM supe,
uoT. ..

Bropas rtema, saTpomytas B raase 6
KHMTIH, CBA3aHa ¢ Juddepenyuaivruimi
YPpasHeHUAMU, IPefCTaBAAIMMIMHA co0oi
OCHOBHOH ammapaT eCcTecTBOMCIEITATENS
¥ uH;KeHePa. B caMmoM pmeme, maremaTu-
YeCKU# aHalW3 ABIEHNH NPUPONE OOBYHO
HAaYMHAETCHA € IOOBITOK NPEICTaBUTHT Te
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A UHHE eCTeCTBeHHOHAay4YHEe 3aKOHEH
B Bmae auddepeHMUANbHEX ypPaBHEHOH;
9TH yPaBHEHUA CBA3HBAT (IepPeMEeHHEIE)
BOJIMYAHL], C IIOMOIbK) KOTOPHIX OIECH~
BaeTCA HHTepecyiOmee HaC ABjIeHde (Ta-
KOe NpelCTaBlIcHHE 3a9aCTYI0 SBIAETCA
He «a0COMIOTHEIMY, a JOCTABIAET JIHIIb
oprbiariKeHHOe ONUCAHWE pPeatbHOR Kap-
taEn)., B § 6.7 Mu memomncrpmpyeM aTy
ofmyo cxeMy Ha IpUMepPe W3YUSHHA
BHITOKAHHA BOJH M3 COCYHAa. 3aMeTHM
TONBKO, 9r0 KakK copep:kanme § 6.7,
Tak @ pasobpaHHEe B § 6.6 mpumepn
maddepeHNUANPHEX YPaBHEHUIT HMET
JUMb WLTIOCTPAaTEBHOE 3HadYeHme: OHHU
cBOOOAHO MOryT OHITH 3aMeHeHH JIOGHME
APYTUMH, X 3a00MMHATH HX He CJlefyeT
{xora camo mouartHe AudHepeENNaTBLHOTO
YDaBHeHUA HePBOro HOPANAKA ¢ pasfelfio-
MEAMACH IePeMeHHEMH JOCTATOYHO I0Ie3HO
BAA TOTO, ITOGH MM CIeT0BaJ0 OBIANETH).
B o5roM OTHONIGHHH yMECTHO NOTIEPK-
HYTH Das3jmiue MeKAY . 4 ¥ HOCHIef-
HuMu Oaparpagamu ra. 6: ecam Mare-
puax . 4 7goaKeH OHTH IOJHOCTHIO
YCBOGH KaKAbIM YHMTATENeM KHUTH, TO
§ 6.6 u ocobemmo § 6.7 mocrarouno Gerio
OPOCMOTPETE, ¢ TeM 9TO0H NOHATL MPHH-
OUIOAAIBHY0 CTOPOHY BOUpoOCA.

Bricnran Maremaruka Onina cosgana B XVII B,
Howowrorom m JleftiGrunmeM, npaiem
y)Ke B HX TpyjAaxX OHA OpejcTajla KaK BeCbMa
cofiepsKaTedIbEAS UCOUNIIAHA; OJHAKO Da3BHTHE
ee JTHM, KOHEYHO, He OKOHYHIOCh. HEIOTOH
o Jlei0Hu1 OTHIONs He OTPAHAYMIECH OCHOBHLIMA
OIpefeNIeHAsIMA ® TEePBLIME TeopeMaMy — HX
BRJax Ownax samermo OdabmnM. HploToH mpe-
KpacHO TOHAMAJ 3HadYeHHe JufdeperyuasbHue
ypasHenull @IS aHANN3A SBIEHAA DOPAPONH:
Beb ero sEaMeRuThle «MareMarMYeckWe Hadaja
HaTypanpHOH (Qmiocodpmmy (1687), comepsxamme
HBIOTOHOBY MEeXaHIIKY (HBIOTOHOBY CHCTEMY MHEDA),
HaYHHAIOTCA ¢ AuddepeHIUaTIbHOTO ypPaBHEHEA
asmrerna (cM. (9.4.2)). DTo ypaBHeHNe OpPUHH-
MaeTcs 3a aKCHOMY, B TO BpeMs KaK BCe II0Cie-
Ayomue OpPelJOKeHUs MeXaHAKH SBISATCH
TeOpeMaMH, BHBOJMMHIMA H3 3TOH  aKCHOMH
(1 U3 3aKOHa TATOTEHUA, CJISAYIOWPEIo U3 DKC-
MeprMeHTAJILHHX (aKroB (3akoHH HHemmepa)
u axcuoMHl (9.4.2)). B MatemaTnueckmx paboTax
Heorora cHOPMYyINPOBAHH (OCHOBHEIE 3aadd
MATEeMATHYeCKOTO AHAJIMA3AN:

1) mo IaHHOMY COOTHOIIEHWIO MeXRy QaoeH-
TaMn (ACXORHKMI (YHKIAAMHU) OOpeReddATh CO-
OTHOMIICHAE MeKNY (IIOKCHAMA (IPON3BONHEIMI);

2) WO HJAHAOMY YDPaBHEHHIO, COJepsKameMy
$IIOKC H1, HAHTH COOTHOIIEHNe MeKIY hiaoeRTaMmA,

Hepsana na oTnx 3aza4 ecTs, 09eBnHO, 3agada
nagdepeHIUPOBARNA HW3BECTHRIX KOMOEHALAE
QyEKOUA: TaK, B 0603HAYCHHAAX Hrrwotona,
ecam z=uv, 10 F=ud-+uv, 3gech u, vu z — Q-
eHTH, a &, U, # — Qmoxcnn. Btopasa e 3a-
Aada — 3TO 3ajada pemleHmA HuPdepeHHHAB-
HHX ypaBHeHm.

Maore smmMmanng ypeasa HuioTor m Gecko-
HeTHRIM padax (OTKpHTHe GHHOMHANBLHOLO pPAja
HpOM3BeJI0 HA Hero CHIbHelmee BmegarieHme 4):
BCA HBIOTOHOBA TeOPHA (IIOKCHHA o (II0eHT
(IPOHSBONHKHIX W MHTETpAJOB) POAMAACH, HO-BH-
JUMOMY, M3 er0 HccllefioBaHAH mo Teopum (Gec-
KOHEYHHX) psifioB. Y me cayuaitHo ocHOBOIOMIAT A~
lomue TeopeMut (em. (1.18) m (1.19)) Teopmnm
PANOB CBABHBAKTCA ¢ MMeHAMO HeIOCpEJICTBeH-
HHX y9eHHKOB H COTpyAHMKOB Hploroma: Bpyra
Tei#mopa (1685—1731), xoToprit GELT cerpe-
rapeM JlomgoHckoro Koponesckoro ofmectsa
(Bprramckoil akajeMnHm HayK) B Te TOAH, KOTHa
Hsetorom 6wt ero Dpesmjentom, @ mpodeccopa
OnuEbypreroro ymmsepcmrera Honmma M a K-
dopera (1698—1746), xotopmit Gur AHIHO
3HaKoM ¢ HBOTOHOM # sABiIsNCA TpeJaHHEKEM
€r0 NOKJIOHHMKOM. 3aMeTHEM KCTaTd, uTo ofe
dopmynn (1.48) = (1.19) Ownm BmepsHe
Bumncanu Te#mopoM; sacayra sxe Maxriopena
COCTOsJIa B TOM, 9TO OH HOCTaBHJ BOIPOC 06 00-
JacTH TPUMeHAMOCTH STHX (JOPMYd M JacTHIHO
OTBeTWJ Ha Hero. TouHas (¢KOHETHAS» — BRIIO-
9aniasi KOHEYHOe 9MCJIO0 CIaraeMHx) dopmyia
(1.16) Omma ycramoBmena K. JI. Jlarpamsxem,
0 KOTOPOM MH emie CKayKeM HEIKe.

BecnMa cepresmn B pocTmmenna JleiGmnua
B TeOPUN PAROB B B o0xacTh pgaddepeRIAambHEIX
ypaBHeHAil, cBA3aHHKE ¢ PemeHAeM PasHOOGpas-
HHX TeOMeTpUYeCKHX 3ajai. Hamommmm, dgro
JleitGrnn Goxbime HHTepecOBaJcA TeoMerpmei,
9eM MeXaHHKOH, W IOHATHe LPOM3BONHOHK acco-
OUUPOBAJOCh y HETO He CO CKOPOCThIO, a ¢ Ka-
caTelIbHOH — HEJAapOM eT0 OCHOBHOH MeMyap
0 «HOBOH MaTeMaTHKE» AMeJ NOBOJBHO CJIOMK-
HOe HaspaHme: «HOBHI MeToxq MakCHMYMOB I MH-
HAMYMOB, a TaKske KaCaTeJbHHX, IS KOTOPOro
He CIYHaT TPenATCTBHEM HH ApoGHHe, HA Appa-
OAOHAJAbHLIE BeJIMYAHL, W O0COOHI IIA 3TOTO
POA WCUHECTEHMSN.

Oco6o BaykHOE BHAUeHHWE IiA AadbHeHmero
mporpecca panddepeHNHANBHOTO M HHTErpajib-
HOTO HCYNCIAEHHS HMella NePBOKIACCHAA MIKOJA
JlettGrmia, BoaTIaBIgeMas mBeinapamMn 6pars-
aMa DBepmyanm— fAroGom (1654—
1705) = Horammom (1667—1748), poxo-

* OrpocaTenbHo TyTe#, KAKEMH, BHAHEMO,
OHUTIO CHelaHO 5TO BHJAOIEECS OTKDHTHE, CM..
nanpuvep: IHoda J[. MaTeMaTaueckoe OTKpPHTHe,
M.: Hayga, 1976, c. 119121,
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Ha4aJbHOKAMYE SHAMEHHUTOTO «MaTeMaTHIECKOTO
cemeiictBay bBepHyaum, pgasmero B XVII—
XVIII BB., BoceMb e PBOKIIACCHRIX MATEMATHKOB .
(CaMuM BHAYNTENLHHM H3 IOCIACAYIOIMEX HpPeX-
cTaBHTeNell 9TOro ceMeiicTBa G paGoTaBmimit
B Basexne n ITerepGypre cum Horagsa [l a B B 7 &1
Bepryaxan(1700—1782) — ofuE U3 0CHOBO-
TOJIO;RHAKOB THUAPOAUHAMOKA W KHHETWUECKOMH
TEOpHH Ta3oB; ¢ ero WMEHeM MEl B 9TOH KHHTe
eme BCTPETHMCH.)

fIro6 Bepuyman womyumn Gorocaoscroe 00-
PasoBaHme, HO TATa K MaTeMaTHKe Bo3oGiajgaia:
OH CaMOCTOATEJBHO O03HAKOMIJICA C MareMaTH-
9ecKOll JAmTepaTypol, B TOM UMCIe ¢ OKA3ABMEMN
Ha Hero riayfodaitimee pmegarieHre paboramm
Jleit6anna. VcuhTagnOe OpH YTeHAH THX paboT
TOTPsACEHHe M OPWBEJIO ero K OTKa3dy oT obecIre-
9eHHOH Kaphephl mMacTopa; pAJ JeT OH 3aHAMAJ
MaJIo WOYeTHOe W INIOXO OINIa9MBaeMOe II0JIOsKe-
HAe [OMAITHEro YuUATeJNs, W JHMb HOpmepKKa
Jlefit6arna momorsa emy saHATH B 1683 T. fOMHR-
HOCTh nIpodeccopa (cHagala (PU3NKH, a 3aTeM
7 MaTeMaTHKH) BasenrbcKoro ymmeepcurera. Mo-
ragHa Depryanm oren XoTen HampaBuTh B 06-
JacTh KOMMepPIHAN, — HO M 3[eCh JKeJamds 0Tha
OpAmMIY B OPOTEBODPEYHe C SBHO BHPaKeHHHIMU
HAyYHHMM HHTepecaMn JIoragHa, OCHOBY KOTO-
PHX 3aJI0;KWJ €ro cTapmnit Gpar, 3aHNMaBOIAACA
¢ HUM MaTeMaTHHO# n dusuKoil. OgHaKO 3aHATAA
MareMaTnroii B IllBefijapnm Tex JseT [HaBajm
MajJ0 BO3MOJKHOCTEH pia ofecmedeHHoro cCy-
IecTBOBaHMsA; HoaToMy M. Bepuyi1anm BHHYRTeH
ORI IONY4YHTh MeJHIOUHCKOe oO0pasoBaHEE H
MHOrO JieT 3apafaTHBaJ HA ASHL KaK MeJK
(ero [OKTOpCKAasA JAuccepTalldd, IOCBAIICHHAS
ABIKEHHI0 MYCKYJOB, 3aMedaTellbHAa KaK, BH-
BEMO, caMBli DepBwil OpAMep IpPAMEHEHAA
B ¢msmozoram MeTofj0B BHCmeHR MareMaTHEH).
B 1695 r. Horamm mo pekOMeHJaIME 3HAMEHU-
Toro X. T'wiiremca moxydma upogeccypy no fu-
suke B I'pommmrene (Foamampms); B 1705 r. om
BepHysici B baseln, Tie cHadYala CMOT DOTy-
9GATH B YHABEPCHTETe JHIIL MeCTO Ipofeccopa
Tpeueckoro ssuKa. Toabko mocte cMeprr Sxoba
Beprynnan Moramn 3aman B BaseasckoM yamsep-
cuTeTe MecTO mpodeccopa MaTeMaTHRH, KOTOPOe
U 3aHAMAJX L0 CBOUX IOCAeTHHUX IHel.

bBpaTtba BepHyIIN aKTHBHO HepeNWCHBAINCH

¢ JleiiGEnIEM, HEOMHOKPATHO BOCXHMIIABIINMCH

uX ycuexamu, — H FMEHHO B 9TOH IepelncKe Ma-
TeMATHYCCKEN aHAIM3 MOJYUYHI CBOK HACTOANIYIO
dopMy, OCHOBHYIO CHMBOJMKY H TePMIHOJOTHIO.
Tax, manpuMep, JleAGaAL HepBOHAYANBLHO CKIIO=
HeH OBLI TOoBOPATH O <auddepeRnHaILHOM HC-
IHCACHAN» M (CYMMATODHOM HCYACIEHHHY KaK
0 IBYX BETBAX «HOBOIf MaTeMaTHKM», HO IO Tpe-
aoenuto MWorapma DBepmymnm ocraHoBmica

AROB BEPHYJINN

HOrAHH BEPHYJIJHA

B KOHI¢ KOHIIOB Ha JATHHA3WPOBAHHOM TepMUHE
«HHTerpajbHOe HCYACAeHHe»] (BMECTO (CyMMa-
TopHEOrO»). fAKo®G m Moramm Bepmyaau manexo
TPOABHEAY/IA HOBOE McYNC/IeHAe, HONLYInE, B JacT-
HOCTH, Ba)KHHE De3yJhTaTH B 006NacTH yUYeRHS
o pnddepennEadbHLIX ypaBueHnAx (cM. § 6.6)
¥ 3aJI0/KHB OCHOBH TAK HA3HBAEMOLO 62pUAYUOH~
1020 ucuucAenus, O KOTOPOM 'MENBKOM CKa3aHo
B § 7.2 (cM. TekcT, malegaTansuil Ha c. 189 Mea-
KaM mprdTOM 5).

Ilepsuil newaTHHA JyueGank guddeperTIaLD-
HOTO W HHTCTPANLHOI0 NCIACHeHHS (AHATIHS

5 B camocToATeNTBHYIO HAYTHYI0 MHCHUTLIAHY
BapmanuoHHOE ncuncienue obparmaocs 8 XVIIT

Beke Oaaronapa rpynau JI. Jinepa u K. JI. Ta-
TpamxKa.



182 I 6. Pagst. Hpocreiimmne xaddepennnanbasie ypaBHeHAA

JIEOHAP] DIJIEP

IRAH JIEPOH JI’AJTAMBEP

GEeCKOHEYHO MAaJHX JJAA HCCIeLOBAHMAA KPHBHIX
JInERiy (00paTnTe BHHMaHHe HA Ha3BaHme, B KO-
TOPOM CIHHIMHEH OTTOJOCKH 3HAMEHHTOrO Me-
myapa Jleifimnma) BHmex B cBer B 1696 r.;
aBTopoM ero 6mua ydeHmK JleiiGmnua m M. Bep-
Hy/.IE (paEnyscKail nBopAHNE Mapku3 I'milom
@pancya Anryan ge Jommrauxp (1661—
1704). droT 3aMedaTenLHHIH yIeOHEK BEIICPIKAT
MHOTO TIePeH3JaHnil 1 mepeBefleH Ha PAJ A3HKOB
(B ToM 9nclie ¥ HA pyccKmit). C myeitHOll CTOPOHK
KHATA JlONHTAaJsA NeIMKOM CclefyeT JeKIuAM
Woraaea BepHysid, KOoTophle NOCHefHAR IATAN
JlopmTamo B Ilapmxe, # pyKOIACHOMY yIeOHAKY
W. Bepuynan «JleKnmm IO HCUACTEHHI Jag-
depernnazosy, obHapykeHHOMY B OmbamoTeke
BaselbcKOTO YHMBEPCHTETA YK€ B HalIeM CTO-

HO3E®@ JIVH JIATPAHIK

getnn u n3fagHOMy Jumb B 1922 r. Tarum 00-
pasom, B cBoe BpeMaA yueGHAE LepHyIIm ocTa-
Bajics HEN3BeCTHHM, ONHAKO dYepe3 IIOCPEJCTBO
OCHOBAHHOTO HA HeM JeKOWOHHOI'O Kypca, KOTO-
DHH mocemiald BCETO OAHH CAYMaTeldb (MAapRU3
Jlonmranp), KHATa 9Ta OKasaja OTPOMHOE BJIHA-
HIle Ha Bce JlaJbHelimee pasBHTHEe BHcmnell MaTe-
MaTHRA (4, B 9aCTHOCTH, cHoco0CcTBOBAJA INHPO-
KOMY DACIPOCTDAHEHHIO CHMBOJZKH H TE€PMHUHO-
aornn Jleiibruna). B yueOrnke Jlomurais, B 9a-
CTHOCTH, OHUJI BIePBHe ONYGANKOBAH COOOIIEH-
muii WorammoM DepHYZIn CBOeMy YUeHHKY
MeTOJ| BHYNC/ICHAs IPeneloB, HEIHe HeCIpaBey-
JINBO HABHBAEMHH IIPOCTO «Ipasmiom Jlomarama»
(cm. § 6.3).

HOpyram yuennkoM Horammpa BepEyaam Onx
mBeunapen Jleomapg d#dmep (1707—1783),
KOTOpOro mNo3HaKoMmi ¢ Deprymam oten Jleo-
Hapga, nacrop Ilayap Oitirep, caM HeKOTZa
H3YYaBIIMH MareMaTHKy HOX PYKOBOJCTBOM
fIroGa Bepmymmn. Oten diizepa XoTel, 9T00H H
Jleomapy cranx macropoM; opmako M. Bepmynan
cyMen ybemmts Ilayns Difimepa B BHJAIOMEXCSA
MaTeMaTAYecKAX cHOOcO0HOCTAX CchHEHAa. Ifo pero-
meuganun W. Bepmymnm JI. itmep B 1727 r.
mepeexal B [lerep6ypr, Tae B HelaBHO CO3JaHHOA
Axamemun HayK ye paboramm pgBa CHHA ero
yaurens (B TOM YHECJIe YIOMHAHABIMIANCA BHIIe
HNagnua Bepmyann). CHauana opexpmosaranxoch,
gT0 Difstep saiiMer mMesmylocsa B IleTepGyprcroii
aKajeMAd HAYK BaKaHCHIO Iipodeccopa dumamo-
Jormd, m JiiAep ray0oKO H3YYANX BTY HAYKY,
TOTOBACH IO IPAMEPY CBOETO HACTaBHAKA IpH-
MeHATh B Hell MaTemaTmdeckme Meropgsl. Ho
o npuesge B IlerepOypr okasaloch, YTO CBO-
GoxHO 1 MecTO npodeccopa MaTeMaTuru. W panee
dilep He Bo3Bpamaics K (QHU3NOIOTUH, 3aHM-
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Mafch JWOIL MAaTeMaTHKoi, (M3mKOHi, MexaHM-
XKoil M acTpomOMuell (B 9acTHOCTH, ABIKCHUAME
Jlymsr).

B Ilerepfypre Oiimep ® npoKmA BILIOTH
Jio cMepTH ¢ 25-7eTHAM IePepHBOM, BO Bpems
KOTODOTO OH II0 HPHUTIVIANICHHAI0 IPYCCKOTO KO-
ponst @puppuxa I1 mepeGpancs ma Ilerepbypra
B Depanmn, rie o8 pyKoBoxumn GU3MKO-MaTeMaTH~
decKHM oTgedeHAeM Bepamackodl (IIpyccxoil)
aKaJieMAH HayK; BOPOYeM, X B BTH roAe ditiep
He IIpepHBaJ TecHHX cBaAseil ¢ Ilerep6yprckoi
arafieMmeii. Jijep OHI caMHM KDYHOHRM H ca-
MHM IDOXYKTHBHHM MaTeMaTmkoM XVIII cro-
JIeTHsi; er0 paGoTH KacalTcs GyKBAZBHO BCeX
obnacrel MaTEeMaTHKI A COBPEMeHHO# eMy Mare-
MaTH49ecKo# uamkm. C HEKOTODHMH H3 pe3ylb-
TaToB Jfiepa MH eme BCTpeTHMCA HMMKe (CM.
§ 10.7 u ru. 14, 15). Ilpuragnekamnit ditxepy
MHOTOTOMHHY V9e0HAK [uPPepeHNAaILHOr0 H
MHTETDAJBLHOTO MCUHCACHNSA IIepeBefleH H HA pPyc-
CKHI S3HK.

CoBpeMennnKoM Oiizepa O m KpyoEHI
¢paHDy3cKni maTeMaTHK 1 MexaHuK jHam Jlepon
O Anam6Gep (17417—1783) — yuemnii, mmnu-
pouadimada HaydHad KYJBTypa KOTOPOTO fApdYe
BCer0 DPOSABHJIACh B CO3JAHAM B3HAMEHHTOH
«DHNUKJIONEQAN HAYK, HCKYCCTB H peMeceid,
KOTOPYIO OH BHIVCKAJX BMecre ¢ Jlerm [l m g p 0
(1713—1784) m B KoTOpOil eMy NIpHHAJIEKAIA
IPaKTH9eCKH BCe CTAaThbH eCTeCTBEeHHOHAYYHOTO
cogepsxagnsa. Ceoe mmaA [['AmamGep moxywmix
o Has3BaEMIO IepkBH (Ham ne Pom — B mepe-
sofe «loamm Kpyriamiiy), Ha CTymeHAX KOTODOi
OBl O0HapyKeH MAaTbIUK-TIONKHAJBIN, BIOCIEN-
CTBHHN, HeCMOTPA Ha Bce TPYRHOCTH, BEIpOCHIMi
B KpynHelmero ydemoro. B § 10.7 MH paccka-
meM 006 0ofHOH BecbMa HOYUATENbHOH m IIONO-
TBODHOH HayJHOH AUCKYCCHH, B KOTOPOil ydacr-
posanu JI. ditmep, A. JI. [I’AnamGep n [I. Bep-
HyJId., 3aMeTnmM, 4ro ® Jiimepa, m [’ Amambepa
OTAMYANO0 CTPpeMJIeHNe K HOJYyIeHAI0 KOHKPETHLIX
pesyapTaToB, BHJAIAACA MaTeMaTHUecKasd H
¢usnueckas MATYHOUA M OTCYTCTBHE WMHTEpeca
K CXOJacTAYeCKOMY OGCY;KIeRmIo CYI[HOCTH Ma-
TeMaTHU9ecKHX OHATHH; ¢ 9THUM CBsI3aH U M3BECT-
whiii mpmawB [ Amambepa: «PaGoraiire, pabo-
taliTe, — DONHOe TOHAMAaHHe UPHJET IOTOMY.

Brimre Mu y:e ymoMmmanm, 910 ¢ 1741 Do
1766 r. Jilgep pyKoBORHI QHU3MKO-MaTeMaTHUEC-
KHM OTfeleHHeM («KiIaccoM») DepiamECROE aKa-
JeMHEE HayK. [lorja oH pemma CHOBA BePHYTHCH
B IleTepOypr, BcTad BOOPOC O €r0 IpeeMHHKE.
Jiilep pEKOMeHZOBaJ HA CBOE MeCTO MOJIOZOro
MaTeMaTHKa, BHIXOAIA M3 (QPAHIY3CKON ceMbwH,
HeKoTjja mepebpaBmeifcsi B WMranmo, Hoseda
Jyn Jarpamxa (1736—1813), roropomy
TOrfa TOJBKO HcHoJHIIOCH 30 JeT; sTa Kampgn-

OI'’OCTEH ROIIN

BEPHXAPY PHMAH

jarypa Onja ¢ 3HTY3HasMOM WogjepiaHa o
I’ AnamGepoM, TepennCHBABIIAMCA C IPYCCKAM
kxopoaeM @puapmxoM II. Jlarpamx 6Hua B sTH
TOfH yKe MAPOKO UBBECTHRIM yUeERIM: B 1726 r.,
B Boapacte 20 Jer, OH HAYaJ TpelOKaBATEIb-
ckyio paGory B TypmECKO# aprmamepmitcroit
OIKOJIE, & B CHeAyIOmEeM rofy CTaX OgHAM H3 0C-
HOBaTeledl W +wnemoM TypmHCKOH akageManm
HayK, B BaOUCKaX KOTOPOH GHIo onyGamkoBaHO
MHOKeCTBO ero crateif. B 1787 r. mocie cmeprm
@pugpuxa II Jlarpamx mepeexan B Tapmx,
TAe CHIIPal BHJAOMIYIOCA DPOJb B CTAHOBICHHN
mapmxckoid ITomarexmamaeckodf mKOMN — BEic-
mero yu4e0HOTO 3aBefeHHA HOBOFO THOA, —
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roToBAmell HHKeHepOB-HCCaegoBatesedt 8. K ma-
PHIIKCKOMY mepHOXy H3EE Jlarpam:a OTHO-
CHICA COCYaBJIeHNE HM JBYXTOMHOH «AHAIATH-
geckoil MexaanKm» (1788), cHrpasinell OrpOMHYIO
POIB B paNbHefimeM IpoOrpecce MaTeMaTHKN
n ¢usukn. Jlarpamxy UPHEHAUIEIKHAT TaKKe
NpeBOCXOfHEIT H BO MHOIOM PeBONIONHOHHEIH
y9efHMK MareMarmdecKoro amaamsa («Teopus
amanmTHYecknx (ymxmuii», 1797), OCHOBaHHHI
Ha YATABMAXCA UM B JIOIATEXHNYEeCKON IMIKoe
JeKOAAX, a TaKKe OCHOBOIIOJIATalOmue Hccie-
nosamusa mo ainrefpe. Ilo mumpore u pasHOCTO-
POHHOCTE CBOHX MaTeMaTWJeCKUX HHATEPeCOB
H SIPKOCTH JOCTHskeHME Jlarpamk U3 BCeX Mare-
marnkos XVIII B. ycryman pasee uro Jiliepy.
VYeHENKOM H BOCTOPIKeHHHIM ITORJIOHHIKOM
Jlarpamxa Gma mpodeccop mapmwxckoi Ifomm-
rexEngeckor meoawm Mam Barmer @ yphe
(1768—1830), ¢ mMeHEM KOTOpOr0 CBA3AHH
BHyIalommecs AocThkenns B obmacru dugdpeper-
yuasbuwz ypaskenull 8 WACMHWI npoussodHuz
(HashBAEMHX €IIe YpAsHEHUAMU Mamemamuiec-
xoii gusuru, cp. § 10.7), B 9acTHOCTH B TeOPNH
pacmpoCTPaHeHAs Tella, H B TEOPAH TPHUTOHO-
merpmuecknx papos (cm. § 10.8).
TIpodeccopom IToxmreXHmIecKoll MHOAK GRLI
m smaMeHnTHE Oriocren Jlym Komm (1789—
1857), cosfarelb COBPeMeHHON TeopMA IpejiesIoB
(ocHOBHIE wWAeH KOTOpPOi, BOpode, Obim 3a-
AMcTBoBaEK wM y JI AnamGepa), cmocoGeTBO-
BaBml YTOYHEHMI0 BCeX NOHATHE Brcmeil
maTeMaTnKu. I{omA TakKe IO DpPaBy CUHTAeTCH

¢ IIpmMep HpoCiaBieHHOH I[0IMTEXHAYECKOM
muxom Tacmapa Momma (1746—1818)
u JK. JI. Jarpamska, 0e3ycioBHO, YIATHBAJICA
n p; coszfaEnd MoCKOBCKOro PH3EKO-TeXHIYEC-
KOTO HHCTATYTA, a TAKMKO aMepHKaHCKAX Macca-
gycercxoro u HanmdopHmIACKOr0 TeXHOTOTHYEC-
KHX HHCTUTYTOB.

co3paresieM meopull GYHEYUL KoOMNAeKCHOl nepe~
mennoli  (cM. ra. 14, 15 m 17); BmpodeMm, aTy
9ecTh OH JeNINT ¢ OfHNM U3 KPYNHEHINNX YIeHEE
XIX B. — HeMenmxuM MaTemaTmroM I'eoprom
O®pugpuxom BepaxapgoMm Pnma H o M (1826
1866), mMeBmAM BHJalIMEECA pesyNbTATH GyK-
BaIbHO BO BceX 00JacTAX MareMaTUKH ¥ MaTe-
MaTHIecKold ¢usnkm,

Ecanm Homm mpepcTaBisad B HayKe WapmK-
ckyo IlommTexHEYecKyl0 mKoay, T0 Puman
OB CBABAH ¢ APYTUM yIeGHHEM M HAYIHHM HEH-
TPOM, CHIpaBIInM,(OJBIIYI0 DPOIb B Pa3BUTHA
B XIX¥w; XX BB. MaTeMaTukd n QUIAKE, —
¢ T'8rruErenckuM ymmBepcuteroM B 'epmannu,
T'Zie OH CJEymaJ JeKmuA BHaMEeHATOrO MaTeMaTHKa
n ¢usEKa, acTpoHoMa m© Teojesmcta Kapia
Opugpuxa 'aycca (1777—1855), of6wIHO
OpA3HABAaeMOT0 NepBHM MareMatmroM XIX B.
B TéTTHHTeHCKOM yHUBepCHTeTe PumamoM Onii
BIePBHe IPOYUTaH Kypc Teopnd PyHKIMHE KoM~
IeKCHO IrepeMeHHOH, a TaKie KypC Teopum
pﬂq)q)epennnanbnmx YPaBHEHAH B JacTHHIX IpPO-
H3BOJHHX; OUy0IMKOBAHHHE yiKe ITOCTE CMepTH
PrMaHa JeKIEM OO 9TOMY KypCy SABHJIHCH IIE€p-
BHM y4eGHHKOM 10 YDABHEHMAM MaTeMaTHYecKoi
¢$uaNKA.

1X coBceM ApyroMy MOKOMCHMIO FETTHHTeHCKAX:
yueHRX otHocmrea Jasmg Twasbepr
(1862—1943), cumrarmuiica cosmaTeldeM @HyHK-
YUOHAAbHO20 aHAAU3A, H3Yydalomero «pyHrIan
or ¢ymrrmnmy, mam $yskmHomamH (cp. c. 189);
X oToll 00JacTH MareMaTHK® [ceTORHA OTHOCAT
7 ydeHme 06 «o0O0IIeHHHX (YHKIAAX», momo6-
HHX fexpTa-Gyarnnm Jmpaka (cu. ra. 16 u 17)..

llnTencmBHan paspaboTka wmmell MaTeMaru--
9eCKOT0 aHAAH3a IPOJOMIKACTCA W B HAINH JHM,.
mpH 9ToM co3jganme 9BM mpumpasio HOBHe MoI-
HHle HMIOYJbCH HaydHo#i paGotre B sTOM Ha--
TIpaBJIeHIH.
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HNCCJEJOBAHUE ®YHKIINN.
HECKOJIBKO 3A7IAY 113 TEOMETPHM

B ri. 1—6 MH BBeIm OCHOBHEE IOHATHA
BHCIIEH MaTeMaTHKNM — IOHATHA npouasodnoll
B unmezpasa — A HaMETHIA HAJAJA TOXHUKH
pabors ¢ momm. Hacroaman riaBa, sapepmiamo-
mas IIepBY0 YacTh KHATH, YACTHYRO NPOXOI-
}KaeT W PasBABAST MaTepPHaJ UpeRHAYINAX IIaB;
TaK, HAIPEMeD, 3[6ch MH ;moqpo6HO OcTaHABIN-
BaeMcs Ha MOTORHMKE OT LlCKAaHWA MaKCHMAaJIbHHX
¥ MAHUMAJbHHX 3H aueHnil QyHEKOHAiL, 0 9eM BHIIe
TOBOPHJIOCH JAUML JOCTATOTHO Gerao (cm. § 2.6).
B sr0if riaBe]ME paccKasKeM TaKke 06 0CHOBHEIX
TeOMETPHYSCKHX UPWIOKEHAAX nnddepennnaib-
HOTO W MHTETPAJBHOTO Hcimcihennsa. HeKoropre
u3 TeM 3T0H raBH aBIAKTCAlGaRyIbTATHBHLIMA
(me06a3aTeNbHEIME), OHH DACCUMTAHH TONBKO
na mobnTerel (cM., Haupmmep, § 3, 5, 6).

IlockonbKky ara rizaBa HMeer XanakTep [o-
moJlHeAEMA K riaaBaM 1—6, To oma Hemsbe;kHO
IIOJy9UAACh HOCTATOYHO IHECTPO; OTHedbHHM
ee «MOTHBaM» mocBAmenH § 1 m 2; 4, 8—10;]11;
3m7; 5 6.

§ 1. T'ragkae MakcUMyMBI W MHHAMYMEI

3amada 0 HaXOKIEHWH TAKOrO : 3HAYeHUS
Z,, UIPE KOTOPOM JaHHasA QyHKOuA Y=
=f (r) mocrmraer MaKCEMYVYMa
WM MHHYMYMa, HepaspemmMa
B 00ImeM BEMle CPeICTBAMHE 5JieMeHTAPHOH
anre6pHI.

B ra. 2 Mu ycraHOBRIM, UTO 6 MOYKAT,
20e gynryus docmuzaem MAKCUMYMG UAL
MUHUMYMA, e NPOU3BOOHASL DPABHA HYAI
(reopema Mepma). Tam e GuuT0 HOKA3aHO,
KaK, HOJB3YACh  mpouseogHor Y,
BHISICHATB, ABIAETCA JHU [aHHAA TOIKA
Z,, Takad, 410 ' (z,)=0, gasa pacemarpm-
BaeMol (QYHKOWE TOUKOH MaKcHMyMa,
MEHEMYMa WJIW TOYKO# meperuGa, B KO-
TOPOH He [OCTHraercad HA MAaKCHMYM,
HA MEHEMyM. [[nA sTtoro mpuxommmock
BHYHCJATEH 3HAYEHNA §' OPW SHAYCHHAX I,
ONU3KUX K I, ¥ PACLONOKEHHEX CHpPaBa
H CIeBa OT X,; TaK, CKa)KeM, YCIOBUA
vy (@) >0 opu ¢ < x5 y' =0 upn z=ux,;
v () <0 mpm z >z, o3HauamT, UTO
B TOUKe T, QyHKUMA y=y (z) mocruraer
MakcuMyMa. B ria. 2 ykrasnBajcsa TaksKe
U elle OfMH cI0ocob MCCaeMOBAHESA TOTO e
BOIIPOCA, IPY KOTOPOM K PaCCMOTPEHHIO

OpUBJIEKAJach BTOPasg NpousBogHas Y~
(onpmako TpefoBaNOCH BHATH JHIOL ee
3HaYeHVE B TOUKE T=&,). A NMEHHO, MH
BUfeJH, 9TO, eciu, Hampumep, [ (z,)=0,
' () <0, Tro B TOUKe x=x, QyHKIHES
f (x) uMeer MaKcHMyM.

HHocnenree MOKHO ycMoOTperhb W M3
coobpaskeHMH, CBA3AaHHHX C LOHATHEM
BEHOYKIOCTH rpapuka (yHRIHH;
9TOT0 HOHATHA MHl Kacaumeh B § 2.7
U ellle cUeNWAJbHO 3aiiMeMcAa uM B § 3.
HeiticrBarensuo, ycaosue f' (z,)=0 o3-
HadaeT, UYTO KacarelbHadA K rpadury
$yHKIEE B TOYKe X=x, T OPH 3 O H-
Taaxbua I3 BepaBencrra [ (z,) < 0
caengyeT, 9T0 TOUKA T=z, ABIACTCA MOu-
Kol smnykaocmu, T. €. rpadur BOIM3H
T=z, PACHOIOKeH I OJ KacaTeXbHON
(cp. puc. 2.7.1). Ho stn pBa ¢amra u
03Ha4alT, 4To (QYHKRIUA f (X) B TOUKE
T=1=, UMeeT MaKCUMyM. AHAJIOTUYHEIE e
PacCy:KIeHHsA IOKASHBAKT, 9TO eCan
f (x)=0, '’ (z;) >0, 0 B ToOUKe T=ux,
¢yEKRIUA f (Z) AMeeT MEHU M ¥ M.

JTH BHBONH MOOTBeKIANTCA TaKKe
paccMoTpeHmeM Dpsama Tedimopa

F(@) = (@) + I (@) (& —z0) +
o @)@ — o+

dynxoun f () B Touke z=a, Ecaum
f’ (x)5=0, ro upwm z, Gnm3Kux K &, Be-
JMIVHAME (T—y)2, (z—x,)° U T. 0. MOKHO
npeHebpeds IO CpaBHEHUIO C (z—2p).
Taxum oGpasom, momydaeM npubiuses-
HEE PaBeHCTBA;

f @~f (@) +f (@) (z—zp), wam f (z)—

—f @o)=f" (o) (x—y)s

H3 KOTOPHIX BUAHO, 9YTO ©CIH, CKa)KeM,
I (@) >0, ro f(z)—f(z) >0 (r. e.
7(2) > (2,)) mpm 2>, 1 f (@) —F(20) <O
(1. e. f (z) < f (%)) mpm & < . 3HaumrT,
3Jech IPH =, MK He EMeeM HE MaKcH-
MyMa, HE MUHUMyMa. (AHajgormumo Her
HM MaKCUMyMa, HH MWHUMyMa IIpH
f' (xy) <0, TorBKO B mmEpBOM caydae
¢yHKIEMA B TOUKe I, pacrer, a BO, BTO-
poM — yoOrniBaer.)

(7.1.1)



186

I'n. 7. AccnenoBarne ¢pynrnmii. HeckoabKo 3aaY B3 reoMeTpun

Ecau sxe [ (x9)=0, 10 wmen ¢ (z—x,)
B (1) BEImagaer m npeHeOpeuE UYIEHOM
¢ (r—=z,)? yme mHeawssa. IlpemeGperas
wreHaMu ¢ (x—x,)%, (x—x0)* m 1. 7.,
MaJHMH [0 CPaBHEHHIO ¢ (T—Zy)?, moxay-
gaeM u3 (1)

F @)~ @) g I (@) (@ — o)

(upubaukeHHOe pPaBeHCTBO (2) BHIOJ-
HseTcs TeM TOYHee, 4eM MeHblne | 1—z, ).
Orcrona caegyer, aro ecau f'' (x,) > 0,
1o f(z) > f (z,) HezaBuCHMO OT TOTO,
Oymer x < xy, WA T > Ty, T. €. f(x,)
MeHBII e BCeX COCETHAX 3HAUEHHIT
f (z) u, sHaumT, f (L) — MEHUMA X b-
.Hoe¢ 3Hatenme ¢yurrmun. Ecam xe
1" (x) < 0, 10 f(2) <[ (%) 1 [ () —
MaKCHMAaJaAbHOEe 3HaTeHHe QYHK-
IHA.

Mosker cayuuthess, 910 [ (%,)=0 m
onnospeMerHo [ (z,)=0. B atom cny3zae
HaM OPHIETCH yIecTh CIeAYHIINe TIEHE
paga Teitmopa (1). Ecam [ (zy)40,
To wienoM ¢ (z—z,)® yme mnpeHeGpeds
Heb3sl; ONHAKO B DTOM CJIydYae MOIKHO
cBo6onHO OTGPOCHTH GIEeHH C MHOMKH-
Tensamn (x—xp)t, (z—1x,)° u T. ., MaJIBMHA
no cpasuenuio ¢ (z—z,)%. IlosToMy 3mech

fa) i (@) 1" (@) @ —aofs  (.1.2a)

(71.2)

¥ MBI He MMeeM IPHU =T, HA MaKcuMyMa,
HM MHUHEMyYMa, nOmo0HO TOMYy KaK He
uMeeT HH MAaKCHMyMa, HH MHUHUMyMa
opu z=0 ¢yurnua y==z° (cM. puc. 1.5.1;
pas sroit Pymxmmm y' (0)=y’’ (0)=0).
Ecam e, crameM, [ (z))=f" (x))=
=f""" (z,)=0, 10 f1¥ (24)=%40, T0 B OKpecr-
HOCTH TOIKH I,

F @)~ f (@) 7 (@) (@ — T}, (7.1.28)

3nech smak BHpaskeHus f (x)—f (z,) onuH
u TOT e npm x < xy W IPA T > Xy
o ompepenserca 3maxoM [V (z,). Ecanm
IV (z) >0, 10 MBI UMeeM MU HE MY M
¢yrEmUE (Kak B ciaydae QyHKnum y=2z*;
em. pue. 1.5.1), a ecom fV (z,) << 0, —
MaKCHUMYM.

BuuMarennHH dYWTaTeNb yiKEe, BEpo-
ATHO, HOTajajicA, 910 eCJW LPH IT=I,
nepsBad He paBHAA HyJIO NPOU3BONHASA
eCcTh NPOM3BOfHASL HEeTeTHOT O Io-
pAnka (mepmas, TPeTbs, OsaTasds W T. H.),
TO B BTOH TOYKe HeT HUM MAaKCHMyMa,
HY MEHOMYMA; €CJIH jKe 3TO IPOM3BOJNHAA

9eTHOT O LOpARKa (BTOpas, 9YeTBEP-
TaAd @ T. A.), TO MH uMeeM AuG0 MaKCH-
MyM, au00 MAOHHMYM, B 3aBHCHEMOCTU
OT 3HAaKAa OPOUW3BORHOA (MHHHMYM, €CJH
5Ta IPOH3BOJHAA IONOKNUTETbHA; MAKCH-
MyM, ecim oHa OTpUIlaTeabHa). 3ech,
KaK ¥ BCIOJY B 5TOM Haparpade, MEl Orpa-
HHYIBaeMCA PAcCMOTPEeHHEM MaKCHMYMOR
U MHHEMYMOB (YHKIHWEA, JTOCTHIaeMBIX
B TOUKAaX, B KOTODHX rpadur ¢yHKmum
npepcraBageT coboit 2xadkyo Kpusyo, 1. e.
B TOUKAX, rfe QyHKmuA duggeperyupy-
ema — 7WMeeT LPOUBBONHYIO (WIIHE [Haike
HECKOJBLKO HOCIeJ0BATeJbHEX IIPOU3BOJ-
BEIX ¥ (%), ¥’ (xp) m 1. 1.). Takne Mar-
CHMYMH ¥ MUHEMYMH HHOTZa HA3HIBAIOT
eaqfxumy; WHBE CIyY9aM, CBSA3AHHBE
¢ TaK HA3HBAeMHMHU HeINIAJKEMM MaKCH-
MyMaMu © MHOHEMyMamu, OyOyT pac-
CMOTPeHH B § 2.
Ilepeitnem ¥ mpuMe p a M.
IIpumep 1. Ilyers

a) y=A-+ B(z— a)5;
6) y=A-4B—ay,

rpe B=A0; HaliTH MaKCHMYMH I MUHIMYMbi
dyHRIIIET Y.

IlocnegosarenpHEIe TpON3BOIHIE (yHK-
nuit (3) TakoBHL:

a) ¥y =3B (z — a),
(1 y' (@) =y"(e)=0),
6) ¥y =4B(x— a),

y' =24B(z—a) (@ y(@)=y (@)=
et y”/ (a,) p— O), yIV —24B 7& 0.

B caydae a) nepBoil oTingHOil 0T HylA
0Ka3aJiach IPOMBBONHAA HEYETHOT O
(TpeThero) TOpPAMKA; [O3TOMY  3fiech
B TOUKe Z=q HeT HU MAKCHMYyMa, HH
MuEEMyMa (n (YHKOMS Yy WX BOBCE He
umeer, ubo y’ (z)=0 ammes npu z=a),
a ecrh Touka mepermba. B cxywae 6) oT-
JAM9na 0T HyJA B TOUKE £=a OIPOHA3BOIHASN
geTHOTr O (JIeTBEPTOro) MHOPANKA H
OYHKOMA y UMeeT MHHEMYM Ipm B >0
Y (@) >0) m marcumym mpu B <0
'Y < 0), d9ro, BOpoueM, SCHO U u3
dopmyas nas ¢yHEmun y (modemy?).

IIpmmep 2. U3 kBagpaTHOro mucra
JKecTH, CTOPOHA KOTOPOTO paBHa 2a,
rTpefyerca cHeJdaTh OTKPHITHI CBEPXy
AMUK BO3MOMKHO OoJjpmero o0beMa, BEHI-
pesas paBHEIE KBagpaTH 0 yIJIaM, yIalfas
ux u 3areM 3arubas KecTh, 9T00H 06paso-

(7.1.3)

y'=6B(zx—a)
y"=06B£0;
Yy —=12B (x — a)?,
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park Goka smuka (pmc. 1). Haxosa
MOMKHA OHTH JJIWHA CTOPOHHL Y BhIpe3ae-
MHX KBajpaToB?

Ilycth cTOPOHH BHpe3aeMbIX KBajpa-
TOB PaBHH Z; 00beM AIEKa (OH 3aBHCHT
OT TOro, KakKoil KBAagpaT MHL BEIDe3aeM)
obozpaunm wepes V (x). femo, dro

V(z)=(2a — 2z)*z=4(a— z)’z, (7.1.4)

— Bexb OCHOBAHWeM (IPAMOYIOJEHOTO)
AMnKa SBIAeTCA KBafpar €O CTOPOHOR
2a—2x, a ero BHCOTA paBHa Z.

HaiigeM Temeph TpOMSBOEHYH (yHK-
mua (4):

V' () =—8 (a — z)z+ 4(a — z)%
Pemum ypasmerune V' (z)=0:
—8(a —z)r+4(a—zP=0,

wit (@ — ) (¢ — 3z) =0,
a
'3_.

3Hauennwe x,—a BHAC, DasyMeeTcs, He
nETepecyeT: Belb IPH TAaKOM crocole pas-
pesaHusA ICTa HUKAKOTO AMNKA He IOMY-

OTRVIA Xy =@, Ty=

aures. Ocraerca sHaveHme x:%. Ilpn
ITOM

¢ 4a® a _ 16a3 3
V(5)=4g 5 =g~ 0,590

3necs V' (g-) =— (0, a TOCKOIBKY
V' (x) =8z —8(a —z)—8(a —z)=
— 24z — 164,

w0 V" (%_) = —8a < 0. CnenoBateinnHo,

a

dyskuna V(z) opm ¢ = 3 HMeeT Mak-
CHMYM.
JlTax, Hambonnlliee 3HAYEHHE OOBEMA

- a
- AURA JTOCTUTaeTcA IPU 33:—3' , T. €. ecau

BHIPe3aTh KBAaTpaTHKM, CTOPOHH KOTOPHX

COCTABIIAKT 3 CTOPOHAI MCXOHOI'0 KBa-

ApaTa.
Hopcunraes V (z) Upm BECKOIBKHX Z,
a

ONUBKUX R -

z !0,2551 0,30a ‘0,3351 0,40a |0,45a

V (x) | 0,56243 | 0,58848] 0,59248%| 0,57643| 0,54043

Bupnmo, uro B6mmsn z— T. . BOJAA3U

a
ER
3HAUEHHS I, KOTOPOMY COOTBETCTBYET MaK-
cUMYM QYHEKIWH, MaJILle H3MEHEHNA T BH-
3HIBAIOT BeChMa Mailke usMeHeHNA V' pyHK-
OuA BOAN3H MAKCIMyMa M3MeHAETCHA 0ueHb
MEJJIeHHO.

J10 ke ciaemyer um u3 gopmyan Teii-

!

aopa (1). Ecam f' (z)=0 (MakcumyM naum
MuEEMYM ¢yHRnum), 10 pAg (1) mpmHm-
MaeT BHJ

f (@) =1 (@0)+5 1" (z) (& — 2 +
g 17 (@) (@ — o - .
Takmm 06pasoM, OH He CONEP’KUT UJeHA

¢ (z—z,): HaUMeHbIIAA CTeNeHb DPABHOCTH
z—z, B mpasoit gactE (5) ecTh (x—ix,)%,

(7.1.5)

K]
z
t

Pue. 7.1.1

P74

u Opn x, OIM3KOM K Z,, OHA GyHer BecbMa
Mana. B HameMm npmmepe wu3MeHeHWe %
Ha 9% (or 0,33a¢ mo 0,30a) BHBEIBaer
usMeHenue V meHbime ueMm Ha 1%, a ms-
MeHeHme z Ha 24% (ot 0,33¢ pmo 0,25a)
BHIsEIBaeT maMmenenume V Ha D% . Ilostomy
€CIIM HAC WHTepPecyeT MaKCUMAJIbHOE 3Ha-
qeHne QYHKOHA, a LIPU HaXOMIeHUH Z;
n3 ypasHeEna V' (z)=0 MH gomycruim
HeGonpmyw omubKy (CRakeM, PpeIININ
9TO ypaBHeHWe ULpubIW;KEHHO), TO 3TO
MaJio OOBJIUSET Ha BeJIWIHHY Ha#jeHHOro
MaKCHMAaJbHOIrO 3HAYeHuA (PyHKITHH.
3aMeruM eme, 4TO B BTOH 3amade TO

a
9TC¢ TOUKA x=§

HMEHHO TOYKa M aKCH MYy M a Hamei
OYHKIME, MOMKHO YCMOTPeTh K IIPOCTO
u3 coobpakeHHiI 37paBOr0 CcMEICHa, Oe3
ofpameHnsd KO BTOPOH HPOMBBOTHOMN.
QOyarmua, BHpakamomas o0beM ANINKA,
OYeBHAHO, WOJOMHTEILHA [PH BCeX I,
3aRII09eHHEX Mexxny O u @) mpu «Kpai-
HuX» e sHadennax z=0 m z=a oHa
ofpamaerca B HyJb (B IePBOM ciydae
obpamaercd B HYJIL BEICOTA AMMKA, a BO
BTOPOM — ILIOImARh ero ocHoBanusa). OT-
ciofa CcJaegyer, 9YTO OPH W3MEHeHUH X

O6CTOHT€HBCTBO, eCThb
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or 0 mo a Beawumna V (z) cmauazna yse-
INYABAETCH, & 3aTeM HAYMHAET YMEHb-
marbea. fcHo, 9TO0 TP ATOM OHA THAE-TO

JMOJKHA MOCTHI'HYTH MaKCHUMyMa, a Taw
Y
|
]
!
!
—— i
Ppmc. 7.1.2 !
i z/7 z &

KaK «I0l03PUTEeNBHOR» B 9TOM OTHONIEHUHA
a
ABIACTCA TONBRO TOUKA = (mbo mumb

B 3TOil TOUKe LpowmsBogHas V' (r) pas-
HAeTCA HYII), TO OHA ¥ ABIAETCA HMEHHO

« ’ P

4 '
|

Pne. 7.1.3

TOUKOH MakcuMyMa. [last Toro 4dTroOH
clleliaTh 9TH pacCcyKAeHuA Goiee ACHLIMHE,
MH n306pasuan Ha puc. 2 rpaguk QyHK-
muu V=V (z) (B TouKe z=a Trpaduk
Kacaercs ocm abemmee, ubo V' (a)=0).

W,

4 , #
Pre. 7.1.4

Opumep 3. Iycrs Mo umeem
SIEKTPUIECKYIO CeTh, BRJIIOYAIOMYIO TOT
WIM MHOM KCTOYHHK TOKA, COSMAI0uUH
onpenenernyo IIC u (cp. ¢ ra. 13),
a TaKKe comnpoTuBieHme I (BO3MOKHO,

Puc. 745 000

Z z

s /

-2z

BHYTpPeHHee COLNPOTUBIICHUE HCTOIHIKA
HaOpsKeHNUA); HaPAXy ¢ STAM B IEOb
BKIOUEHO eme OfHO (IepeMeHHOe) ¢o-
nporusnerue R (puc. 3). TpebGyerca mo-
no6parh comporuBieEwe R TaK, YTOOH
BHOeldeMas Ha HeM Momuocts W Omina
MaKCUMAJILHOH.

IMockonpky comporuBnenme menm pasHO
r+R, To cuna i TeKymero 1o Hamel memw
. u
TOXa B cwly sakoHa Oma paBmA [ — eyl
Momuocts W=iug, rme uz — mauenue
HaOpKEeHUA Ha CoEpoTuBieHmm R, mo
sakony Oma pasmoe iR. Ilopmcrasuss
9TC 3HaYeHHUe Lp B BLIPAsKeHHE IJS MOMI-
Hoctm W, Haxonmmm
2R
W —=—i?R —__
(R+r)2*
Ham najio HajiTe MaKCHMyM BHPasKeHUA
(6) npm nepemennom R. Ipomuddepennu-
pyeM sTo BHpaskenme 1o R:

(7.1.6)

aw u? 2u2R
dR (- R+ RP
u?(r — R)
- r+R?® * (1.1.7%)
aw
Hs (7) cmenyer, uto =0 mpn R=r.

Herpyauo momare, uro smadenme R=r
GymeT OTBEYATh IMEHHO M A KCH MY M Y
¢yarnmun W (R); sto caegyer xora 6H
u3 toro, 9To npm R < r npoussonuas (7)
9T0li (QYHKIHM DOTGKUTEALHA, a OPH
R > r — orpunmarenpna. Bmpouem, Mmak-
cuMalibHOCTE sHeprun W npu R=r BH-
TeKaeT ¥ K3 CcooOpasKeHHA 3IPaBOro
CMBICTIa: Benb Ipu MasoM R w sHeprua W
Majla W3-3a MAJOCTH COUPOTHBJIEHUA
(B TOM ciydae mourm BeCsL HHEPrUA «CH-
[UT» HA CONPOTHBIEHHUY I, & Ha COIPOTHB-
jJenre K o4t HMUEro He HPHXOKUTCH;
ecit R=0, 1o uw W=0); ecam xe R
O0YeHb BeJIHKO, TO B Cumay 3akoHa OMa
OymeT oueHL Majoi culIa TOKa i, a 3Ha-
guT, A sHeprud W; B IpOMeKyTKe MEKIY
MajguM#E u OoapmumMm R suHeprua W
Ipe-ro JOJMHA [IOCTUIHYTh MAKCHMYMA,
a MOKeT OHA JOCTHUIHYThH ero JHIIb OpH
R=r (cp. ¢ rpapurom ¢yukmum W=
=W (R) Ha pumc. 4).

IIpumep 4. U3 uMmenlnuxca LOCOK
MOKHO crestaTsh 3adop pamuoi [, Kak stum
3a60pOM OropogHTH IPAMOYTOABHEIN HBOD
HauboJbInedl mIOmMAamgu, WCLIOABL3YA B Ka-
9ecTBe OJHOH CTOPOHH CTeHY IPHJerarn-
mero smamuA (puc. d)?

Ilycre mBe croponmt 3saGopa uMewnT
JANHY Z; TOrJa TPeThA CTOPOHA wuMeeT
amnry [—2z. Ilnomapgs mBopa
S(ry=(—2z) = —22% - Iz, (7.1.8)
OTKy /1A

S () = —4x 1.
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Hemo, a0 S’ (x)=0 mmms npu x:-/i—;
seck S”(z)=—4<0, Tak wuro upm
z= -[i— Qynriua S (r) UMeeT MAK C UMY M.

(BopoueMm, u 3mech Hammuve MakcHMyMa
BHTeKaeT M3 coobpaskenu#t  sppaBoro
CMHCIA; CM. KoHem, pasbopa mpmmepa 2.)
9roT pesylnbTaT JIerKO HOIYYUTH ¥ He HC-
noyb3ya aupdepeRnAaNIbHOS HCUHCIEHUE.
[oHCTBITEIPHO, HAM HYIKHO OTHICKATh MaK-
cuMyM (MJIH MHHUMYM) KBafpaTHIHON QyHK-
nun (8) nepemennoit z. Ho gua mioGoro muoro-
uyjeHa BTOPOll cTeneH:m '

y=azr4-bzx-fc

umMeeM

(7.1.9)

+
+ gt e =e[e ) +

4dac — b? b\2 bac —b?
+T:|::a<x+2—a> +T (7.1.98)

b \2
Tak xar <x —}—E—) > 0 npu Bcex z(npﬂqu

PaBeHCTBO HYJII0O HUMeeT MeCTO JINbh IPU =
b
=—"Zl‘>, TO y AMeeT MAaKCHMYM, 6oCIH

a<0, W BTOT MAKCHMYM [OCTHIraeTca IpH

b
T=— -, y AMeOT MUHHUMY M, eCIH a>0,

b
H 5TOT MWHAMYM JOCTUTAOTCA IIPH T= — 5.
B wacrroctn, dpynxnusa (8), rge a= —2, b=1,

l
c= 0, JOCTHTAaeT MaKCUMyMa 1Ipu r == Z‘ .

Paccmorpensas Hamm 3ajada ABIAETCH Ofi-
HHM M3 BaDHAHTOB TaK HA3KHBaeMOH szadauu Ju-
donw. Ilo mpemammo, MEPHYIECKAas OCHOBATENIb-
muna ropoga Hapdarema B Ceseproit Adpuxe
¢memKniickas napuna J[uaoHa B oTBeT HA 06Gpa-
HIIGHHYI K BOKEI0 NpAGPeKEOTO IJIEMEHA
npocs0y O BHGNSHMHE 6 TeppATOpPAM s II0-
CTPOMIKH TOpOAa DOJYdYMiIa H3JeBATeIhCKO® CO-
riacde YCTYyIMTh YHYacTOK 3eMJIA «B Ipefeiax
6ugneil mrype». Opmako xmrpas [upmoma mHe
IPOCTO NOKDHJIA IIKYpPOH KpOUIeYHY YacTh
n0Gepe;Kpsi, KaK DacCUATHBANA abopWIeHH, a,
paspesas HIKYpy Ha TOHKME PeMHM, OTIOPOAIA
9THMH DEMHSME JOBOJBHO OOJBINOR YYaCTOK,
KOTODHI YRANOCH CHelaTh eme 6oabmmM, Boc-
moJb30BaBIIACH GeperoM Mops. Ecam cumTaTh
Geper npAMOJMHESHHEKM B TpeboBaTh, 4T0GH OTIO-
POKEeHHHH y9acTOR ORI IPAMOYTOJIBHKM, TO MEl
npHJeM K pemeHHON HaME 3ajade. 3ajada oxa-
8ElBaeTCA TOpasgo 6oxee CAOKHON, ecan Opej-

HONOKATh, 9TO TPAaHHIA y4acTKa, T. €. JeHTa
A3 GHYbeil MKypH, MOKET UMETh TIPON3BONBHYIO
dopmy. B srom caysae mmomans, MaKCHAMyM
KOTOpOif Tpefyercss mailTh, 3aBHCHT He OT OHOMN
epeMeHHON z, a OT OpPON3BOJLHOH (yHKOHH,
sajalomell ¢$oOpMy JHMHEN, OTTOpPasKHBAIOIIER
TpebyeMuil ydacrox. OfHako ® Ha 8TOT cirydam
YA2eTcs ePeH6CTH MeTOAR BHCIIOH MaTeMaTWKH,

Prmc. 716 £

B YaCTHOCTA BBOASA M 3[eCb AaHANOT NOHATHA
RuddepeHnEana M JOKA3aB, UTO TOUKAM MaKCH-
MyMa II MHHEMYMa DacCMATPHBAeMHX «DYyHRIEH
oT QyRRNmi» (AX MATEMaTHKE HAa3HBAOT GyHk-
Yuonasamu) OTBEUaeT OfpalleHHe B HyIb 5TOTO
«oGo0mennoro auddepennmanay. C noMoOmBIO
TAKAX DPACCMOTPeHM (KOTOPHIX MBI, pa3yMeeTc,
HAKAK HO MOKEM KOCHYTBCA B 9TOHl pieMeHTap-
HO# KHATe) y[aeTcs [OKa3aTh, YTO pelleHHeM
ofmpeil sagaun JIEFOHH ABIASTCA MOIYOKPYH-
HOCTH (pHc. 6).

IIpumep 5. Typmer mom:xeH OpPOHTH
u3 manatkE A K Kocrpy B, mnpexsapu-
TeJbHO HalpaB BOAY B peke (upaMas
A,B,). Rar npopeaars TpeGyeMuit DyTh,
TPoif S HanMeHbIIee paccToanne (puc. 7)?

A

Pue. 7.1.7

%

Ilycrs AA;=a, BB;=h, A,B;=c
(AA,; || BB, | A\B,; sHaueHus umcea a,
b, ¢ mam pamm). ITyrs nemexopma m306pa-
maerca noMaHoit AMB. HysHo y3HarTh,
P KaKOM IOJIOKeHMU TOoIKM M Ha mps-
Mo#t 4,8, 9T0T nyTh GyMeT HaUMeHBIIHM.
Ilonosxenne tourm M sapmaercsas paccros-
HueM M or Toukm A,, T. €. OT mepueHOU-
Kynsapa AA,, onymennoro u3 4 Ha npsaA-
MyI0, H300PasKaIYI0 PeKy; 9TO PACCTOsA-
uue A M My oGosmagum wepes z. Torpa

AM =Va* 1%, MB=\P*F(c—z)

u npoiinenauit pemexomgoM nyTh S (z)
Oymer pasen
S(z)=AM +MB = o =>4
VEFG—T.

(7.1.10)
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Orcooga HaXOUM

c—

7 _ T o
§ (m)_'\/az—{—x? Ve (c —z)®
IIpupasusem S’ (z) Hym€o:

T cC—T

Va2 F a2 =\/b2+(c—-:z:)2 . (7.1.11)

Vpasuenue (11) HeTpyAHO peIIUTE.
Bossega obe "acTu B KBajpaT, LONYdIUM

a2 N (s z)?
a a2 T b2 (c—x)?’
unn 222 +z? (c—a?)=a’ (c—z)*+
—+ 2% (c—2x)?,

272 2 2 z? a?
T. e.a:b =a (C—-ZE) , m:'z?,
OTKY[IA
r a
c—x  — b’
_ac _ac
M L=y BT

IlogcraBasa sTH 3HadeHWA I; UM T,
B ucxonHoe ypasHeHuwe (11), BumuM, 9TO
BTOPOH KOpPeHBL He Y/ OBJIeTBOPSAeT ypas-
HOHHMIO: 9TOT ILOCTOPOHHHK KODEeHEL Iio-
AyamiIcA m3-3a BosBegeHHA ofenx gacrel
(11) B mmagpar . Hraxr,

ac
a+4b °

OnHaKo MOKHO, He pellas ypaBHEHHA
(11), BHACHATH _ero reoMeTPUIecKUit
CMBICJ, IIO3BOJAIIIWE HOXYINTH OTBET.
Yeaosme (11) MoxHO mepemmcaTh TaK:

AM __ MB,
AM ~ MB *

T =

(7.1.11a)

AM 5 .
Ho ﬁ = 084, MA — sin a; aEamormIHO

MB, ~ .
75 — ¢osB,M B = sin B.
(11a) osmauaer, uro sina=—sinf, nmm,
MOCKONbKY 0Ga yria o u B ocTpee, 9TO

o=§. (7.1.12)

Tarkum o6pasoM, HemexXO[ HOJKEH IBH-
raThCA TakK, ;KaK [BIDKETCA OTPaKaro-
muiica Or sepKajla Jaydu csera (yzoa ha-
denus pasen yaay OMPAKHEHUA).

CooTHOIIEHUE

1 IlocropoHHHUHl KOpPeHb z, ypaBrenma (11)
MOKHO cpady oT6pocHTs @ HOTOMY, 9TO, O9e-
a

x
—— >0 u, sHauuMT, He PaBHO -5

BUMHO, ———

IIns monHOro PpemeHud 3aJaddl OCTa-
eTcd MOKAa3aTh, UTO HPHM TAKOM MOJOKE-
HEK To9kM M nyTh gedcrBmTeNLHO OyIeT
MUHMMaAaABHHM (a He MaKcH-
MalbHEIM). DTO MOKHO CeJaTh, BEHIUCIAB
BTOpyIo mpoumssomuayio ot (10).

Mosno, OMHAKO, MCIOJIb30BATEH ¥ ADPY-
rue coobpaxenua. Ws supamenus (10)
maa S (z) supmM, Yro npm jgioboM z
BesimanHa S (z) nmonokurenbHa. Ilpm sToM
S (z) meorpaHwdeHHO BO3pacTaeT BMecTe
¢ pocToM abCOMIOTHOH BEJIWYMHEL & Hesa-
BUCHMO OT TOro, Oymer £ > 0 wnu = < 0.
A rax xark S’ (z) obpamaerca B HyIb
IumMb NPA OJHOM 3HAYEHWM I, TO SICHO,
910 DpM 3TOM 3HadYeHuu r QyHERmEA S ()
uMeer MHUHHUMYM. Boobme, ecam

V4

Puc. 7.1.8

7

B UHTEpecyoImeM Hac IPOMeKyTHe Ilep-
Bas IPOM3BOHAA WMeeT JIHINL OJWH KO-
pPeHsb, TO HarisgHEe coo0paskeHHA IacTo
nossonApT uslemarb (GOPMAIBHOIO HC-
CIe0OBAHUA IPH IOMOME BTOPOA IpOM3-
BONHOIL (CP. €O CKa3aHHEIM 110 ILIOBOAY
npuMepa 2).

Hamy sagady MOKHO peIIATh M YHCTO Teo-
MeTpmuecKm, He mpmberasg K MerojaM BHICIIEH
Matemarnkn., Ha DpofomskeEmm orpeska AAj
(pmc. 8) orioxum A1A’'=AA; u TouRy A’ coenn-
mam ¢ B. Torna AM=A'M, tak kKak AAA M=
=AA14'M. Tostomy A'B=A'M-+-MB=AM+
-+ MB. laa mwboit gpyroit rouxm D HA OTpE3KE
AiB, 6ymer AD-+DB=A'D--DB u A'D--
-+DB > A’B, Tak Kak JOMaHasg [JIHHHE® OT-
pesara upsamoit. Mcromaa Touka M ectb, ciefio-
BATEIbHO, TOUKA IepecedeHds OpAMHX A’'B
n A;B1, OTKyJa W BHTeKasr paBeHcTBO (12)
(mogemy?).

Ilpumepsl 4 1 5 MOKA3KBAT, UTO 3a4aTn
HA HAXOMJCHN® MAKCAMyMOB H MHHAMYMOB
MHOTZIA YAAeTCA pemuTb H CPEACTBAME 9je-
MeHTapHOl MaTeMaTnku, He npmberas K XEG-
JepeHIEATBHOMY HCYUCIOHHIO (CM. peIleHHA
COOTBETCTBYWIIEX 3afad, HaneYaTAaHHRE MEIKAM
mpudroM). OfHaKO, BO-IEPBHX, JAJIEKO HE BCO
3a/[aUf MOMKHO OCHJINATH, HE HCHOJb3YA BHCHIYIO
MaTeMaTHKy. BoO-BTODHX, DeNIGHHE BJIeMEeHTap-
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HEIMH cpeficTBaMu TpefyeT CMEKaJKH H OCTpO-
yMAs; BHCIHAsI jKe MareMarTWRa [aeT CTaHgapT-
HHH cIoco6 pemienmsA TakdAX 3ajatk, He Tpebyio-
muil AEuKaxo# w300peTaTeILHOCTH.

9T0 KOHEYHO, BOBCE HE 03HAYAET, W0 B BHIC-
meit MaTeMaTHKe MO;kHO oGoiiTmch Ge3 coobpa-
suTenskocTr! Ho oma Temeps HmpHropmres I
Apyrux, Gojee TPYNHHX CIy4aes.

Mpumep 6. Bor eme oguH, HECKOILKO
Gosee COOKHEBIN, 4YeM OpefHpymue, IpUMep
HACCAeIOBAaHNA (YHKINA Ha MAKCUMYM W MUHH-
MyM. Xopomo W3BeCTHO, HYTO CBA3b MEKAY
oGbeMoM v, HaBieEmeM p u (26COMOTHOH — HO
KensBuny) TemmepaTypoilli 7 HpealbHOTO Trasa
safiaerca sakomamn Boitng — Mapwnorra m Teii-
Jlioccara, Koropele OOBENHHAIOTCA B OJHOM
ypasnenuu Kaaneiipona:

pv=RT, (7.1.13)
rie R — HeKoTOopas HOCTOSHHAA (YyHUSEDCALbHAL
nocmosnKas WAEANHHOTO raga; IpHIaraTelbHOe
«yBUBepcajJbHAAY 03HAYAET, YTO IPH OTHECEHNH
saxkoma (13) K opHOIl TpaMM-MoJeKyJde rasa
BenamEa R OyZer ofEA M Ta JKe 1A BCeX
Ta30B; TaK, ecau v Hma3Mepserca B M3, a p —
B Ia, To R = 8,25 H.m/rpagm). Ommaxo dop-
myaa (43) maa peadbHHX Ta30B BHIOOJHAETCH
HEJIOCTATOYHO TOYHO, B CBASH C Y€M HIINPOKO
HCIONb3yeTcA clepyloliee YTOYHEHHe ypaBHe-
mua (13):

a

(p-l{——v—2> (v — b)=RT, (7.1.1%)
HaswBaeMoe ypasHheHuem ean Jep Baaavca ?;
agecbfe m b —[BeroTopHe (3KCIEpAMEHTANLHO
ompefenseMEle) HOJOKUTEJLHHE LHOCTOAHHEE
(npu yKasaHHHX BhIUe eJWHANAX H3MepPeHHA
AMEIOmAE PasMepHOCTL COOTBeTCTBeEHO I .Mt
u M3), pasEHe Jis pasnnYHHX razos. Ilpm mo-
crosmroil Temneparype I’ dopmyan (13) u (14)
ONNCHBAIT HEKOTOpPHE KpHBHE B IJIOCKOCTH,
OTHECEHHOI K KOOPAWHATAM VU W p; STH KpPUBHeE
HasHBaT usomepmamy (INHWUAMA ONWHAKOBHX
TeMueparyp). HampoMy smEawermio I oTBewaeT
CcBOA T30TepMa.

flcuo, uro 3apmaBaemHe Qopmynoi (13) «mso-
TepMsl Kranefiporay mpefcTaBaaoT cobol mpocTo
cemelicrBo ramepGon pv=const (=RT) ¢ acumm-
roramu v=0 u |[p=0; HEE MaKCHMyMOB, HN MH-
HEMyMOB OHM He WuMelor. ['opasfo clOKHee
BHTIARAT «A30TepMH Bam gep Baambca» (14),
K paccMOTPeHWI0 KOTOPHX MH U IepeiiieM.

2 Baaabc fu Jdmmepmx Bam sep (1837—
1923) — roadampckmilj UK.

Haiigem n3 (14) saBucumocrs p=p (v) gasme-
HAA oT o0bema: :

RT a

P=7_"F — & (7.1.15)
Na (15) BHTekaer
dp RT 2a
Pr=a =—@p—bp T =
1 [2(v —b)
T [ - RT], (7.1.16)

B CIJIy 4YeT0 BO3MOKHEIE MAKCIMYMH W MIHH-

MyMH JaBleHud p (Ipu famuoil Temueparype T)

OOpeieIAIOTCA YCIOBHEM

2a (v — b)?
3

> — RT =0,

(7.1.17)
paBHOCHABLEEM yciaoBuio p’'=0. Opmaxo (17)
mpefcTaBiasier cofoll, K cosKaneHno, KyGnieckoe
YpaBEeEWe OTHOCHTEIBEO HEU3BECTHOTO v, peide-
HAEe KOTOPOIO BOBCE HE HPOCTO.

He wuMes BO3BMOKHOCTM pEWINTh YpaBHEHNE
{17), mecmegyeM ero KauecTBeHHO. PaceMoTpum

2a (v — b)?

dynrumo f(v)=—"3
Xapaxrep ee M3MEHOHHS, HalieM ee MaKCHMyMbl
A MuUEAMYMH. Jaa storo mpopuddepeRnmpyem
dyarnuo f:

— RT m BHACHHM

af [z<u~b) 3(v—b>2';
dv — “° v? - C
_ 2 (v—bg4(v—3b) . (7.1.18)

Vs Pusudeckux coobpakernit (cM. (14)) cre-
AyeT, 4ro Beerfa v > b (alcomorHas teMmepa-
Typa I He MoOKeT GHITH OTPHEATEIBHOM!), m0D-
toMy (18) Moser o6pamarbes B HYJIb JUIIb IPH
v=3b. Kpome Ttoro, mpm b < v < 3b upaBasa
gacts (18) momosxmTesbHa, a mpu v > 3b oma
OTpRIaTeJbHA, IODTOMY BHaYeHHe v=23b OTBe-
qaeT MakcuMyMmy $yEEnmu f (v), HauGodbUieMy

8a
ee 3Ha49eHUIO f (V)= 57 RT. Jlanee Hazmo O1-

JIeIBHO PAaccMOTPeTh TpH ciydas, pealusyio-
maecd OpW Pa3HHX 3HAYCHUAX TeMueparyps 7.

8a Sa

a) 2—77)—RT<0, T. 6. T>27TR' B stom
cayuae f (v)<0 mpm Bcex v, a, 3Eauur,p’ <0
IIpH BCeX U; MO3TOMY QYHKINA p=p (v) Bce BpeMs
yOurBaer (cM. [gBe BepxHHe U3 I11306pasKeHHEIX
Ha puc. 9 m3oTepM BaH fep Baaabca gna yrie-
rucxotet CO,; TeMmeparypH cOpaBa yKasaHH
mo mKane Hexbcmsa). CooTBeTcTByOn{Ne KPHABHE
p=p (v) D0 XapaKTepy HaIOMHAHAIT TUmepGOIL;
ACHMITOTAMH HX CIYKaT OpAMHe p=0 u v=>b.

5) ;7_012 — RT>0, 1. 6. T<2—$§§ (cu. ma prc. 9

fBe BImKENE Kpushe). [lockoasky mpm v=»)
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¢yrxuusa f (v) orpmmarensHa (HaM He BAKHO,
970,570 3HAYGHMe v=) HE OTBeUAeT HHKAKOMY
peannLHOMY COCTOAHAIO Bemecrsal), a upm v=3b

8
M uMeeM f(v) = fab& — RT >0, 1o Memay b

7 3b cymecTByer TaKoe 3HAYCHHS V) IePeMEHHOH
v, 10 f (v5)=0, & smgagnr, 1 p’ (v,)=0; sro 3Ha-
seHMe (pamee KoTOporo IPOHM3BORHAA p’ OTPHNA-
"TeAbHA, 4 HOCHe NMOJIOKBTEJIbHA) OTBEIAeT M H-
BEaMyMy Oyaroui p (v), C Apyro# cropons,
gpa v —»> » B cmry (i5) p —» 0, a, smaudr,
rge-10 npd =y > 3b ¢yEKUEA p=p (V) HOA-
JKHA JOCTHTHYTE Ma K CH MY M a, ACAMITOTAl
KpABO# p=p (v) ¥ 3uech OCTAIOTCA TEMH KO,
470 W B caydae a).

8a 8a T
B) 2—75—RT=0, Te €. T=27bR o Tar Rax

aan60bIes BOBMOKHEOS 3HaUeRHe Py HRIUY f (V)
'30eCh PABHO HYJO, TO IPH BCeX [PYTrHX 3Ha-
4eHWAX » 3Ta (YHKIHA OTpUIaresbHa, a TOrjga
, , f(v)

oTpUNaTeNbHA (M NDOMIBOAHAR P == [T e
TaxaM ofpasoM, (Pyaruusa p==p(v), DOROGHO
cly4aio a), Bce BpeMa yOuBaer; mnpu v=23b
oHa mMeaT meper ug (ubo p’ (3h) =0).

B cnyuae a), OueBHAHO, KaMKAOMy 8HaYe-
HHIO p OTBOYAST eZMHCTBEHHO® 3HATEHMUS 00B-
eMa v, 1UTO COOTBOTCTBYST BO3MOMKHOCTH nRpuU

8a
T>m e[HHCTBOHHOTO (PUBHIECKOro COCTOA-

HHA  Beu[eCcTBa — 233006 paswozo.  Hamporms,

8a
ape I' < s7pp AAHHOMY [aBIeHHIO p MOryT®

0TBeYATh, KaK BUJHO H3 DEC. 9, TPH pasHHEX
sHavYenua o0beMa v, Tak UTO B8/SCH BOINECTBO
MOKeT CYMIeCTBOBATh B DPA3HHIX COCTOSHHAX.
Cocrossume ¢ HAHMOHLIIAM OOBEMOM U =Ug4
(1. e. ¢ HambompOmIel INIOTHOCTBIO) — BTO
audrocmd, CocrosHA® ¢ HAMGOAHLMHAM 00HEMOM
v==v, (IpH TeX ;Ke [ABJIEHAH H TeMIeparype)
gpejcraBider coGoél eas. Hakomenl, Eepexnee
COCTOSIHAS § BOIIBCTBA OKA3LIBAOTCA HOYCTOHYH-
BuM. Ecim nmoMectdrs BeM[@CTBO B COCYH OHpe-
AeJIeHHOIO ! 00seMa v (IPOMEMKYTOYHOIO MEMIY
Ux B U,) W Harperb [0 paccMaTpHEBaeMOil
tremMaepaTypw I (T < T, — cM, BU:ME), TO JaCTh
BemecTsa OyjgeT HAXOQUTLCA B rasoo0pasHOM,
a Apyrad — B EAKOM cocrosgEmd. Cocrognue
€O cpegHEM 00beMOM U CYI@CTBOBATb HE Gyner.
. . 8a

Horpanuynnil caydait I =gz7m @rpaer
00060 BaRHy0] ;posih: TeMmmeparypa I Hasm-
BAOTCA AKpumuuecsol TeMmeparypoit rasa (ee
00n1yno joGo3navaoT wepes T). Toura(jmepe-
ruba K coOTBOTCTBYIOMEH WBOTEPMH OTBeYAeT
07eyIOU[UM 3HAUYGHHAM OGBeMa H JaBIeHHHA:

v=23b(=v;) m p= 2_;175 (=pg); 218 OOBEM H

AaBlIeHHE TaKKe HABHWBAT KPUMUYECKUMU,
lpu I'=1T,, ecad p> p; (unum v <v,), Beme-
CTBO HaXoguTcd B rasoo0pasaHoOM COCTOf-
HHH, a eciu p < p, (NpH v >vy), OHO yiKe CTa-
HOBUTCA MHUJTKHUM; TakuM o6pasoM, pg CTh
HauGodnlIee [ABIeHMe, HPU KOTOPOM Be-
MEecTBO ,6me MOMET CyulecTBOBAThH B BAje Ha-
CHII@HHOrO Napa. 3aMerHM eme, 4YTo TouKe K
KPATHYeCKOH H30T6PMH OTBeUaeT B3HAYCHHE

Pl == —ga—b- =73 RT,, woTopoe [B 3ToM ciay4ae

cocTaBisier Bcero Jump 3/8 Toll ;BEJMYUHE,
Koropyxojaae'r ypaeHenue Hnameitpona (13).
“Bgﬁee nosHoe Jobcy:kieHAe ypaBHGHUA Bal
zep lBaamnca, ero cieqcTBHil ju gansmeidmmx
yrouHeHudl Moo Hailty B yueOHHKax PuUaUKH.
OSpaTuMcs TeffepPh K BONPOCY 0 MaKcuMyMax
1 MpHUMYMax (QYHKIRH A BY X UepeMeHHHIX.
Omnpepenenne dy=y’dz Aaddepennnana ynx-
non’y=f (z) (cM. § 4.1) moKa 3EBaer, 4To TOYKH
(rmapxoro) MaxcAMyMa HIHE MAHAMYMa QyHRKIAH
XapaKTepHaywTca TeM, UT0 B HpX Auddepen-
nman ofGpamaerca BJ3HYnb; 970 TECHO CBA3AHO
¢ TeoMerpduecKmM cMucaoM anddepernmana
(cM. pme. 4.1.2) 1 ¢ Tem PakroM, IT0 KacaTeAb~
Hasg K rpadHKy QYEKOUH B TOUKe 66 MAKCHAMyMa
ANA MABEUMyMa JI0XN:KHa {0HTH ropHs OHTANbHA.
Croxs :xe mpocTo BHJETH, YTO TAK/AKe H B TOTKE
MaKCHMyMa HJTH MHAH mMyMa Qygxnnnd z=F (z, y)

0.
-d;dx-i-

oF
+ Eydy dyuxnue F nomxed o6pamaTscd B HYIb;

AByx mepeMeHEHX¥nnddepennuan dz =

HEHMA ClOBaMH, AOMMKEE MMETH MECTO pPasBeH-
oF oF
cTBa 5;=E=0. 9To cBA3AaHO KAK C TeM, 4TO
KacaTeJbHag IIOCKOCTE® K IOBEDXHOCTH z==
=F (z, y) B TOYKe MaKCUMyMa HJIN MOHEMYMa
fomKEa OHTH ropmaoHTajpHA (pumc. 10, a), Tak
H C TeM, YTO B TOUKE (Zg, Vo) MaKcHMyMa GyHKIAR
z=F (z, y) pocturamoT MakcEMyMa ¥ |PyHKIHNH
f(@)=F (z, yo) & g (y)=F (0, y) opmOL mepe-

0
MeHHOR (z ana y), u, sumauar, f’(x) =a—f)

oF
u g’ (y) (— 0—-) JOMKHH paBHATHCA Hyso, Oa-

HaKo _Hafi0 EMeTh B BHAY, 9YTO eCJH DaBeHCTBO
f' (z)=0 mDodTB Bcer[a 903HaYaeT MAKCHAMYM
wie MaraMyM @ysknan f (a60 ¢ ygan oSpamends
B HYJIb BTOPOH IPON3BONHOH ABIAOTCA ACKIOTIH~

3 Kacameavnas naockocmd B ToUxe M ==
=M (z,, y,) ® moBepxmocT: II ¢ ypaBHOHHEM
z=F (2, y) comep:KUT KacaTeJbHHe K JIHHAAM
Y=Yy 3=F(z, yo)=f (2) B x=24, 2=aF (x4, Y)==
=g (y) (K auEASIM Y=aconst m zr=const); mna3
BCEX TpoXoAAmMux 7epea M miIockocTeil oHa Tec-
H8e BCero NpuMnIKaeT K mosepxmocTm II.
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OF (20, yo) O F (0, yo)
TeJbHBIMH), TO yCJIOBUA oz =4y =

=0 (unn dz=0) Moryr 03HavaTs H TO, 4TO OfHA
@3 pUrypupyomux Beme QyEKnui f (z) u g (z)

o
2H L
A
J0°
47 20°
JI°
20°
e
R
V4 A
Pue. 7.1.9
- 174
Mz, Ly, Zg)
/?\\
4
// : \\
/i ! \
——F—
!
{ z=f1zy/
4 | 7
3 7
z |
8Pz, 4, O/
zi O
Mz, 4y 2,/

A

<7

Az, 4,0/
Puec. 7.1.10.

ROCTHTaeT B paccMaTpUBaeMOi ToIKe (zg, Yo) MAK -
cuMyMa, a Bropasg — MOHAMyMa. B aT0oM ciaydae
TO9Ka (Zy, Y;) COOTBETCTBYET «celry» (mam
«nepeBany») mosepxHOoCTH z=F (z, y) U B BHeil
$yrrnua F Be focTAraeT HA MAKCAMyMa, HA M-
aumyma (puc. 10, 6).

Ynpawcnenusn

7.1.1. Vi3 opaMOyroJbHOrO KeCTAHOIO JIHCTA
€O CTOpOHaMY ¢ H b fleNaloT AMHAK, BHpe3as
paBHBle KBafjpaThl mO yridaM. HakoBa [oMKEA

OHTH CcTOpPOHA y BHpPe3aHHHX KBajpaToB, Yro0H

AUIOK ¥MeJd MaKCUMAJLEHN 00BeM?
7.1.2. B ocTpoyroibHHI TPEYrOJBHHEK C OC-

HOBaHHEM a H BHCOTOH / BOMIIATe DPAMOYTOJb-
HUK, JiBe BePUINHH KOTOPOr0 NPAHAJIEHKAT OCHO-
BaHMAIO, a fIBe NPyTrMe — GOKOBEIM CTOPOHAM Tpe-
YroJbHAKE, IPAIEM TaK, YTOOH 9TOT IPAMOYTOIh~
HAK 1MeJ Han(ojbUIy0 BOSMOJKHYIO ILIOMIafb.

7.1.3. Oupenennre HaNGOJNBIIYI0 BO3MOMKEYIO
IIOIMazb TPAMOYTOJBLHNKA, BOACAHHOTO B KPYT
JfiagHOrO pajmyca R.

7.1.4. Ilpu KaKoM pajmyce OCHOBAHHAA H IpH
Kaxoil BHCOTe 3aKpHTad NuanEApAdeckas GaHKa
paEEOrO o0bema V Oymer uUMeTh HAMMEHBIIYIO
mwIoIazAb (IMOIHOM) HOBEpXHOCTH?

7.1.5. [Ipa Tesma [BWKYyTCA OO CTOPOHAM
OpAMOT0 yIia [0 HANPaBIeHNI0 K BEPIIAHE
¢ HOCTOSHHHMU CKOPOCTAME 1y B vy (M/c). Yepes
CKOJIBKO CeKYHJ Toclie Hadajna [BIKOHAA pac-
CTOSIHAE MEKTY TeaaMu Oyler HaHMeHBINHM,
ecn B HadajJe JBIDKeHNS IepBOoe HaxXOQUWIAOCh
Ha PaCCTOSHMY a M OT BepUIAHH yIJja, & BTOP0e —
Ha PAacCTOSHUN b MP

7.1.6. [oxaskhre, YTO IpPOH3BEJEHAS ABYX
MONO/KITEILHHX YUCeJa, CyMMa KOTODHX MO~
cTosiHHA, OymeT HAMGONBIIUM, eCIH STH YHCJIA
paBHH,

7.1.7. llpamoii I mmocKoeTh pasfe.leHa Ha [Be
gqacru (cpepgsl I u II). Temo memmerca B cpepe 1
€0 CKOpoCTBIO U1, a B cpefe IT — co cxopocTsio
vy. 10 KaroMy IyTH JOIKEO IBATATHCA TEJIO, AIA
TOro 9ro0H BO3MOJKHO CKOpee MmOmacTh H3 JaH-
HOIl TouKHE A cpefsl I B famEy0 109Ky B cpeau
II? (3ra 3ajaga cTaBAT BOOpoCc 0 3aKOHE
OIpeJdOMJIOHHA CcBeTa IOpH Hepexofe
u3 cpexs I B cpexy 1I, B KOTOpHX ¢BeT pacmpo-
CTPAHsAETCA ¢ PA3HHEIMH CKOPOCTAMHA: Beflb H3-
BECTHO, YT0 TPAeKTOPHAA CBETOBOTO IyTKa MeKAY
ToukaMin A u B Bcerga TakoBa, 9TO ¢BeT IpPOXO-
aaT oyTh o1 A 1o B B Kpartyaiimee BpeMa (npumn~
yun @epra, cMm. c. 109).)

§ 2. Hernagrkae MakCHMYMBI H MHHH-
mymbi. Manomet m paspeiBei. JleBas
H MpaBag NpPOH3BOJHBIE (YHRIAN

Jlo cux mOp MBI rOBOPHAM, 9TO MAaKCH-
MyMB M MUEAMYMH (YHKIUE JOCTHTA-
I0TCA IPU TeX 3HAaUYeHHAX ¥, IPU KOTOPHX
nepsas Ipou3BOKHAs 00pamaeTcsa B HyaAb.
Oppako HHOrAA MAKCHMYMH (M MUHH-
MYMBbI) OTBEIAIOT B 3HAUGHHAM apryMeHTa,
He o6pamaomuyM (IepByI0) Ipo-
H3BOAHYI0 B HYIb.

Ins mpumepa BepHEMCA CHOBA K pac-
CMOTPeHHON B IpegsIyImeM uaparpade
3a7a9€ O IIOCJHELOBATEIBHO BRIOUCHHHX
r coTh ¢ gaEHOE IJC compoTHBIEHHMAX I
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# R (cM. pme. 1.3) m copocum ceGs, opu
KakoM couporusieHun R pHeprug W,
BhIfleJiieMan Ha CONpOTMBJIcHEHU r Oynmer
MaKCHUMAaJbHO BO3MOKHOM.

B 71oumoctm amasormuro (1.6) wmmeem

u’r
W=r—=——"0—-.
RNCER I

HanomauMm, gro B (1) Met caurtaeMm u u r
W3BECTHEIMU, a CONpOTHBIeHWEe R — me-

(7.2.1)

Pme. 7.21

7 A

pemeHHHIM U Hem3BecTHHIM. U3 (1) cpasy
clemyer

aw 2u'r

TR

¥ —0 oGpa-

d
TAaKEM 00pasoM, VCJIOBHE Y

maeTcAa 3ieCh B DAaBEHCTBO

Puec. 7.2.2

He BHIONHAKINESCA H U K a-
xom R.

3HAYUT K HTO, YTO MON[HOCTH MOIKET
pacTu HeorpaHWYeHHO, 9TO 3ajada o MakK-
CUMAJBHOA MOIIHOCTY He MMeeT penleHuA?
Bens u3 (u3HIECKOro CMBICIA B3aJ39d

SAICHO, YTO MOO[HOCTh OydeT Hamoubmein
u2
mpr R=0 (B 3TOM ciydae W“T)'

npm

I W 0owu
oueMy ke U3 ypaBHeRHA _7 =0 MH mHe

mosmyunin sHagenus R —(0?

Hiss Toro 9T0o0n pasoGpaThcsA B 9TOM,
paccmorpuMm rpadmk 3aBmcmmoctn W=
=W (R) (puc. 1).

Ws rpagumra supno, 9T0 ecam 6H R
MOTJI0 IPHHEAMATh W OTPHIATENbHLIC 3Ha-
gennd, To opm R=0 maxcmmyma Gnl He
6ruro. OmHako U3 PUaMIecKOro comepska-
HOs 3afaYd ClIeqyeT, IT0 OTPHIATeIXbHEe
R mesoamokmm: Bcerma R > 0. Taxmm
o6pasoM, BermumHa W mMeer mMarcmMyM
opu R=0 m3-3a TOro, 4T0 OrpaEmIeH
NPOMEKYTOK M3MEHEHHs apryMeHTa. JTOT
BLIBOJI, CIeNyeT 3AaTOMHUTH: eCIM IpoMe-
YTOK H3MEHEHMS apryMeHTa OrpaHiideH,
TO IPH MCCIEXOBAHAW (YHKIEH Ha MaK-
CHIMyM ¥ MOHUMYM HAJO CIENHAJILHC
PaccMOTPeTh gpaHutHbe 3HAYEHHA apTy-
MeHTa.

B xagecrBe eme ogHOro mpmmepa o6pa-
TUMCH K yiKe paccMarpmBasmeMmyca s § 2.6
BOIIPOCY O BO3MOKHHIX SHAYCHHUAX TeIJIO-
eMKOCTH; TOJNBKO Temeppr OygeM pemaTh
9TOT BOIPOC He IS aJIMa3a, a IJIA BOXH.
KommuecTso Temma (8 mkoyuasx), Heob-
XoguMoe iyig HarpeBaHEuA 1 Kr BoAsl (upn
atMocgepaom pasnennn)or 0 mo 7' °C, upu-
6iamxeERo pasHO Q (T) = 4186,68 T+
+8373,36-1075 7241256 .10 T, oTrynma
Ciiegyer, 9TO TeIJIOEMKOCTb BOAH ¢ =c (1)
npu Temneparype I' pasHa

-7~ = 4186,684-16746,72.107°7+
+3768 - 107°72

(cM. yop. 2.2.2 m ero pemenme). fcmo,
9T0 NpPH NOTOMKUTEABHHIX 7 BeJramHA
¢ (7T) c poctom T pacrer, a UpH yMEHDL-
mennn 7 napgaer. OsHagaer JH 3To, uTO
remioeMKocTs ¢ (1) Bombl Moker GHITH
CKOJb yromgHo Beamra? Pasymeercsa, Her:
BeIb BOJA MOKET CYMECTBOBATH JMIIbL
B mHTepBade temmeparyp ot 0 mo 100° C
7 Ha JeBOM KOHIE HTOT0 HMHTEPBAJa Tel-
JI06MKOCTh IPWHAMA6T HAa UM E H b-
mee, a HAa OPAaBOM — HA X G 0 JI b
Il e ¢ BO3MOKHOEe 3Ha9YecHIEE.

PaccMorpuM, HakoHenm, CAGIYIONILyIC
reoMeTpmdecKyrme 3afady (pmc. 2): Ha qna-
merpe AC oKkpyxHOCTH BRIOpaHa Touka M;
OOJ KaKHM YIJOM o K JUWaAMeTPy Clemyer
npoBectm ueped M xopny BD, urobm
(BUMCAaHHEH B OKPY/KHOCTH) UETHIPEX-
yronbEuK ABCD umen BanGoasmyio Bo3-
MOJKHYI0 IJIOMAXb?

Ilpmvem pagmyc OKPY:KHOCTH 3a efm-
HUNY ANURH; paccrosame OM roukm M
0T MEHTPA OKPYIKHOCTH 0003HAYHM depes a.
Ilockonsky oduesmmuO, 49TO BHCOTH BK
m DL rpeyronsankos ABC u ADC pas-
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HH Co0TBeTCTBeRHO BM sing u D M sina, TO

Sapep =8 =S pa8c + Spapc=
= AC - BM sin a5 AC - DM sin a=
=5 AC (BM 4 DM) sin a=
—- AC - BDsina.

Kpome Toro, pacctogame OP or menTtpa
mo xopas BD pasuo OM sin a —=a sin a;

nostoMy BP—PD=—\/1 —a?sin*« (uGo
painyc OB =0D oKpy:XHOCTH MH LpH-
HAGH 33 eOUHNLNY), H, 3HasuT, BD—

=21 —a®sin%a, T. €.

S:% AC-BDsina = 2sinay/1 — a®sin®a.
(7.2.2)
Ilo npaBunaM pmddepeRnUpOBAHNA OT-
<ciofla ciaemyer
dS _ 2cosa(l— 2a?sin?a)
da T VI—asmta

. (7.2.3)

U3 (3) BunHo, 4yTo oOpamieHue MPOU3BOFHOLT
B HyJb PABHOCHJIBHO U0 DaBEHCTBY
cos 0. = 0, 160 pasercTRY sin a=1/(ay2)-
Ilepsriit cnydall cOOTBETCTBYET 3HAUEHUIO
2==90° rt. e. xopma BD L AC; mropoi
BO3MOKEH He 1pM Beex sHauenmax a. Odge-
BUJHO, Y4TO numb upn ¢ >v2/2 (=0,71)
Mbl moaydnM sino <1 m cMoxeM HAUTH
cooTEeTCTBYOmMee 3naueHme yriua o< 90°.

37ech MH CTAIKHBaeMcsA ¢ cHTyamuefi,
KOT/Ia 3a/1la4d, B yCJIOBWE KOTOPOH BXOAMT
TIapaMeTp, MMeeT PeNIeHNsA Ka4eCTBEHHO pas-
HOrO THIA B 3aBHCHMOCTH OT YMCIGHHOTO

suauennsa napamerpa. Eemm a<(y/2 / 2, 1o
¢yuxnua S —.S(z), opn kpafinux sHaue-
HuAx aprymenTa a=—0 u a=—=180° oGpa-
MAMANCHA, O4eBHIHO, B HYIb, MOKET HMETh
MarcuMyM dumm b opr o—=—90°, a rak rak
MAKCHMYM OHA, 0e3yciloBHO, mMeer (cp. C.
187--188), To 3rauenue o — 90° HaBepHAKA
OTBEYAET MAKCHMANBHON BENUUMHE II0MAIH
S (2) B cuny (2) pasroit ! 2/1 — @2 Honpn
a>>\2/2 waxenmym S (@) Moer mocTmra-
ThCSA TP TPeX 3HaYeHMAX o npm o == 90°
nupi xByX snavenuax « = 90° + B, taxmx,

uto sin « == 1/(@y2). 3necs, Hamporus, Max-

1 Tagum oOpasoM, rpadak 3aBECAMOCTU
Smax=3S (¢) B HameMm caydae mdobpaxaerca
{B OJOCKOCTH ¢ KooppmHaTamu a, S) JuHOeil,
KOTOpasg COCTOUT H3 JYyIH DJANHEHOCA

S\2 V2
‘az—‘r(—z_) =1 (npu 0<a<—2—) ¥ Ayra ru-

1 V2
nepboaH S=7‘— npn7<a<1 .

comMyM ¢ysxgum S (o) peaimayercd IpH
OBYX LOCTeIHMX 3HAYCHHAX 0O, KOTOPHM
OTBEYAIOT BC CHMMETPHYHEIE OTHOCHTENEHO
mmamerpa AC xopas BD; cooTBeTCcTBYOMIECe
gHauenme (2) wiomanu S obpamaerca B 1/a,
sragenmio sxe o == 90° oTBeTACT (FOKATBHEIH)
muaamyM dyrrnum S (o). (3ameTmM eme,
9TO eclW HMCKATH HE MAaKCHMyM (QYyHKIHE
S = 8§ («), a MakcEMyM Goee pocTOit PpyH-
kmun F(2) =z — a®2?, tme F =[S (x)[/4
m z=—sin?a, 10 3@avenue a=—=90° Gymer
0TBEYATH IPAaHMYHOMY MAKCHMyMY GyHKIMN
F(z), roe 0<{z <1, apaBencTBO sina=
= 1/(ay2) — raanxomy Makcumymy F )
YroGr pazodpaThCsa HOTHOCTRIO B 3aj1ade,
HOCTPOTE .CAMOCTOSITNBHO TpaguKu (yH-
wkmun S =S (a) (cM. (2)) mpm Tpex (wmmm
9eTHpex) (PUKCHPOBAHHHIX 3HAYCHHMAX a:
a=0,9; Vy2/2 u 0,5 (mnu gaxe npm a=0).
Ha puc. 3 usoGpaskes rpapnr GyExnmuz
o =0 {a), THe yroll o TAKOB, 9TO IJIOW@ANEL
uerrpexyronpauka A BCD na puc. 2 Makcn-
MagpHA. 3aMeTbTe, 4YTO TP a > \/2/2 3a-
maza o BHOOpe xopan BD mMeer [oBa cuUM-
(e 4

735

7

7% 2 M N

Pue. 7.2.3 i I !
a vZ/z 7 =z

MeTpUYHLX oTHOCHTeNbHO AC pemenusd,

B TO BpeMg KaK [pH ag\/2/2 peleHnd
OymeT TOabKO OXHO.

Bepuemca x o6meMy BOIpPOCY O I'DAHHY-
HHX U [JAKHX MAKCEMyMaX W MHUHAMY-
Max Qyarmumii.

Ecaa maxcmmyM (MMEUMYM) GyHKIUH
y==f(x) nocturaercA Ha Kpai I, IpPOMe-
JKYTKA U3MEHCHMA apI'yMeHTa (TaKHUe MaKkcH-
MyMH ¥ MOHHMYMH WHOIJ]A HA3HBAOT
2panudHLIML), TO HEPBHH dWiIeH pPAfa

f(-"’}—f(mo):f’ (%) (z — zp) +-
Frf @) @—af .-

MOKeT ¥ He BHmamath. llosToMy ecam
MH HECKOJIbKO OTCTyouiH oT (TrpaHAd-
HOoTO!) 3HaueHHA I,, KOTOPOMY OTBEIAeT
MaKcEMyM, TO omubKa B OIpefeleHHA Y
MoskeT OHITHh WM BeJHWKa: Begb OHa Gymer
IPONOPIUOHAIBHA (X — Zg), a He (£ — ),
Kak pamee. IloaromMy 3mech [jame
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Manasg omu0Ka B ompepeseHnn 3HAYEHUS
aprymeHTa, OTBEYAWINEI0 MAKCHMYMY
(YHKIWA, MOKeT NPHBECTH K OIYTHMOM
OOTPEINHOCTH B 3HaYeHWNW (YHKIUM,

B paccmoTrpeHEHX mpmMepax QyHKIEA
f (z) cymecTtBoBasa m DpE z < Z;, HO
¢usngeckoro  (WIH  TEeOMETPHIECKOTO)
cMeciia He mMmena. ONHAKO MOKET CIy-
anTRCA W TaK, 4T0 $yERmmA f (z) upm
HEKOTOPHX 3HAYCHHAX APryMeHTa BOBCE
He cymecTByer. He cymecrsyer, Hampm-
Mep, KOPeHb HYeTHOH CTemeHm (CKAKEM,
KBaJpaTHHI) W3 OTPHIATEALHOTO UHCIA,
M 370ech 3HAUeHWS apryMeHTa, ofpamalo-
mue OONKOPeHHOe BHpA’KeHHMEe B HYIb,
ABJAIOTCA TpaHmuHREMH. I[Ipm wuccaeno-
BAHAM HA MAKCUMyM HJIH MHHMMYM Ta-
Kue SHAYCHMA apryMeHTa JOJIKHE OHTH
paccMoTpeHn OTAeAbHO. Tak, ecam y=
=a—\b—z, 10 ¥y =12\b—2z, n,
x0Ta y' wuumrge He ofpamaercs B HYIb,
PYHKOMA ¥ mMeeT MAaKCHMyM. ITOT MaK-
CHMYM [OCTHTaeTCA Opu x=b: B caMoM
nmene, 3HadeHme z =b o0pamaer mOAKO-
PeHHOE BHPAYKEHAe B HYJAb, GONBIDEG ke
b unepeMeHHOe z OHITH HE MOMKeT, TaK
KaK mHA9e OOJKOPEeHHOe BHPA;KeHue cTa-
HeT orpunateasEEM. IIpm x =b ME mMeeM
Y =a; OPHU BCeX ke NPYILHX 3HAUYCHUAX I
BeIMYMHEA Y NOJYYACTCHA BHUMTAHUEM W3

a TONOMKHATEABHOTO umciaZ \'b — z m mo-
aroMy OymeT MeHBINE a.

MaxcmmyMm (MIm MEHEMYM) MOKET J0-
CTHraThCsi W BO BHYTPEeHHHX TOYKAaX,
B KOTOPHX HIPOM3BogHAasA He obpamaercs
B HYIIb, €CIIM KPWBAsA B 9TOH TOUKE HMMeeT
u340M, Yeaogyio mouky. Takume TOUIKH BCTpE-
JalTCSA, B YaCTHOCTH, KOTJA KpUBAA
COCTOMT M3 [OBYX dYacTeil, OOMCHBACMHIX
PasHEHME ¢opMyJIaMuH Opm Z < %, W
opa = >z, llpuBemeMm npumep ¢usn-
JeCKOM 3aJadm TAaKOTO pofa.

Ilycts Ha 2IEKTPOINIMTKE DOCTOSH-
HO# MOOIHOCTH HAarpeBaeTcsA YaHBUK; Tpe-
fyerca oOmpemeNumTh TOT MOMEHT, KOTJA
KOJUIeCTBO TeIUIOTH, 3amaceHHOe Yaii-
HUKOM, Oymer HamboxpmuM. Hua npo-
CTOTH YCIOBHMCA CUHTaTh, 4T0 KOdpdm-
OMeHT [OJIe3HOTO MeHCTBUA ININTKH pa-
per 100%, T. e. 4TO BCe Temio OHA OT-
gaer 4aiEWKY. Ilycts MBI DocTaBmiIm
JaiffHUK Ha IJINTKY B MOMEHT BpPeMeHH
t =0 ¥ mycTh B 9TOT MOMEHT JafHUK 00Ja-

2 Mu cumTaeM, 9To Iof Vb—az ImOHIIMAETCS
mOJOsRUTeNbHOE  (apudMeTHHecKoe) 3HayYeHHe
KOpHA.

nax g mroynamMu temna 3. Ilo onpememe-
HUI0 eJWHUIE KOJHYecTBA Tema (I:KOyJb)
ofmee roxwmgecTBo Temna Q (B MKOYIAX),
BHJIeJICHHOe dJIeKTPOINIATROM, paBHO 2R¢,
rge i—cmua Toka (B ammepax), R — co-
OpoTHBJIeHAe IUIMTKE (B OMax), { —BpeMs
(B cexyunax). IosToMy KOMMUECTBO TemIa
B YailHMKe B MOMeHT ! paBHO

Q=gq-}i3Rt.

B HexoTOpHi MOMEHT BpeMeHH
KOITIa KOJHWYEeCTBO HAKOIIEHHOTO
HOKOM Tellla PpaBHO Q,=q-i2R¢,,
HOK 3aKWOaer. B 3TOT MOMEHT
HauWHAET DpeBpamarbcai B nap (BH-
kmoars) 4. Ha o6pasosaEme 1 r mapa
mper mpumepHo 2256,7 sk remma. O6o-
3Ha4asg depe3 dm Maccy BOMH, BHIKU-
nepmeil 3a BpeMa df, DOJIYINM

dm~~(i®R[2256,7) dt ~~ 45 - 107%*Rd.

t=ty,
qaii-
qaii-
BON&

dm
CaepnoBatensHO, 3a 1 ¢ BHKDIaer o A
~45-107%R* r BOmW; HA 3TO 3aTpa-
ypBaeTCH

dQ — dm — —5: D2 .,
—dt—lN418,68ﬁN418,68 245 - 1075 R =~

~ 0,1884i2R Ix/c

Temna, OOCKOJbKY 1 I Bogel mpm TeMme-
parype KumeHUsA COJAEP/KHUT IIPUMEPHO
418,68 I:x reuma. IlostoMy ® MoOMeEHTY
BpeMeHm {, rme ¢ >1f,, Ha HpeBpale-
HUe BHIKHIOEBIIEH BOXH B 1ap OymeT 3a-
TpavYeHo

0, ~ 0,18842R (t — 1,)

renna (B ).

My BmamM, YTO KOAHMYECTBO Temiaa Q
(8 II>x) B "ailHuKe BHpasKaeTCa ABYMS
pasEnME GopMynamm: Opu ¢ < I, (1. e. io
Hayala KHOEHWSI) OHO pABHO

Q=gq-- Rt

a mpu ¢ > ?, (Docie TOro KaK YalHHEK
3aKuOeN) — PaBHO

Q~ g+ i®Rt, — 0,1884®R (t — ty)=

=gq -+ i®R (1,1884t, — 0,1884t).

3 3a Hyuab TPHAMMAETCA TEIUIOBAf DHEPTUR
Boxsl mpu 0° C.

4 ITapoo6pasoBanue IPOUCXONET A TPU TeM-
meparype, Membme# 100° G, T. e. jo Hauala
KNOEHA BOAH, HO MH uM npeHeOperaem.



§ 2. Hernamkne MAKCHEMYMEl B MBREMYMSI. I300M51 B pa3pHIBHI

197

IPpa¢mr saBmcmmoctn Q=Q (t) m3o6pa-
smeH Ha pme. 4, a. U3 artoro pmcymKa
BEAHO, 4ro ¢yEKOua Q ({) pmocTuraer
MakcmMyMa Opm {==#,, XOTAd OPOM3BOSHAH
Q’(f) Upm >TOM 3HAYeHWH { B HyJ b He
obpamaercs, T. e. KacaTeabHAsA K rpaduKy
B Touke (fy, Q (t,)) He ropmsoHTAIBHA
(pynxmma Q (¢) opm t=¢, BooGme He
nMeeT HPOUBBOAHOM, a rpadmK aroit GyHK-
OIH B COOTBETCTBYIOHICH TOUKE HE MMEET
KacaTeJbHOI).

IIpomssonsas ¢ymxnun Q=Q (t) npm
!==t, TepUUT p a 3 p & B. /lefictBHTEABHO,
eclIn OrPAHMYUTLCA JIHINL 3HAYCHUSMU
t<t,, TO HaM NpHIETCA CYATATH, YTO
Q' (t)=i*R; B TouKax sKe, rae t > f,,
OPOU3BOTHAS %’ (£)~—0,1884i2R. I'padpuxr

d

npousBosHoil — — Q' (¢)

T 1300pasken  Ha

puc. 4, 6.

WUrax, marcumy™m pyHrnmm y =f () Mo-
KT JIOCTHTATBCA B YT OB O il TOUKe,
rge OpOU3BORHAA pas3PHBHA H H306pa-
mawmas rpaduk anEESA 06pasyer yrod.

Ws puc. 5 rak:ke BHEHO, YT0 MOHOMYM
(nTm MarcAMYyM) MOKET GHITH OCTHTHYT
OpHm TeX 3HAYCHHAX apryMeHTa ,, THe
IPOUBBOJHASA TEPINT OeCKOHEUHHIH pas-
pois. (Ha pme. 5 wmsoGpamen rpadux
pymrmun  y= 2= /2% rpadur oGpar-
HoO# el ynknum y =2, niu y* =23, npen-
craBiager co60f HmoOoaAyKyOmue-
CKyw napat6oavy;em §1.5u, s ga-
crHoctn, pme. 1.5.7.) Toura kpusoit Ta-
KOTO THHA, KaK Ta, B KOTOPOil OCTI-
TaeTcA MHUHMMYM QYHKOUM Yy —zx"s, Ha-
spiBaeTCA ocmpuem. I'padur mpomsson-
Ho# QyHRmEm y=zs m300paskeH Ha
puc. 6. 3meck, Kak u B caydae 06HITHOTO
muEEMyMa, ¥ < 0 mpn 2 < 2, (ua puc. 6
z,=0) w mpum mpubnmrenum ¥ =z,
ciepa Qymrmms yOmBaer. Ilpm z >z,
mmeeM y' > 0: Opn yBenuuenmm z, mocie
TOTO KaK 3HaYeHUe & =z, NPOiiieno, QyHK-
nuA Bospacraer. OnHaKo npm z =z, npo-
u3BofgHAA TepsAeT cMpica. OHa IOIOKU-
TeIbHA W CKOJMb YrOAHO BeANWKA NpH Z,
GnmakoM K x, m GoIbIeM z,, W OTpHIa-
TeIbHA M CROJb YIOMHO Bejmka 1o aGco-
JAWTHOW BeJHYMHE NPH z, GIM3KOM K Z,
U MeHbIIEeM &,.

MakcIMyMB W MEHEMYME, JOCTHTaE-
Mple NpW TexX 3HAYCHHAX apryMeHTa,
KOT[a OPOM3BOAHAA TePIHUT PA3PHIB, HHOT-
Ja HA3HBAIOT OCMPHMU MAKCEMYMaM: o
MUBEMYMAaMH; OCMpble U 2panuynse (Fo-
cTATaeMble Ha TPaHHne o0jaacTu ompefie-

JeBnsA GYHRINN) MAKCUMYMH 1 MUHAM YMB
BMeCTe MO;KHO HasBaTh HE2AaOKUMU.

B cBasm ¢ paccMorpeHmeM 0COOHX TO-
9eK Ha KPHBEIX M B LEPBYI0 OdYepeds

V77 a
i
t
]
I
I
|
1 >
7 z, ¢
o) 7
[ pre———,
E
1
|
Puc. 7.2.4 i
7 5‘5: &
] —

TOYeK majaoMa (cM. pHC. 4, @) MOKHG
YTOUHHTH PACCYKIOCHMS, KOTOPHE IpH-
BeJIM HAC K IOHATHIO OPOM3BOIHOM, B ra. 2

&

JF
Z».

-— /—
Pue. 7.2.5

gV 7 F

KHHTH, He OroBApHBAA 3TOT0 0C00G, MH
BCIONY pacCMaTpHBAJHW NHIb esadkue
rkpussie. Ilpm sToM mpomssommas y’ (¢),

Y4

Pnec. 7.2.6 i

B3sdATasg B TOUKe [,
npenea OTHOUICHHUST

Yy (t2) —y (1)
to— 1t

olpeneadanach Kak

(7.2.%

upu cTpemieHEHm f, W f; K ¢ (3mech pas-
HOCTh {3 — {;, OUYEBHLHO, CTPEeMHUTCA
K mymo). CoenmaibEO NONIePKUBAIIOCH,
9TO 3TOT Ipefes He 3aBUCHT OT TOTO,
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Kak BHODAaHH 3HAUeHWA f, ®W £ OHH
Moryr G6unTh o0a Oombme ¢, miam o0a
MeHBmE £, WIH OJHO u3 HmX Goubmne,
a Apyroc MeHpIe !, MJIW OJHO M3 HHX
paeBHO £, a ipyroe 0oJIbINe MW MEHBINE £.

Tar, npu wnomoykurensEoM Af  apodn

4 (1+AZ— AU COOTBETCTBYeT 3HAYE-

EuAM B (4) L,=t m t,=tJ-A4t>1,
~ y(2) —y(t— A

a npodn = — 3HAYCHNAM

L=t—A<tnt,—t >
Ecam ¢yErRmma y=y (z) — raagkad,
TO BO BCEX 9JTHX CAyIasX HoJydaeTcd

)

g7/, Vi

Puec. 7.2,7

7

Of¥H W TOT ;K€ Opefe’, PABHHU Ipoms-
BOTHOR B mamHON Touke. OmHAKO B CaOy-
Jae KpuBoit ¢ wm3jaoMoM (cp. puc. 4)
noJokeHme feaa MeHserca. Kcam o6o-
3HAYATH 3HAYEGHWE !, IPH KOTOPOM WMMeEEeT

MecTo H3a0M, dFeped f,, TO Hpolb
t Aty — y (1

bt A)x y (ta) cTpemMuTca  OpPH I O-

TOKUTEAHBHOM M CTPeMAMEMCSI

K HYJAI0 Al K ompefelleHHOMY 3HAYCHHIO
(3 mpmMepe Ha c¢. 196 — k 3HaueHHIO
—0,1884i*R), wxoTopoe HABHIBAIT RNpA-
60t npouseodnoli pyHKmUN y (xr) B TOUKe
¥ (to) — ¥y (to — A¢)
At ’
MH IOJyYuM OPH HOJOKHUTe J b-
HOM H cTpeMameMca K Hyaw Af Apy-
TOofl Hpefienl, HA3LIBAEMHU .€60U npous-
600107, (yHKIUU (B YODOMSHYTOM HpH-
Mepe Jesasg OPOM3BOMHAsI paBHA i2R).

t =1,. Ofpasosas j;posn

® Maa roanKuX KPUBMX MBI BHYICIAIHX
OPOM3BOJIHYI0O TO/Ke Kak TNpefed OTHOMGHHUA

At At
(D) a2
npm A2 — 0 (cMm. Texer, HaneuaraHuwi Ha ¢. 190

At
MesikuM  mpuadroM); sgech ty =1 — 7 <1t,

At
tz=t—}—*§>t.

Basas ¢, m {; ¢ DPAa3HEX CTOPOH OT I,
MO’KHO DOJYYUTH B ILipefesie IPH t, —> £,
{ty >t Pa3HHKe 3HaUYeHUA OTHOIIEG-
Bug (4): HeTpyZHO BUIeTh, 4TO eciam A
eCTh YIVIOBAs TOYKA KPMBOM WIHW OCTpue,
ro xopma BC, rme B m C nesxar no pas-
HEle CTOPOHH 0T A, MO)KeT MMeTh Pa3HHe
HanpasleHus (upencrasbTe cefe TaKymo
Xopay Ha puc. 4, a m 5). Ilosromy mpe-
mex arod xopmel npu B, C — A Tome
MOKeT OHITH pPA3HHM: OH 3aBHCHT OT
TOT0, KaK MMEHHO cTpeMATcsa Toukn B u C
K rmoake A. Tawkmm oGpasoM, B camoit
TOYKe Hm3J0Ma rpapmra QyHKnum (B TOU-
Ke «m3JoMa QYHKIMM», KaK MHOIMA B Ta-
KHX CJAydZagX TOBOPAT) HPOU3BOJHAL HE
mMeeT oOpefieeHBOTO 3HAYEHHs, HO 3eCh
MOKHO ONPENeJHNTb HPOM3BOSHYIO CIeBA
¥ IOPOM3BONHYI0 CIpaBa.

B ra. 2, Bumepsrie uayuas uponsBogHHe,
MH HAMepPeHHO [ yOPOIMeHMs H3JI03Ke-
HEAA He 0TMedYalllm Ka)KEHMA pas, 910 ompe-
JelleHHOe 3HadYeHWe UPOM3BONHON, He 3a-
BHCAIEE OT CL0CO0a CTPeMIIeHHS Z K I,
(RampmMep, caeBa WM CIpaBa), Cyie-
CTByeT JWINb HOJIA TOUeK, B KOTOPHIX
rpagur QyHKIUU — riIa K a g KpH-
Bad. Har Bupgmo m3 pumc. 4, 6, B TOUKe,
e KpuBada y () uMeer u 3 i 0 M, Tpadmr
opousBofiHO# ¥y’ ({) TepmHT P a 3 P H B.
Eenm maaom Ha xpmBo#t y (f) 3aMeHHTH
AYToii MAaJoro pamgmyca, KaCAOIIEHACT
KpUBOI cieBa m copaBa (RaK TOBOPAT
4epPTeIRHAKN, CHEJIATh CONPANCEHUE), TO
OOJNydJeHHOH TJagKoit KpuBoii Oyner o7-
BeUaTh HENPEPHIBHO MEHAIMAACA IPO-
M3BOJHA]; OMHAKO HA TOM YVYIaCTKE M3Me-
HeHHA {, Iae KpuBasg y (f) 3aMeHeHa mIy-
roit, kpusas y’ (f) kpyro memserca (cp.
puc.7 ¢ pmec. 4).

Ecam rpadur ¢yrrmmm y (¢) uMeer pas-
pHIB B TOuKe f, (pmc. 8, a), TO YCIOBHO
MOJKHO CKasaTh, 9T0 B TOYKe f, LPOU3-
BogHadg Yy (f) 6eckoHeudHa (X0TA
Ha caMOM Jielne B DTOH TOUKe, KOHEUHO,
BOBCEe HeT Dpom3BOAHOI). B camom peae,
€CJAM PAa3PHB 3aMEHNTh IVIAJKAM H3Me-
HeHMeM ¥ OT Y, HO U, Ha MaJIoM OTpPe3Ke
oT ty — & 1m0 ty-f-s, TO HA DTOM OTPE3Ke

Yy —
HpOUsBOJHAA paBHA J—z—zTyl, T. €. O4eHb
BelNKa, W TeM O0OTblle, YeM MeHpIIe e
(puc. 8, 6).

A Kar o6GCTOWT 7e0 C MHTET p a-
b

T0M Sy(t)dt, ecin ¢yaknug y(t) =He

a
rnagkas? Eciu @yHRIMA uMeeT YIJIOBHE



§ 2. Hernaaxme MAKCAMYMEI B MEHAMYMBIL. H30MBE B pPasphIBbI

199

TOYKM, TO NPH BHUYACIGHHH IUIOMANH,
OTPAaHWYEHHOH KDWBO#, HAKAKHX HOBHIX
BOOPOCOB He BO3HmMKaer. B § 3.2 wmu
paccMaTpUBaNu OUpPEeNeJeHHEI WHTETPal
(wromanp) Kak cymMMy miomagneit mpsMo-
YTONBHHX NOJOCOK BHAA Yy (t,) (£,,, —¢,)
ninm Y (tn+1)(tn+1 - tn)' mpepnene,
OpM yMeHBINGHHNM BEJMYMH WHTEPBAJIOB,
T. e. pasHOocTe#t (f,., — t,), craHoBmTCA
Oesapasnmgno, OpaTh AWM B CYMMe KajK-
neit pas y (4,) mim y(4,;), upmuem
TaK Oyger 00CTOATH [EN0 KaK B cIydae
IIafiKOA KPHBOH y (f), Tak W B caydae
KpuBO# ¥ (f), mMelomeil m3xoM.

Ecnim xpusas y (f) repmmr paspus
B TOUKe [=f;, HO OCTaeTCA OTpaHWICH-
HO#, TO IJiA WHTEPBaja, BHYTPH KOTO-
poro HaXOAUTICA paspHB (t, <ty < t,,1),
senmuuHn y (t,) n y (¢,,,) ocTaiorcs pas-
JHIHHIMH, Kak O Me HE cOamxand ?,
m t,;. TakmM ofpasoM, B BHIpasKeHNH
78 UHTeTPAJABHON CYMME — BeJHYHHA
OfIHOTO M3 CJaraeMHX B 9TOM cJyuae
CYImEeCTBEHEHO 3aBUCHT OT TOTO, KaK Oe-
perca cymma: no dgopmyne tuma (3.2.1)
mam tona (3.2.2). OgEarko mpm crpeM-
JeHHW K HYJI0 BeJAWIMHH WHTEPRAJIA
t,,1 — %, CAMO 3TO CIATAEMOE CTPEMUTCH
K HYJII0, TOITOMY IDENeJ CYMME, T. e.
HHTETPajJ, HMeeT BIOJHE OIpeleleHHOe
3HaUeHMWe (He 3aBUCAMEE OT Croco6a BEI-
9ACACHUA CYMMH) M B TOM CJydYae, KOTJa
OO/IBIHTerPaJbHAA  QYHKIUSA IperepHe-
BaeT B 001aCTH MHTETPUPOBAHUA PAa3pHE.
3mech, pasyMeeTcsa, MBI CUHTaeM, dUTO
3HaueHWs QYHKOWM cieBa U COPaBa OT
paspeBa, a 3HAYWT, M BeJWYUHH pPa3-
PHEBa ABIAITCH KOHEYHBHIMH, T. €. YTO
$yHKOUA He BemeT cels, CKaKEM, Kak

1 ,
QYHRHIA [ = — B OKPECTHOCTH 3HAYERNU

z=0.

Coxpamsercs ® COOTHOINGHHE MEKIY
HHTErpanoM m mpomsBogHO#. ObGparmycs
cHoBa K puc. 4. Ecam oGoszHaanTh QyHEK-
o Q' (2), rpadER KOTOpOHK m30GpasKeH
Ha puc. 4, 6, wepes f (¢), To mcxomumas
dyruiua Q(t) (cm. puc. 4, a) Gyger npej-

CTaBAATDL cO00# muTerpan Q () =— S f@)de.

Ha oarom wnpummepe MH BEHOEM, 9TO
PaspHB  NOABHTETPAJBHON  QYHRNUHU
f(t)=Q’ (¢) npmsogmr ® waIOMy Trpa-
¢mra muTerpama Q () sroit JyHEIMH.
OnpepeneHHbI nETErpal QyEKIMA ¢ pas-
PHBOM TAaKOTO pPoJa MOKeT OHTH Hal-
JeH ¢ TIOMON[BI0 HeONpe[eleHHOr0 WH-

rerpala mno ofmeMy IOpaBuily
b

[foa=0@)— 0@

a

MosHO mO#TA W faiaslde: ACXOgS H3 pmc. 8,
MOKHO CKaaaTb, 4YT0 Jiad QyEKIam, crpeMs-
meiica kK GeCKOHEYHOCTH Ha HHTEpBajle, CTPeM:A-
memMcA K myaio (pue. 8, 6) 8, mETErpan ABnserca
paspuBHOHI dyrknmeidr (pue. 8, a). Opn-
HAKO ITPN 9TOM HAJ0 YTOIHUTH XapaKTep cTpeM-
Jenna $YHKINH K 6eCKOHEIHOCT B MHTEepBaia —
K HYJIO; 3[6Ch MK HA TOM OCTAHABIMBATHCA HE

w4

NS
i
l
|
|
I
|
|
1
\
~

Pue. 7.2.8

1
7 -
{ o

OyneM. Taxoro popa mpumeps (Gonee moaHOS
paccMOTpenHe KOTOPHX TpeGyer eile HEKOTOPHX
YTOYHEHHH) IIPNBOAAT K LOHATII 3-QYHKIOHEE,
KOTOpOMy DocBAlleHa Ia. 16 Tperneli wactu
KHUTH,

VTak, OKOHYATEJBLHO MBI UPUXOLAM
R chegylomeil cXeMe pelleHUs 3agad Ha
OTHICKAHHE MAKCHMYMOB W MHHIMYMOB
¢yErnmir. Ilpeswme Bcero Hafo Ha#TH
NPOWSBOHYIO 3aJaHHON QYHKIMHA H Ompe-
OeJUTH TAK Ha3HBAaeMHe CTAaNUOHApPHEHE
TOUKN PYHKOUH (T. €. TOIKH, B KOTOPHX
PyEKIUA H3MEHACTCA MeJlJieHHee BCEro) —
To9Kkn o6pameHns B HyIb IPOU3BONHOM.
Ho mapapy ¢ aTmMm TouKaMm B paspsan

¢ Brpaeuuss  «mHTEpBaJ, CTPEMAMEACA
K HYJIO», «pyurnus, crpemaimmasaca ® Oecromeu-
HOCTH», YKa3HBAIOT, Y10 OO CYMECTBY 31€Ch pevb
nger He 0 PYHKIMM, a 0 ceMelcTBe Qymk-
n¥il, XapaxTepm3ymimemcsa TeM, 4To Oph Hepe-
Xofie 0T OfHON PyHKImn ceMeficTBa K CHAeRYIomei
«UHTEPBAJ PocTay HyHKIMU CTRHOBUTCA BCe YiKe,
a «cTemenb pocTay — Bee Ooabme. llogpo6ree
aTa curyarusa Oyzer ocBemena B ri, 16,
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«IOI03PUTEIBHNX? (T. e. TeX, B KOTOPHX
MO3KeT JOCTHTATHCA MAKCHMYM HIH Mmn-
HUMYM) DOIANAT TaK;ke  TPaHWIHEIC
TOYKHE OGIACTH oOUpefieleHHs QYHKIHH,
TOYKNM M3jioMa (QYHKIMH, TOUKH, B KOTO-
PHIX OpOM3BOAHAA olpamaercs B Gecko-
HEYHOCTD, MCHSS CBO#l 3HAK («OCTPHAY).
Ilamee Hamo DPOBEPHTL XapPaKTep H3Me-
HeAna (QyHKOOX BO BCeX STHX TOYKAX.
Ecam B Toume, rme f' (x)=0, rpadmx
$YHRIHM OpefcTaBAsgeT co00H IIamKyo
KPHBYI0, TO MHPOPMAIHIO O THOEe TOUKH
{MaKCHMyM; MUHEMYM; HHI MaKCUMyM, HH
MUHAMYM) MOKHO MOJYYHTL, OIPEResnB
BTOPYI0 ,DPOH3BOAHYI (yHKOUEM (HId
¢Tapmme IPOM3BOAHEIE, eCAW MHepBas H
BTOpas HPOW3BONHEIE B DTOI TOuKe 0Gpa-
maTeA B HylIb OTHOBpPeMeHHO). B mpy-
THX e CIydYasXx DNpefcTaBieHHe O HOBe-
JeHmm (QYHKUMH B paccMaTpuBaeMol
TOUKe MOTYT [AaTh OJHOCTOpOHHMe (T. e.
JeBagd W IpaBasd) OpPOUW3BOJHHEE (fCHO,
4T0 B IPAHUYHEIX TOUIKAX 0GJACTH omIpe-
feleHMa (VHKIUE CYMECTBYIOT JHUIOb
oXHOCTOPOHHUE ee mpousBoxHEre). Ha-
KOHeI[, ec.im BaC HMHTEpecyeT abcoawom-
KOl MakCUMYM WA MuHUMYM QYHKITAN
Ha paccMaTpHBaeMOM HHTepBale ee M3-
MeHeHHs, T. ¢. CaMblif GoabImoH m3 Bcex
{IOKAaNBHHKY) MAKCHMYMOB WJIH CaMHi
MaJAH# M3 BCeX MHHHMYMOB, TO HAJ0
fymer eme cpaBHATL B3HaYeHHWA QYHK-
UHH BO BCEX TOYKAX €€ JOKANBHEIX MakK-
¢AMYMOB (HAM MUHIMYMOB).

Ynpasncrenisn

7.2.1. Haiijnre HanMenpuiee sRa9eHAe QyHK-
naR y=2>%—22-13, onpefereHHON HA WHTOPBAIE
2<z<10.

7.2.2. Ha Geperv verm cmanr pubak P;
HO peKe, Ha PaccTogHUN k o1 Gepera, Ha KOTOPOM
edaaT P, INKBET CO CKOPOcTHI0 v mapoxom IT
JuRHH [, HOC KOTOPOTO mPOXOJUT ¢TPOTO MPOTHB
pubaKa B MOMeHT BpeMeHH ¢{="t,. ([lupunoil ma-
poxofia MH npeHeGperaeM, myTh Tapoxoma cdu-
7aeM TOYHO UpAMOJHHeHRHM.) Paccroamnem
o1 P fo II ecrecTBeHHO Ha3BaTh paccTosAnme or P
o Gmumaiimendn K P rouxn II. Kax wme-
HAETCA 8TO paccrogrne D ¢ TedeHneM BpeMeHu ¢?
Horpa poctnraer MmuamMyma dyuxnua D=D (¢)?
Hapmucyire rpadur ¢pysxnuu D=D ({) gaa cay-
gasi 2=300 », [=60 », v=05 w/ec.

7.2.3, Hafiqure «ocTpsiey MaKCHMYyMBbl pyHK-
nmii: a) y=(z—5)¥z%; 6) y=1— Jz°.

§ 3*. Bemmyrasle ¢gynrnumm m airebpan-
decKae HEPaBEHCTBA

B §1.4 mMu caegyromum oGpasoM ompe-
NeJUIHA sunykiocmy Kpusol y =f (z) (mnm
$ymxnun y =f (z)): pysxnma y=f(z) na-
BHIBACTCS  6WNYKAOL Ha  HHTepBale
a < r<_b umsMeHeHUR z (Wam KpuBas
y=f (z) obpawyena sunyraocmvio eeepx,
sunykaa), ecam awbaa xopma AB aroii
kpuBoi (4 =A (zy, f(21)), B=B (,, f (2,));
316Ch @ < ¥y < Ty < b) JAeMUT H UK e
cooTBeTcTByIomet Ayrm AB wpmsoil y—
=f(zx) (puc. 1, a); Hamporus, ecim
xopna AB naesxmr Bwmme pyrm AR
amEmn Yy =f (z), 10 ¢yEKOEA f Ha3H-
BaeTcs goznymoti (To KpuBas y =f (x) o6pa-
Wena 6unYKEAOCMbI0 6HU3, 602HYMA; CM.
puc. 1, 6). Ipyrumu caopamm, (yHKIES
y =f () 6unykx.aa Ha mATEPBAIe o < = < b,
ecam Towka [N mepeceueHHMS HPAMOH
z=const (@ < x; < x <z, < b) c x0p-
noit AB nexnr B u K e Tourm M mepe-
ceueHUs TOi sxe IPsAMOi ¢ rpadmKoM QyH-
ruan Yy =f (z); Haoporms, ecam N Je-
mur B me M, To dyEKROMAf goenyma.
910 ompejelNeHNe yi;Ke CBASHBAaeT MNOH:A-
TAEe BHIIYRJIOCTH ¢ HEPABEHCTBAMU: BEIb
ecan 1oukx M m N MMEIOT KOOPIHHATH
(z, y) m (z, Y), TO BHIUYKIOCTH (VHK-
nuu Y =f () paBHOCHILHA HEPABEHCTBY
y>Y (a ee BOTHYTOCTh — HEPAaBEHCTBY
y<Y).

B § 2.7 Mu yxasanm mpocroit npusHaK
BRIIYEKJIOCTH (yHKROuE y=f (x): OH co-
CTOUT B OMPUYGMEIbHOCTUL €6 8mopolk
d?y
372'.
U3 9TOr0 KPHUTEPUA BHIIYKIOCTH
BHITEKAer,

npou3sodnol Y’ — Tak, wampumep,

cpasy
9T0 BHOYKIH (QYyHROUU [ =—
—=Ingz, y—=—2? y:—%— (mpu = > 0),

TIOCKOIBKY MX BTODHE MNPOM3BOJHEE, OYe-
BHJHO, PaBHH  COOTBETCTBEHHO: I =

— (%) —— Y = (22 =2 =
— (—;>’ = —1:93 (puc. 2; HATOMHHM, UTO

¢ysruuA y—=Inz onpegelresa IMMb UpU
z > 0).

Vmeer mecro mpocras, HO BayKHAs

Teopema 1. Eewu y=f (z) — su-
nykaas Ha ompeske om a 8o b Pynryus,
Ty U 2y — 064 3HAMEHUS apeyMeHma Imoil
PyHKYUL, 63AMBE SGHYMPU pACCMAMPU-
saemozo ompeska (m. e. 96a NPoU3EOLb-
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HBET HUCAR, MAKUT, YUMo @ < Ty < %y < D), Z=const @
mo % ed
M
L) £ 7@ g (g o), (7.3.1) BT

ODorasareasctTBo. llyers mapuc. 3
04 =z,, OB =z, B TaroM cnydae AM —
=f(x,), BN =f(z,). Hanee, ecan S ecrs

cepeguua orpeska AB, ToO 05:31%

m, cuejoBarenbro, SP—f (#) .

C ppyroit CTODOHEI, TaK Kak CpefHssg
auuna SQ tpanenuun ABNM pasma mony-
cymme ocmosaruit AM u BN, To SQ=

__f(x) 1 (2)
= 5 .

Ho cornacuo ompepene-

B BHOYKIOH ¢yHEEDH cepexupa
xopaet MN pacmonoykeHA HUKE TOUKH
P gyru MN; cnegoBarenbmo,

f (21) —2|"f(12) <]c(-’51 -12- wz)

?

910 W TPebOBANOCH JOKA3aTh .
IIpaMmepn.
a) y=Inz. s sunyrnocru sT0lt pyHK-
OHE CJegyeT, 9UTO

lnml—;—lnm2<lnzl—|2—zz’

—  F =z
1. e. Inyzz, In—-,

WIN, HAKOHEII,

\/901902<£‘—1‘2_—Iz (7.3.2)
— cpeduee ezeomempuueckoe Oeyx Hepas-
HUZT ROAOICUMEADHBL HUCCA MEHblue UL
cpedneeo apugmemunecro2o.

6) y= —z% AmHanormuHo cay4alo a)
3ech MoJxydaeM

_w%-{z—w% <__<zl —2-12)2’

miam, B JApYyro# c¢opme,

a} - 23 wl+zz>2 ]/z a§ 21+ T
2 >< 2 ’ 2 > 2

1 MH orpagmuuBaeMcA TpU JIOKA3aTeNbCTBE
TeopeMH 1 ¥ JanbreHIIuX TeoOpeM CaydaeM, KOT/a
f (x1) m f (x,) mMEIOT OTHAKOBHE 3HAKH. llpeno-
cTaBjfeM dUHTATENI) CAMOCTOATEABHO DPacCMO-
TpPeTh ciyuail pasublx 3HAKOB f (2;) M f (xp) (37lech
BMECTO CBOIICTBA cpejHeil JMHUM Tpaneuyuy Opi-
JieTCsA OPUMEHNTS ClAefyoINyIo TeopeMy: OTPesokr
CpeflHell JMAWY Tpadenuu, 3aKIIOYCHHBIN MeH/y
ee MaroHAJAMI, PaBeH MOJNYpPasHOCTH OCHOBa-
HUH Tpamenuyn).

K4
1
T —— |
Pae. 7.3.1 : ‘L ‘ |
7 7z, l oA
R4
V4
7
%
.
y=-z”
4 T
Pue. 7.3.2
] 2 2
Bripasxenire ]/ bkl "{"A ol wly SO

PeHr KBafpPaTHHA n3 CcpegHero apm@-
MeTHIeCKOTO KpajfipaToB k dgucen a,,
Az, « . ., @, — HABHBACTCH CPEOHUM KEald-
pamuunsly atux wncen. Tarnm oGpazom,
MOJYYeHHBIH DPe3yabTaT MO:KHO CHopmMy-
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AEpOBATh TAK: cpedHee keadpamutinoe dsyzx
HEDASHWL TOAONCUMENLHBLY Huces 6ce2ia
Goavuwie ux cpedHezo apugmemureckozo.

Pamec. 7.3.3

B) y=——1-_ W3 rteopemnr 1 cuemyer

x
1 71 1 1
_f(z_l_i_?z) <—@Tar’

&
S }// e =
Pne. 7.3.4 A

V.? {

4 AR ¢ Ay, Z
aan
1/1 1 2
2(G+a) >
MM, H3KOHEII,

2 Ty -+ z 7.3.3
1/z,+1/m,< 2 (7.3.9)
Pne. 7.3.5

1 1 1/a
Yacrmoe 1:—/%t1/e _; T 1%
{ — , o0paTHOE
(—1/al+1/az+ o T P

1
cpefHEMY apmPMETHIECKOMYy HHCEI o
1
1 , +e—, O0PaTHHX % MONOKNUTEIBHHEM
asg ar
uanpenaM a,, ds, .- -, 4, (T. e. oGpaTHOE IMCITY

% (51;+21;+ ce —{-%)) HaszuBaeTca cped-

HUM 2QPMOHUMECKUM THCET @y, G,. .., G,.
Tarmym oSpazom, mepasercTeo (3) yTBEP:K-
aeT, uTo cpednee 20pmonuNeckoe 08y He-
DOSHBIT NOACICUMEAbHVIT HUCEs MeHblie
uzr cpednezo apugdmemuneckozo.

Teopema 1 mosger GHTH 0G0Gmena cie-
AyomuM 00pason:

Teopema 2. Ecau gynryus y=7(x)
BLINYKAG 8 unmepease om a 3o b, x, u T, —
906G npOU3EOABHBIT NUCAG U3 MO20 WH-
mepeana (a <z, < 2, < b) u pu g — rakue

Y200HO nosoxcumesvHbvie WUCAG, CYMMG
EOmopulr pasua edunuye, mo
pf (=) + af (x,) < f (pz; + q,). (7.3.4)

(Ilpm p==g=1/2 reopema 2 mepexommr
B Teopemy 1.)

OKasaTexbcTBo. OrveraM
npessme BCero, 4T0 ecam M mw N — nee
TOUKH, HUMeOMHe KOOPAMHATH (I, ¥,)
u (Z, ¥,), & Q — T0UKa oTpesra MN,
JeNAmAA BTOT OTPE30K B OTHOMEHHH
MQ : QN =gq:p, rae p+q=1, 1o xoopgm-
HATHl TOUKM () PaBHB pz;+qgz, W py,+
+qy,. [HefictBurensro, o0603HaumM de-
pes X;, X, m X; Y, Y, u Y npoexnnm
Touex M, N m Q Ha ocnm KOOpAMHAT
(pmc. 4); B TakoMm ciaygae Toukm X m Y
6ynyr pemurs orpeskm X, X, m Y\Y,
B oTHOmeHMA ¢ :p. OTcooma mosyzaeMm 2

0X:0X1+X1X:xl—f—q(x2—x1):

= (1 —q) 2, - gr, = p=, + 92,

n

OY =0Y,+ Y)Y =y, p(y, — y) =

=(1—P) Y2+ py1= Py, + qy,.
PaccmorpuM Teneps cHoBa rpadumk Ha-

el BHOYKNOH GyRKum y =f (z) (puc. 5).

Lycrs OA =z, OB=z,, AM =f(x,),

BN =f (z,). CornacHo moKa3aHHOMY BH-

me KOODAWMHATH TOYKE (), fmeiAmeit oT-
pesox MN B otromenuu MQ : QN =q : p,

PaBEN px;+-gz, m pf (2)+qf (2,); Ta-
KoM obpasom, Ha puc. 5 SQ=pf (z;)+
+4f (z3) m SP =f (pz,+qx,). Ho B cuay
BHIOYKIOCTA QyHEnmm Y =f (z) Touxa Q
pacnolioykeHa H M 3K @ TOYKHE P, 3HaumT,

Pf () + af (z5) < f (pzy + gx,),

4TO M TpedOBANOCH JOKA3aTh®.

? Ha pmc. 4 wmsobpaskem caryuait, Koria Bee
HETHpe GACHA Ty, Ty, Yi U Yy HOIOKHTEILHH
MEl TPEJlOCTaBJIAEM HATATENIO CaMOCTOSTSIBHO
paccMoTpeTh HHHE CIAydad,

3 HeTpymHo BmAeTb, YTO KOOPAMHATHL I 10-
6o Touxkm orpeaxa MN MOTYTe GHTBH mpef~
cTaBlienHl B BHAE (pzi-+qz,, pyi+qy.), rThe
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IIpumepn.
a) y=Inz. B srom caydae =HepaBem-
cTBO (4) maer

plnz, 4 qn z, In(pz, +-gz,).

Orcioma caexyer, uro

atzy < pry+-97» pg>0, ptg=1L
6) y=——2a*. Mmeem

—pa} — gz < — (pz, + 92.),

uan

pai 4923 > (pzy + 92,)%,

Vpa2+-qai > pz,--qz, tae p, ¢ >0 u
Ptg=1.

1
B) y—— — - Sheck momyuaeM

P _q -1

Ty Tg < pzy + g2, i
1
m—’i+§z>——pzl+qx2, e T, 7, pg >0 m
p+ag=1.

Teopemy 1 Momuo o0GoGmurTe eunie u
HO-MHOMY .

Teopema 3. Ecau y = f (x) — pynx-
yus, GuINYKAGS & unmepeade om & 9o b,
U &y, Ty ..., T, — Kakue-mo k snauenut
apeymenma PYHKYUL 6 IMoM UHMepsa.e,
He ece pasHuvle mexncdy coboil, mo

fz) 4 f (@) 4 ..o 1 (=)
1 ; k <

<]c<$1+zz+k--~ +zk)

(zacTEH cuyqait nepasencmea Hencena *).
ITpm k=2 Teopema 3 mepexoguT B Teo-
pemy 1.
HorasareasnctrBo. Haurem
C ompefeneHNs OAHOIO MOHATHA, YACTO
BCTPEYAIOIETroCcHA B TeOMETPUICCKUX U aHa-
nutudecKux 3agavax. Hycrs M M, M. . .
.. .M, — nponsBoabHRIH k-yroanEuk
(pmc. 6, a); Q, — cepenuHa cropoun M, M,
saToro  k-yrompmmra  (M,Q, : Q. M, =
=1/2 : 1/2); Q3 — T04Ka, mensmas oOT-
pesok My(Q, B orHOmeHmE 2 : 1 (M0, :
1 Q050,=2/3:1/3); Q, — roura, pens-

(7.3.5)

(cBom mmA kaKpoil Toukw oTrpe3xkal) dnmcha p, ¢
TakoBH, 9To p > 0, ¢ > 0, ptg=1. Tarum
00pasoM, HepaBEHCTBO (4) YTBEepMmaeT, dTO
BcA xopra MN pacmolioskeHA HUKE KPHBOIT
y=f (z), T. €. OHO PaBHOCHJIBLHO OIpEfieJeHHIO
BEIOYRJIOCTH QOYHKIIMA.

¢MNencen Woramm (4859—
1925) — pmarckuit MaTeMaTHX.

Jwogsnr

mas orpesok M,Q; B orHomeHwmm 3 : {
(MQy : QuQs="/4:Ys); . ..; HaKoHeq

. — TOuKa, paexsmasa orpesor M,Q,_,

B ormomennn (k—1):1 (T. e.

k—1 1
aro M,Q,:Q,0, 1= e 7) .
Toura (@, HasmBaeTca yeHMPOUIOM
(mnn yewmpom maxcecmu) k-yronpHAKa
MyM,. . .M,. B caydae tpeyroibHEKa

TaKas,

4

#
Pue. 7.3.6

MMMy (puc. 6, é)uHeHTpOHJI Qs co-
BOaJaeT ¢ TOYKOM mepecede-
HuUsHA MegnaH: NefCTBATENBHO,
B 3TOM caydae (J, ecTh cepefdHa CTOPO-
am M M,, otpesok M;Q, asusgerca me-
auamoii m TOUKa (J;, meaAmas 3TOT OT-
pesox B oTHOmeHu: MyQy: QgQy=2: 1 ——
9TO TOUKA IlepeceueHHs MefUaH TPeYIoh-
HHKa.

Hoxramem, uto ecau koopdunamu eep-

wunw My, M, . . ., M, k-yeosvnura cymo
(1, Y1)y (T3, ¥a)s- - -y (Zys Yi)y Mo KoOD-
Junamu  yemmpouda Q, 6ydym paser

(@1 + 25+ .
ey kS,

.otz )k m

(l/rf‘.%'f‘- L}

5 O1ciofia, B 9acTHOCTH, CHEYET, YTO IleH-
Tpoux Kk-yroAsluKa NOJHOCTBIO OIMpefesercs
BTHUM /-YTOJbHNKOM M HE BaBHCHT OT TODPALKA
TepevInciaeHus ero BepinH (Kaxk MOKHO OBLIO GH
AyMaTh WCX0As W3 ONpeNielieBus LEHTPONAa):
B Cjlydae TpeyToJbHUKA 3T0 0GCTOATENBCTBO BH-
TeKaeT TAKIKe U3 COBUAJENWA LEHT POMAA C ToU-
KOIl mepeceveHuss MefuaH.
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JleiicTBUTEIBEO, B CHIY IIPeANOsKeHENA,
OpuUBeIcHEEOr0 B HAYale [(OKA3aTelbCTBA

Teopemh 2, TOIKE (y, Q5 @ ..., O,
HMEIOT CcleyImue KOODAWHATH:

2T Yy Yo
02( ’ 2 )r

2 2 2
03( $1+12+3 J1+J+ y3>

— 03(w1+z32+w3, ./1+./32+./3>;

0 (32T

4 4 ’

3yatyatys | 1
_ig__3+zy4),

4

— Q4<zl+12‘4|‘13+z4’ y1+yzi‘y3+y4>’

lc—ix —}—x—{—...—f—z_ 1

Qk 1 2]6_—1 k]_l_fzk’
lc—l

- yl‘l‘yz-%l;—i +Jk1+ yk>

- Qk<z1+12+ k +$k_1+zk’
Yi1i4+y2+ ... +yk_1+yk>
P .

BepreMcs remepr K Hameil BRIIOYKIOH
¢ yarmma y =f (z). llycrs My, My, ..., M,—
9TO0 & IOCIemoBATEeNbHHX TO4eK Ipaduka

9TOH (YHKIOWMH, B3ATHX B paccMaTpuBae-
MoM umHTepBayse (puc. 7). B cuuy
BHOYRIOCTH .  QyYERIAA k-yronsHuk
M\ M,. ..M, 6yger BHOyKIHM = Gymer
Jdearh IEJNHKOM HOX KpmBoi y=f ().
Eenn abemuccn Tower My, My, ..., M,
PaBHHK Iy, Tgy « . -y L5, TO OPKUHATH WX,
odeBHIHO, OyAYT PaBEH | (z,), [ (2a), - - -

, [ (z;). IlosToMy KOOpHWHATH IeH-
tpompa Q k-yronsuauka M, M,. ..M, 6ynyr
PABHK

ntat . o
k

fE) 47 (z) + ...
k

. - 1 (2)

®, CIem0BATEIBHO,

. Az

b

OS%wl_{_zq

SO= zl+f(zz)+ o f )

a

SP:f(zl-+w2+k..

(cMm. puc. 7). Ho nenrpoumy BHOYKIOTO k-
JIONBHWKA JIGKHT BHYT P H  KA-yroib-
HmKa (970 BHITeKaeT M3 CaMOTO oIpeme-
JIeHMA NMEeHTPOHU/A); CIeI0BaTeIbHO, TOUKA
Q pacmonoskeHa H UM e TOUKH P m,
3HAYAT,

fla) A f(ze) 4= -ov A ()
1 2 L x <
2+ a2 ... 2z
<f(HERE e ),

910 m TpeGoBAIOCH MOKA3aTh.

ITo paccysxaeHne COXpaHdeT CBOIO CHIY
7 B TOM CJydae, KOrja HeKOoTOpHe (HO He
Bce!) m3 rouer My, M,, ..., M, coBna-
JaioT (HEKOTODHE W3 YHCeNd Iy, Za - - -
. .., I, PaBHH MexAy coboit) m k-yroan-
Hur MM, . . . M, BrupoxaaeTcsa B MHOTO-
YIOJNBHAK C MeHBMUM THCIOM BepINmH.

IIpume pHm.

a) y=Inz. U3 reopemun 3 cremyer, 410

lnzl—l,—lnzz-}l; —|—lnzk<
CmEEnt o e

ninnm

Vm<zl+$2+k--- + 2

— cpeduee ezeomempuueckoe k  noaoscu-

MeAbHUT HlUced, KOMOPbe HE 6ce PasHbl
Mexncdy coboill, MeHvule ux cpedHezo apug-

Memuueckoeo (TeopemMa o0 cpeo-
HeM reoMeTpHIECKOM "
cpefgHeM apumdMermaIecKOM).
0) y= —z° B sroM cayuae nomydaem
_ T4+ ... —I-w%<
k
<__(21+wz+k--- "‘mk)g
?
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nin

Vw?—l-w%-i- +wi>w1—l-xz—l- s T
k k

— cpednee ksadpamuunoe k npoussosw-

HBLZ NOLONCUMEAbHBLL Ylices, Komopule He

éce pasnbl Mexwdy coboti, Goavue ux cped-

Heeo apugmemurecrozo.

1
B) y=—— . Barom cayuae reopema 3
jaer

1

—5 Gt )<
k

<——x1—|—x2—{— R 7
T. €.
1

Lk 42>
k

! ?
T

>Z1+Zg—}—
a, 3HAYAT,

k
1jz) + 1]z 4 ... —|—1/zk<
<ac1—§—w2—|—k... + z;

— cpednee eapmonuteckoe k nosoxcumens-
HBZ HUCeA, KOMODYEe He 6ce PasHbl Meucdy
co6oti, Menvue ux cpeduneezo apugdmemu-
1ecK020.

Haxomen, goxaskeM TeopeMy,
MAIIyK TeopeMi 2 u 3.

Teopema 4. Hyemv y=f(x) —
Pyukyus, 6UNYKAAL 6 uUHMepsase om a
9o b, a x4, Ty . . -, T, — Kaxue-mo k sna-
yenuil apeymenma smol GYHEYUU, HE 8ce
pasHvie mexcdy coboii, eaamue 6 paccmams-
pUsaeMOM UHMEPEAe, U Py, Pay - « +» Py —
k nosoxcumesbHur Huces, cymma KOmMo-
pux paska edunuye. B marom cayiae

pif (21) - Pof () + -+ pf () <
< f(pxy - poxat - FPiZi) (7.3.6)

(o6mee mepasencTBo HeHceHa).

Ilpu k=2 TeopeMa %4 DEPEXOAUT B TEO-

1
peMy 2, a OPH py==Py=... =P =7
-~ B TeopeMy 3.

IMokasatenscTBo. PacemorpuM CHOBa
rpaduk Benyrnoll $ymkmum y==f(z)
BIOHCAHHHN B 9TOT TIpadHK BHIYKIbIHA
k-yronsanrk M M, ... M,, BepuinHB KOTO-
poro mMetor KoopmuBATH (Iy, f(Z1)) (Zo
1@, (@ (@) - (@ 1(z) (puc. 8).
[Iycts Teneps (), — Takadg TOUKA CTOPOHLI
M, M, 31010 k-yronpanKa, 310 M, Qy: Oy M=

0000-

= p"’—““lif I Zﬁ; Q; — TakaA TOYKA OT-

peska M;Q,, uro

. _ D3 . _ hn+tp
MsQs: Qs 0r= i Fia i+ Pt 1o

Q, — raxas Touka orpeska M,(Q;, dTO

M4Q4:Q403=
_ Pa . Pi+pe-tps . .
T pAtpetPsFpapiFPetpPstp T

HaxogHen, Q,=— Q — TaKag TOYKa OTpE3Ka

M, Q. uro M,Q:QQ, ;= p,:(p+
U bl (eonn py=pa= .

71

1
cor =Py, TO Q — uenrpony k-yrounb-

muka MM, ... M,). BocuonbsoBaBmuch
OpejJIoyKeHneM, ¢ KOTOPOro MH Haualn
HORA3aTENLCTBO TEOPEMH 2, HaiijjemM Koop-

nuEATH Touek Qp, Qg Q4 -+ @
0 (Pﬂl + pezs  pf (21) 4 Pof (%))
2 P11 P2 P14 P2
D121 1 P2Ze Ps3
p1-+ P2 +P1 -+ P21 p3 T3
p1+ P2 Pif (21) 4 pof (z2) +
p1+ P2+ P P+ P2

Ps3
+P1+P2+P3 f(w3)>’
1
min Qg (m (P13 + PaTa + Ps%s)s

IT—%-P%W:; [puf (1) + pof (22) + Psf (373)]) N

K

Q( pP1 - P2
S\pL+pe+ps

1

Q(P1+P2+ vor A+ Pro1 - P x

X (g paZa -t - o A Praa®ro + D)
1

prF P+t .- Pr-1-+Pi X
X [pif (&) + pof () + -+

voo T+ Ppaf (@) + Pif (xk)]>’
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wiv, WHA9e,

Q (pyy+ P2t -+ Py
pof (@) + pof (@) + - - + p.f (),

TaK KaK py4-p,-+ ... +p,=1. Taxum
oGpasoM, Ha puc. 8

SQ=pif (&) + pof (@) 1+ -« + DS (T0),
08 = pizy+ PaZat+ - -+ + Pio
SP=f(pyz,+ P22+ -+ + PiT)-

Tax kax Touxa Q PacIONOYKCHA HUMKe TOU-
xa P (uGo Becw k-yrompmmr MM, . ..M,
nexur uwojx Kpmeod y=7f(z), a Q—
BHYTpeHHSA TOYKAQ ITOrO K-yTONbHMKA),
TO

pf (@) + pof (@) + -+ Fpf(E) <
< f(ps®s+ et -o 0 + D)

aro m TpeGoBaTOCH [OKA3aTh 8.
Ilpumeps.
a) y==Inz. B sTOoM ciydae monyuaem

plnz,+plnz,+ ... +pnz,
<In(pz 4 po+ - oo F 2T

OTKYJa, NOTEHIUPYs, WMEeM
zpxps ... e py® -+ paZat .- —+ Pi%

TO€ Py, Pgr +++ Prz0
xp+pt .. +p=1

(06o6menrnas Teopema O cCpej-
HeM TreOMeTpPHYECKOM B CDeJHEM

apudMeTHUIE CKOM).
6) y=—a2 Uwmeem

—piTi— Py — .- — PR

< —(p@+ PoTa -t -0 T PeT)

IR

Vo2l +paai - o RS> Pt
+ P+ - - - 4 PuTis PuPa - P 2 05
ptpt o Fp=1

TeopeMa O cpefn-
cpegHEeM

(o6bo6mennasn
HeM KBAaJpPAaTHUYHOM H
apudMeTHIECKOM).

¢ Herpynmo BEJAETH, 9TO KOOPAmHATH I000i
BEYTpenHeH TOYKA Kk-yroapHumka MiM,. ..M,
MO}KHO HpejCTaBHTE B BmAe (pyTy-I-psTot. . .
e tprzy, P1f(2)FPof (®2)+. o Epif (z2)), THE
Pi, P2y -« Pr >0 8 prtpyt-.. +pr=1.
TakaM oGpasoM, HepaBeECTBO (6) BHpaMaer
To 06CTOATENRLCTBO, UTO BHACANHHW B Ipadmk
BHIYKJIoH QYEKIAE MHOTOYTOJBHAK BECh JEKHT
gmKe sToro rpadmra.

1
B) y=—=— - 3mecs TeopeMa 4 nmaet
S 3 S - T /
Ty Ty Ty <
1
<

T Pimit pega b . F prex’
OTKy/ia JerKO0 mONyIuTh

1
Pz + pafza 4+ oo+ prfxy <P
-+-p2.’132+ e —]—pkmk, PpPz" * "pk />/O7
Ptp+ - Fpe=1

VYnpasenenun
7.31. Nloramumre, 910 cregyomme QyEKIuE
ABJAIOTCA BHITYKJIBIMM:
a) y=—z" opd n >4 ® z > 0; 6) y=a2™,
1
rie O<m <l v 22>0; B) y=— oF

riue:

£E>0 B £2>0r)y=—z log =z upm z>0;
n) y=-—zlog z— (1—z) log (1—z) mpm

0 <z <1 (ocHOBaHWEe CHCTGMH JOrapApMOB
B yump. r) m ) — moboe Goipmee emEmIL:
YHCIIO).

7.3.2. Bunmmnre mepasencrsa (1), (4), (5)
u (6), rae f(z) ectn: a) QpymExmma yop. 1a);
6) ¢ymxnma ymp. 16); B) dymrnus ymp. 1B);
r) ¢yEKnma yop. 1r).

7.3.3. a) Hoxaxure, 9410 cpepmee TeoMeTpH-
deckoe JBYX (DOJOKATEALHHIX) 9HCed 6CTh
cpejiHee IeOMETPHYECKOe HX CpefHero apmpme-
THIECKOTO M CPEHET0 IapMOHMYECKOTO.

6) BrpepuTe ma pesyabprara yup. a) I Hepa-
BeHCTBA (2) HepaBeHCTBO (3).

§ 4. Boruncnenme miomapeii

B ra. 3 Omo DokasaHo, uTO ompefe-
b

JdeHHH# uHHTEIpaa Sf(x) dz wmommo mo-
a

HAMaTh KaKk O JX O m a I b KPHUBOJIHHEH-
HO# TpaIlellMH, OTPaHWIeHHOH CBepXy JIX-
Hueit y=f (z), cHm3y — 0CBIO 2z, & cie-
Ba W COPaBa — BEePTUKAJIHLHHEMHE OCHO-
BAHAAMHO Tpalenuu, T. €. OPAMEME
z=a n z=>b (pmc. 1; 3mech MH nuA mpo-
cToTH cumrTaeM, 910 f (r) >0 m a < b).
IlosToMy yMeHHe HaXOMUTL oOIpefeleH-
Hple WHTeTPANH NRaeT BO3MOKHOCTH BH-
YUCIATh CTAHAAPTHRMH NPHEMaMH pas-
JUYHHeE IUIOmAfi¥, B TO BpeMs KaK Die-
MeHTapHAasd MAaTeMAaTHKA MO3BOJsET Ha-
XOUTh TOJBKO IUIOMANW NIPAMOJImHE -
BHX QHryp (MHOTOYTOABHUKOB), a TAKIKe
Kpyra I HeKOTODHX ero gacreil (cekTop,
cerMeHT).

Hajinem niaomapns, orpaEmueRHEyI0 Tpa-
furkoM cCTemeHHOHU OQyHKNUR Y=
=cz" (¢ >0 m n >0), ocblo £ m nps-
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MOl =z, (MH cumTaeMm, uro z, > 0;
Ha puc.2 n=2, ¢=0,25):

T

. n g CEML |Z,  cxftl
'S—‘Scxd“’—n+1o“n+1' (7.4.1)
0
®opmyny (1) MokHO mepenmcarh TaK:
1
S “_—:n—_*_Tcxgxo,

AU, TOCKOIBKY cx? =y(T,) =Yo,

1

.S:m Yoo (7.4.2)

Tar Kak BelIWuMHH y ¥ I MMeOT pas-
MepHOCTh [IWMHH, TO #3 (2) ciaemyer,
y10 S meficTBUTENBEHO MMeeT Pa3MePHOCTH
nromangu (kBagpara miuHn). Mu BugmM,
970 Wiomags S 00 HOPAAKY BeIWYMHH
COBOANAeT C MPOMSBeHeBUEM YoZy: OT Yoty
BeXUYmHA S OTINYAETCA TONBEKO MHOKHTE-

eM IIpH He CJIMITKOM GOJIBIINX 72 110

1
n--1°
TOPSAAKY BeJWYUHH BLIOJHE CPAaBHHEMHM C
emmEnnei (cp. ¢ (5.6.6) —3mech ¥y = fuaxs

Z,=b—a — Oe3pasMepHHI MHOMKH-

8 n-t
Tenb mopsAxka 1).

B raugecrBe cremylomero npumepa Haii-
IeM ILIOmMANb, OTPAaHMYEHHYIO 9 K C I O-
HeHINUANDHOMN KpHBOH
y=ces rge ¢ >0 m a>0, (7.4.3)
OCBI0 T W NPAMHMHA I =%, 1 T=A (37eCh
4 >z, pue. 3). Ira naomanbs paBHA

4
4
Si= S ce~Fledy — —cage~®e| —
Ty
%o

= ca (e~%l% — g~4le), (7.4.4)

Ecim A Beimko DO CPaBHEHHID C Iy,
10 e~%l¢ > e~4l6,  YpenwumB 3Haye-
Hue A, MH, Kak BUEHO u3 (4), HOUTH He
m3MeEMM 3HadeHme S,. Ilpm Heorpanm-
geEHOM yBenmueHMEH A BenwgmHA ¢~49
HeOTPAHMIeHHO OpubamxaeTca K HYIIO.
IlosToMy MOKHO TOBOPHTH O IJIOLIANH
m300paskeHHOM Ha pmc. 3 QUTYPH, BOBCE
He OrpaHWYMBAs €6 CIOPaBa: MHE02PaHU-
uyennan ¢urypa, woixydalomasca u3 ¢um-
rypw pmc. 3 mpm A — co, EMeeT K 0-
HedYHYIO IUIOMAnh

fso]
Seo= S ce~*ltdy — cae~"/® — ay,),

Zo

tHe Yo =y (z,) =ce~*l.

(7.4.5)

Iloxasareny cremerm B (3) mOJKER
6uTh GespasmepumM. IlosToMy pasmep-
HOCTh @ COBNIafaeT C PasMePHOCTHIO Z,

g

7 z
Pume. 7.4.1

T. €. ¢ UMeeT pasMepHOCTH JJHHH. Pas-
MepHOCTh J — Taxkke JymHa. Pasmep-
HOCTb S — ONATH-TAKHM Pa3MEPHOCTH OJIO-

majgu.

Pue. 7.4.2
4 4 & oz

OxasnBaeTcs, 09eHb TPOCTO BHIpaKa-
eTcA TLIOWAAD IOJ ONHOH nyroil ¢ m-
EycounHu (puc. 4). HelicTBuTensHo,

g

\

Pue. 7.4.3

VAR YA A Z

5Ta IIOmANh, CHH3Y OTPAHWIEHHAs OT-
pesxoMm ocu z or 0 xo =, paBHa
*
. T
S=§ sin zdex —= —cosz o:2.
0

(7.4.6)

4
7

_Pue. 744
zz

He cnosxmEee HallTH # mwiIomags, uox
omgHOft apkoit mm KA om M (puc. 5;
cm. raore § 1.8). Ecam nuEus sapama
TmapaMeTPHIeCKIMA YPaBHEHUAMA & =¢ ({),
y=¢ () (cm. § 1.8), T0 dopmyna pgas
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IIOMIATY KPHWBOJMHeHHOR Tpamenum Opu-
HUMaeT BH[

b B8
S={yde= SJ(t)——dt

a o

rae a =z (o) ¥ b= z () — rpaHuUH pac-
CMATPHBAEMOTO HPOME:KyTKa. llpn =

Pac. 7.4.6

Pue. 7.4.7

=R (t —sint), y=R (1 — cos &), a =0,
B =2~ moxywaem

2n
S:SR(i—cost)R(i-—cost)dt:

0

2n 2n
=R | (1 —cos tPdr=R*{ (1 —2cost -
0 0
2 2
- cos?t)dt=R* | dt — 2R* | cost dt+
0 0

2
R? 1+°052tclt_1i’2z:

E}

— 2stlnt‘ -1-

S
2(0 —|—?sm2t>l — R 2% — 2R*.0-f

+
R

T3

© RT ont 2 -4— . 0=3nR? (7.4.7)

— OJOmAajAb DOA OAHON apKOM MUKIOHUIE
paBHa YTPOGHBOH miIomamd HOPOIKAAI0-
mero OURJIOUTY Kpyra.

Pesymprarit (2) u (5)—(7) dopMmyampyoT
TaKkke H mo-mHoMy. Ilmomans samrpmxoBaHgOTO
Ha pHC. 2 anBonuHeﬁHoro Tpeyroisanka O4A M

+10A AM = 0A<_'_1 AM),1 e.

coBOagaceT ¢ IWIOImMAALIO IPAMOYTOAbHAKA C OCHO-

paBHa

1
panneM OA u sricorolt —— - ) AM. Beuny storo

VHOTJa TOBODAT, 910 afifekmusnas ewcoma
Hamero KPHBOJIMHEHHOTO TPeyroJbHHKA (Il
Hamlei KpmBO#t y=cz"® B mpefearax or z=0

0 = z,) paBHa T -il yacTH ero peannuoit
T

BHCOTH A M. 3peck mox sddexTuBHON BHCOTOR
mOHNMAeTCA BHCOTA NPAMOYTONBHOKA, HMEH0-
IEero 7o e OCHOBaHMe, YTO W HAII KPABONAHEH-
HHil TPeyroIbHHK, H Ty e miIomajs. Am@ajo-
rHIE0 9 e KTABHEK € BH ¢ 0 T bl A306pa~-
JKEHHHIX Ha PHC. 4 M 5 KpuBONAHEAHKX Tpamenuit
¢ OCHOBaHAAMH COOTBETCTBEHHO = H 2R 7 DaBHHE

2
COOTBETCTBEHHO —- (=0,6366) u 1,5R, B TO

BpeMA KaK peaJbHHE BHICOTH, T. €. 3HAYCHNA
Ymex PaBEH coorBercrBeHR0 1 m 2R, Hawomewu,
affexmusnan dauna usoGpaKeHHoil Ha pue. 3
6ecrKoHedYHOH# Juryps, orpamadeHHOM
OKCIOHEHNAANEHOK KpuBoil y=ce™"'% ocni0 =
# mpsAMo#l z=uz,, paBHA ¢! Befb IIOIAaAbL 3TOH
$urypsn paBHa mIomagd DPAMOYTONHHUKA C BhI-
COTO# Yo W OCHOBAHHEM a.

Tloratue sddexTuBEON nanHEH (AaU 2deKTAB-
solt BHCOTH) KpHBOil wacto GHIBaeT DONE3HO.
Tak, BampuMep, MOKHO JOKasarb, 9T0 maoGpa-

’KeHHaA Ha PHC. 6 KoIoroaooOpasHam (Heorpa-
x2
HHYeHHAA) KPHBAA y = ¢ XD (— ﬁ) orpanuIu-

BaeT KOHEWHYI0 INomags S= caVT; IpyruMm
cloBaMH, agiiexkmuenas wupura 3TOH KpuBoil,
BHICOTA KOTOPOIl paBHa Ypax=y (0)=c, paBHA
eVra1,77a (cp. [15, § 2, rm. III]).

OupefennM Teneps IWIOMALD S IAIAICE
¢ moaxyocsmu a u b (pme. 7). Komeuno,
3Ty NIOMafb JIeTKO HAWTH W3 3JIEMeH-
TAaPHEX TEOMETPHUYECKHX CooOpasKeHW
(cM. TeKcT, HaleYaTaHHHA HUKE MEJIKIM
mpudTOM); MH, OJHAKO, IPeJmoYTeM HC-
M0JH30BATH CTAHGAPTHHIA (X0Th B DIOM
ciyiae m Oojiee TPOMO3NKWI) ammapar
WHTEeTPAABHOTO mcumcieHnsa. Pasymeercs,
B CHJIY CHMMETPWH 3JJMICA JOCTATOYHO
HafTH mIomanb S; TOi ero wacru, KOTO-
pas Me;RUT B IePBOM KBaJpPaHTe, I Pe3yIb-
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Tar yMHOxKATH Ha 4: S =4S,. Jlan Toro
4ro0H HalfiTH S,, BHPA3UM M3 ypABHEHUSA

2 2

;”_2_{_:—2:1 smnmica (M. § 1.7) y uepes z:
b

y=- Va x

(3mechr mom KOpPHEM KBagpaTHHM NOHH-
MaeTcs apudMeTwdecKoe ero 3HadeHME,
nbo B mepBoM KBagpaHTe y > 0). Hrtax,

b
Sy=-

a
S Va?— xz?dz. (7.4.8)
0

Beanamry mETerpasa (7) ierxo Haith,
BHIOOJHUB 3aMeHY IepeMeHHOW mo ¢op-
Myne z=a sin {. Hoxydum

a 2

S Va?— zide —= Y a1 —sin®*ta costdi=
0

”
0

/2 /!
— S a? cos?t dt = a? S
0 0

2
1_q_c2052t dif —

¢ sin 2¢ /2 ma?

e a2[—2‘+—4~]0 :T.
Honssysce (9), monysaem uz (8)

Sy

(7.4.9)

b ma®__ mab

=T T=7
HJIO]]I&III) BCero D?QJinnca
S = nab.

Ecam a=b=r, T0 B DOIHOM cCOOTBeT-
CTBUH C TeM, 910 UpHu a=b=r smmaunc
IePeXOqUT B OKPYMHOCTH, MoNydaeM S =
=nr? (WrIomangb Kpyra).

danmme ¢ moxyocamn a u b (rae b < a) moxay-
JaeTcA H3 Kpyra pajmyca g CKaTHeM K OCH

b
¢ KoapdunmenTOM CIRATHA k=— (cM. ToOT 3HE

puc. 7). Ho HeTpyRHO BHJETH, 9TO TAKOE CXKATHE
mepesopnt durypy F miaomanm s B ¢urypy F’
mnomaznm s'=Fks. B camMoM piesne, ceTKy ManeHn-
KAX KBaJPaTAKOB CO CTOPOHOH 3 M maomajsio 32,
CTODOHH. KOTODHX HapalleJbHH 0cAM KOOpHAH-
HaT, Halle ciKaTfe NEpeBONAT B CETKY UpPAMO-
YroJbEAKOB €O CTOPOHAMH 3 H ;3 W IIOINajbio
k3%, Ho ceTka paBHHX KBajpaTHKOB (DAJeTKa)
nCmoNb3yeTcA AN M3MEPeH:A Iiomanel: ecan
¢urypa F moxpmBaer N KBaJpaTHKOB CeTRIH,
to s == N&2. Ilomrydennas ke crarneM durypa F’
moxpoer N OPAMOYroJbEAKOB mpeofpasoBaHHONR
CeTKH; ModToMy s’ == Nkd2, — oTRyna u caenyer,
gro s’=ks (BeJib § MOKHO BHGPaTh CKOJIb YTOXHO
MalbM, TaK 9T0 OpHOJIMKeHHHE PaBeHCTBA § <
= N8 1 & = Nk3? MOMKHO cYUTATH CKOIb

Yrogeo To4RHMH!). A TaK KaK INOMAaJs Kpyra
pajmyca ¢ paBma ma?, TO WIOIMafb BJIJIHIICA
¢ TmOAYyocAMH a W b, moJayIaeMoro W3 Kpyra

b
cHaTueM ¢ KoaQPUINeHTOM k=-;, paBHa

b
kra? = vy ra? = mab.

OTMeTHM OTHO BayKHOE 0GCTOATENBCTBO.
Eme B ra. 3 MH OTMeTHIIH, 970 ILIOMATb-
(waTerpan) MokeT OHTH KaK UWMCIOM IIO-
JOKHTEABHHM, TaK W OTPHUIATEIbHBIM.
Bruny sToro mpm Haxo:KmeRHEM IIOmMALK
Hy;KH2 HEKOTODPas OCTOPOIKHOCTL. IlycTh,
HaOopmMep, HAac HWHTEPecYeT KOJUYECTRO-
KpacKu, Heo0XORmMoe [if TOTO, 4TOGE
MOKPACHTh IJAOMAXKY, OTrPAHHYEHHYIO
oyroit cmEycomnbt 0T £==0 110 t=2r U ochio-
z (cp. puc. 3.5.2), ecim Ha OKPacKy enm-
HUIB IUtomiagu tTpeGyeTcsa a TPaMMOB
Kpackn. Hak yKasHBaJoCh BHIIE, B 3TOM
clIydae HeJb3s CPasdy BHUNUCIATH BCIO IO~
majgb KaK OJUMH HWHTEIpaj: 3MHech NpH-
XOMUTCA OTHeNbHO OpaTh WHTETPAIH II0
yaactkaM or O g0 = mw or = go 2.

Boobme, eciam nompiETErpasisEas QyHK-
mmAa Yy =f(z,) MeEAeT 3HaK, T0 014
peleHHEs 3afladd O IVIOMAR® (TaK CKa-
3aTh, 0 «Pacxojie KPACKM») HYKHO IPOMe-
JKYTOK WHTErpumpoBaHUA pasfuTe Ha
4acTH, B KOTOPHX [ (r) 3Haka He MeHseT,
B BHYHCJIATH HHTETPAJ II0 OTHEIbHBIM:
9acTAM, IIOCJE 9eT0 B3ATh CyMMY abcoaioT-
HHX BeJIHINH HOJYIeHEHX HHTeTPAJIOB.

Ynpaxwerenus

7.4.1. Hafigure mromane, OrpaHUYeHHYIO
OCBIO z Il TyTo# nnHRA a) y=sin2z, 6) y=cos?z,
3aKII0YEHHOA MEKAY JBYMA TOUYKaMHA CONpH-
KOCHOBeHUA ee ¢ ochlo z. [Yxaszamwume,
Cpenaiire d9epresk; BocmojbayiiTech dopmynoi
sin?z = 1/, — 1/, cos 2z (m cos?z = 1 — sin2z).]

7.4.2. Haiigmre mDaomagb, OTPAaHUYCHHYIO
cBepxXy AumHued y=z (1—=z), a cCHU3Y — OCBHIO z.

7.4.3. Hafinnre mrolafy IBYX vacTeil, Ha
KoTopuie mapafona y==1/, 2% feIUT OKPYKHOCTH
22+ yr=8,

7.4.4. Haiignre KojudecTBo Kpackd, Heolxo-
IUMOe IJAA OKpPAcKH IJIOMAfH, OlpaHAYeHHON:

xz

a) KpuBoit y = {72 00B0 & U BePTHKAIb-
HBIME OpAMBMI =1 n z=—1; 6) KpuBoll y =23}
+222—2—2 n ocew z. [V kasamme, Mpea-
BADHTEILHO HOCTPOHTe rpaduk QyEKNAN y—=

=z34-222—x—2.]

2

xT
7.4.5. Yemy paBHa njomaip 3sIa0ca ﬁ—}-
2
+ —%— =17
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§ 5*. OueHEH HEKOTODHIX CYMM K IPOH3-
BeTeHmii

B § 3.1 u 3.2 mu BBeunm (OmpesesieHHHIH)
AHTErpajl KaK IpeNes HeKOTOPHX CyMM.
Brrumcaue cooTBETCTBYIOmMZe CYMME, MH
MOKeM C WX IOMOMmbI0 ONEHUTh WHTe-
rpax, T. e. IUOmAajxh KPHBOMUHEHHOR
Tpamenum (CM. ommcaHHHe Ha ¢. S0—82

=.Z'~
Y x4

§ Pre. 7.5.1 |
4

~9
Y
N
Y

Memod npamoyeosvHUKos W memod mpa-
neyut). OgHAKO CBA3h MEKAY HHTETpA-
aamu (mromanamu) # (KOHEYHHIMHE) CyM-
MaMK MOXKeT OHTh HCIOJB30BaHA U B 06-
paTHOM  HANpABIGHWMA — JJA  OLEHOK
CYMM ¢ HOMOIIBI0 MHTErpastos. OTY Tpo-
crywo mpeto (cp. raxske [15, § 2 ru. I]) Mu
OPOUIAIOCTPAPYEM HECKOABKAMH NOYUH-
TeJIBHEKME IPHMEDAMH.

Haunmem ¢ cymmbr cmeneneti Hamypaso-
HWZ Yuces:

“s

y://f

Pre. 7.5.2

S = gk 2% 13k L | pk,

rme k> —1. PaccmorpuM ¢$yHKIOHIO
y=x"; ma puc. 1 wuzobpamen caydait
k > 0; cayqgait 0 >k > —1 Mu upego-
CTABEM. TMTATENI* PACCMOTPETH CAMOCTOA~
tensHO 1. Ilnomans s mso6GpaskeHHOro HA
puc. 1: KpUBOIWHEHHOTO TpPEYTOJbHHKA

(7.5.1)

0A,M,, oueBmaHO, paBHA
. k+1 k+l
“ x _ &z n__ nt+
5= S =T |, =g (052

C nmpyroit cTOpoEH, 1O WPABHAY IIPAMO-
YrOABHHKOB

NI T L
n OF 15— <s,

T. e.
142 ... FnF >

nk+1 k k
> o2 =15

nin

P <SPtk
k41

...—|—-n’”<kn+1—|—n".

CTcloma BHTEKaeT, Y4TO IOpd Oonsliux n

Sgc):i"—}—Z"—]—...—}-n"%—l?:_—Hi (7.5.4)

(7.5.3)

B TOM CMHCHe, 9T0 IpH n > 1 oTEOmenHne

) nk+t
ST
BEIb

ke k41
1< SP i<t +5E

((3a) monydaercd, €CIH Da3feNluTh Bce

Majlo OTIM4aeTCA OT eJUHMIBL:

(7.5.3a)

k¥l
gacta (3) Ha —ki_;—f)

N3 (3) caegyer, aro Golee TOIHAA, TeM (4),
omeHKa cymMsl S{¥) folyxEa EMeTb BHEJ

1
S =1k L2k .+ nfFx Fd nk+l L enk,

1 MIpu k< 0 mam OpmpeTcs paccMaTpmBaTh
He KPUBOJIMEEHHET TpeyronpHEK 04, M,, a xpa-
ponmuefinylo Tpamenmio AA,M,M, monobrywo
m3obpakenHoll Ha pme. 2

T

| - 1

Z

%
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Tae0 < ¢ <<1.M B camom pene, MOKHO JOKa-
8aTh, 910 mpm k > 0

nk+l | % nk (7.5.4a)

) !
SR
B TOM CMEICJIe, YTO Hpu GOJIBIINX 1 OTHONIEHME

1 1
[S,(,k) — (k 1 nk+l -Z—nk):l : n¥ Gypet ouens

Majao.

Ilo usoMy Bemer ceGa mpm Gonpmux n
cyMma

1,1 1
S=8,=1+5+5+... +~.
(7.5.5)

I'paduroM Pymrnunm y:-i-, K KOTODOMY

37lech €CTeCTBEHHO O0PaTHThCH, ABIAETCA
rumep6ona (puc. 2). Ilnomags s Kpuso-
mumefinoit rpamenuu AA M M, orpaRuien-

. . 1
HOH ock Oz, rumnepGomnoit y=-— u mnpa-
MEMH z=1, £ ==n, paBma
n

o:SE:lnm[;’:lnn,
z

(7.5.6)
1

ubo In1==0. C gpyroit cropoHs, IO Me-
TOJy IPAMOYTONBHUKOB (CM. TOT jKe puc. 2)
nMeeM

L gbg e e So>
>gtget o

1. e. (cp. (5))

68, —= u o> 8,—1,

(7.5.7)

OTHKYJIa

1
c-—}—%:lnn—}—;<$n<
<Inn-+1=0o-41. (7.5.8)

Taxum oGpasom,

1 1 1
Sn:1+—2—+—3_+ “ee —’—;:h’ln—}—‘{n,

(7.5.9)
THe wWHCIO T,
1
n < Tn < 1.

Ilockonpky, Kak Ierko BHUieTh, BeJH-
9gHA 7Y, IpeAcTaBiser CoGoil pPa3HOCTH

8aKIKIYE€HO B Ipejeaax

(7.5.9a)

Me;KIy nuomanbio KBaxpata AA,MiM,
(parHOR 1) m cymMMoii 3amITPHXOBAHHHX
Ha pmc. 2 mmomajmed, TO IpH pocTe n
OHAa MOHOTOHHO YGmBaeT. Ilpm n — o
YACIO T, CTPEMHUTCA XK OIPENeJIeHHOMY
IIpefieny, KOTOPHI MOKHO ONEHNATE, Halna
npuGIMmKeHHO 3aMTPEX0BAHAYIO Ha puc. 2
WIomanek Aas ¢QHKCHpoBaRHOTO (m He
CIMIIKOM MAJOTQ) 72; 3TOT Hpefed

120,577

Ha3HBAETCHA MOCTOAHHOHK Jiae-
p a. Taxum oGpasoM, npu n > 1 umeem
Crenyomyn npHGImxeEHYID (OpMYyTy:

Sy=1tgdat . o

~Inn-+v=~Inn--0,577. (7.5.10).

B xauectse caemyiomero mpuMepa Mui
PacCMOTPEM CyMMYy
In2 In3

T="ptp .+ B

(7.5.11)

HaxomnenHuit mpu paccMoTpeRmEm cyMm
(1) = (5) ommT mOACKasHBaeT HaM, 4TO
B BTOM CJIydYae yMecTHO HA9aTh C ONeHKH

IVTOMAfM T KPHBOIMHEHAHOTO TPEYTOJIb-
o Inz
OTPAHUYECHHOTO JUHUEH Y= 1:— s
ocbi0 abcmumec m mpaMoir z=n (pmc. 3);
3Ty IIOmAafb T MH CPaBHEM € CYMMOHR

T,. Ilxomany « paBHa

HUKA,

”

m:S N2 gy — flnxd(lnm):
1

Inn

) :% (In r)?

u?
[}

(7.5.12)

(3mech MH BBeIH HOBYIO IIEPEMEHHYIO 1 —
=In .2‘).

Hanee MH mcmoxb3yeM Moam$pEOEpO-
BaHHHIA METOX IPAMOYTOABENKOB, B3a-
KIWYalOMMEECA B TOM, 9T0 WIOMAAh =
3aMeHAeTCA CyYMMO# momameli n — 1
[IPAMOYTONBPHAKOB C OCHOBaHEAME A,4,,
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. Heekonbko 3amay B3 reoMeTpun

A,Ag, ..., A,4A, (cM. pme. 3); B Ka-
9eCTBe ke BHCOTH NPAMOYIOJBEHKA C OC-
"osanneM A, A, Geperca B ONHOM CIy-
gae Hamboxpllee, a B HAPYTOM -— Ham-
MeHbIIee U3 3HAYeHHH QYHKOWH, NPWHH-
MaeMuIx elo Ha maTepBaxe i — 1 < z <j;
OJIHAKO JJIA 9TOT0 HaM IIOHAOOHTCA IIOJ-

poGHee H3yuATH KDPHBYIO y:l—nx—x. Oue-
saguo, uto ¥ (1)—=0 u y -0 mpu z—
(cp. § 6.5); malimeM MakCHMyM QyHKIHH
y (z). TlockonpRy paBeHCTBO

, In z)/ 1y 1 Inz __
y (a:):(—I;—m}——}—lnx(?) =

1 —Inz
:_zz_‘:O

gMeeT eNUHCTBEHHOE pellleHWe X =e (TaK
kagk Inz =1 aump npr z=e) u y' (z) >0
opu z<e a y () <0 mpm z >e,
To rpaduk QYRKIME Yy MMeeT H300paKeH-
HEX Ha pmc. 3 BHA®: npm z=e¢ QyHKRNUA

y ®Meer eJMHCTBeHHE  MaKCEMyM
1 1

(3119(:5 ymax:;—%ﬁ>, orz—=1pg0z=—e

$ymERIESA BO3pacTaeT, a 3aTeM MOHOTOHHO

yomBaer. TakuM 00pasoM, MaKCAMYM

$ysxmum y(x) ma maTeppaie 2z <3
1

paBeE —; Ha BceX Jpyrax HATepBalax
i—1<z<i, rme i_>2— nenoe
YHCI0, MAKCHMYM Y (x) coBIagaer ¢ ONHEM
n3 3RadeHyi GYHKOHM HAa KOHIE HHTep-
pasa. Tak MH [I0AyIHM ClefyIoIae ONeH-
KM NJOIMagH <.

el st
._{_lnrin_—il) (:Tn_{_%__lnnn)’

pi}

1>In11+1n22+1124+”.
._’_lnnn (:Tn__ln33>,

T. €.

e B T, <

2 Tp, 4ro 3HAYEHHIO Z=¢, [JA KOTOPOrO
y’ (z)=0, oTBeTaeT WUMEHHO MAKCHMYM
dynrnau y(z), derxo ycramoBurh u Ges obpa-
meRud X AHAJW3Y B3HAKOB IHPOU3BOHOI ¥y (z)
Opm PasHHX 3HAYEHHAX z u3 coolpaeHmit
3PaBOTO CMHCJA (CP. CO CKasaHHEIM Ha C. 187).

Oxonuarensro mMeeM (cp. (12)):
Inn

gllnnp— S4B 7, <
< (mnp 52

apyrumu ciaosamu, cymMa 7T, He MOXeT
0CODEHHO 3HAYMTEIHLHO OTIAYATHCHA OT Be-

(7.5.13)

1
mmanEE - (In n)?: pu BCOX n MMeeT MecTO

paBeHCTBO
1 )
Tn:_z‘(ln n)2 T 891’

1
rzie, B0 BesAroM ciydae, —0,368 ~r—— <
<3, < I—I;i ~=0,367. TIpu 9TOM, IOCKOIBKY

PasHOCTE MeXAy ILIOmMA/Ab0 T W ee ONeR-
KOl CHHM3Y 10 (OpMYyJe IpAMOYTOJILEHKOB

(- 50) (=22 1)

Opu pocTe n JNUIb YBEIWYNBACTCH, TO BbI-

In3
paKeRHe —— — 8, MOEOTOHHO DacTeT IpH

n — co, OcTaBadAChL BCe BpeMAd MEHbIIE

1%_(_%)%0,735. Otciona cuexyer,
9TO 9TO BHPAXKEHUE IIPH 1 —> GO CTPEMHUTCA
K OIpejielleRHOMY Ipejeny, a, 3HAYHT, IPH
n—> 0O CTPEMHTCH K OIpeJielleHHOMY IIpe-
meay (zaxiniovessomy Mexay —O0,37 n
--0,37) Taxsme u 9,

ITOT Meroj INPUMEHHM M K OIEHKe Be-

amuasr nl=1.2-3....-n. Yucno
In(n!)=In(1-2-3- ... n)sanumen rax:
Inr)=In14+m2-+mIn3+f...4+Inn.

(7.5.14)

Jas ouesxrnu croameit B npasoif sactm (14)
CYMMEl pPacCMOTDHM KDWBOJIMEEHHLINH Tpe-
yronpanx AA,M,, orpasmueHBHH OCBIO
Oz, nuawedi y—=Inr u upaMoli r—n
(n>1-— marypanpHoe uHmcI0; pHC. 4).
ILomans o, 9TOro TPeyroIsHEKA, O4eBH/IHO,
paBHA
n” n
n
G, = S ln:z:d:z::a:lnxll—— S rzd(lnz)=
1 1
n n
dz n
——S x —:a:lna:‘ —S dz =
z 1
1 1

n
—zlnz

1

:(xlnx—x)‘f:nlnn—n—}—i
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{cp. § 0.4). Ho, Buucas B mam kpusonu-
Heimwit TpeyronnEuk A,A4 M, (upamonn-
Hellmwt) TpeyronsEHr A, A,M, m n-—2

tpanenuit A, A.M M, A,AM,M,,
o A, AMM, (A=A, 4,,..., 4, —
TOYKH ocu & ¢ abcummecamm 1, 2,..., n,

a M, ..., M,— oTBeuaiomue WM TOYKH
mmEnn Y =Inz), malizem, uto o, Goublue
CYMMHL §, ILIOHmafiefi 3TOro TpeyroabHHKa
¥ Tparenuii, paBHOH

s,=,In24-,(In2 4 1In3) 4, (In3
44+ ... 4+Yn(n—1)+Inn]l=
=243} ...+In(r—1)+
+Yolnn=(In1-4+m24mn3-4...

coo+Inn)y—1,In n=In(n!)—,Inn.
2
: (7.5.15a)

C xpyroii cTOpOHH, 1WIOME@AL G, KDPHBO-
NMHEAHOro TPeyroJfbENKA MeHHIIe CYMME
S, mromageit n— 2 Tpamenuit co cpej-
auMn naaaaMn A .M, roe i=2,3,...,n — 1,
¥ BHICOTaMU L IMEH 1 (MMH cIyKaT OTpeskn
¢ wompamn (i —1,, 0y u (i, 0), rze
i mpoberaerT Te e 3HAYCHUs, BepXHER
O0KOBOH CTOPOHON Tpalemun cayKUT OTpe-
30K KacaTeTbEOH K NumEM# ¥ =—Inz B TOY-
ke M,), nmonoimeHrofl Mamoil Tpanemueii
¢ BHcoToit AAy, nuuuwu !/, m cpepHel au-
mnelt As My, (3necs Ay, = (°/y, 0), a My, —
orseuaoman As, Touka muEHM y=Inz), a
TaKk;Ke UpAMOyroasEukoM A, . A, M M, .,
(A”—l/z =(n - 1/2' O)’ M;‘“/2 — (n‘ - 1/2’11’1 n’))'
Heno, aro

1 5
S,=In 412413+ ...

o ln(r— 1) inn=In24
+mlh34+ ...+ In(n—1)4Inn4

—}-%ln—;i————é—lnn:ln(n!)——
1

1 5

Tax kak s,<s,<S,, 10

in(n!)—élnn<nlnn—-n—[—1<

<ln(nl)—gnn+4n,

nnn
1n(n!)>nlnn~{—%lnn—
—n—[—i——é—ln%

u
In(n !)<nlnn—}—é—lnn—n—[—1,
T. e.
1,5 -
(1 — —Z—IHZ)—}—In(n"\/n e™) <
<In(r)y<1-+n(n"yn ).
Hpyrumn cioBamn,
V%en” yrner<n! <en"\n e, (7.5.16)

Mopwmyna (16) noxassisaet, aTo mpu G0:16-
wux n BenmauEa n! Giuska k Cn n"e™,

4

/47:/7 4%/71/2

Pue. 7.5.4

rae umcno C 3aKIIOUEHO B Mpeesax Me Ay
- &
e~2,72 n V—S‘e%Z,/ﬁ. ITpu s10M 13

TOro, 4TO pa3HOCTHL S,— S, IIpE N —> O

MOHOTOHEHO BO3pacTaeT, HETPYAHO, Kag
K BHUIe, BHBecTH, 4TO OTHONIeHUE nl:

:(yn "¢ IpH n —> co CTPEMHATCA K Olpefe-
JeHEHOMY Ipefieay (3aKTIOUeHHOMY MeXKIY

V—g—e e T.e. MeRAy 2,43 m 2,72).

MoxEO pmoKasars, YTO ITOT IIpejen paBeH
V2r ~22,507. TakuMm oBpasoMm, MH mpu-
XOQMM K Tak HashlBaeMO# gopmyse Cmup-
auHea?

n! o= \2rnn'e", (7.5.17)

B KOTOpOH mpu0G/M/KeHHOe DPABEHCTBO 03-
HagaeT, 4YT0 OpW N—>CcO OTHOUeHNe nl:
:\2=n n'e™ crpemutcs K epuHHue (a IpH
OombmoM 7 OHO BechbMa Gamaxo K 1).

3 imeitve Crupamur (1699—1770) —
DIOTHAHACKANA MaTeMaTHK.
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®opuyry Crapauara (17) MosxHO 000CBOBATH
elle W TO-ApyroMy. BeamciimM HHETErpAI

©
I,= S zhe~%dz, (7.5.18)
0

TAe n — IejIoe NOJOMKHTeNbHOEe umncio. VHTe-
rpan I, MoskEO mpeacTaBATh cefe Kak INIOMaAnb

HeOrpaHAYeHHON GUIypH %, 3BaKIIOUCHHON MEKIY
HONOKATENBbHNM J1yIoM ocu Oz H TrpaduxoM

dyaromn y=z""% (cM. pmc. 5, OTBevarOmmi
caysaw rn=4). [Ina BHUAcIeHHA mHTerpana I,
OpAMeHMM MeTOJ HMHTerpHpOBAaHHNA IO TacTAM,

»

&
[
!
: 5/;74/,—1,
i
]
i
| 1
Puc. 7.5.5 7 !
—_— - 4. 1 I
;2 4S5 6 7 =z
monarad e *dx—=dg, 2"=§f; sHauHT, g——e %,

df=nz"1dz. TaxaM o6pasoM, TOIydIaeMm

«©
«©
+ S nz"le~%dz,
0
0

«©
S 2 % dr = (—zPe %)
0

B § 6.5 Gmuo ycranomieno, 4uTo z"e ¥ =
wn
=—E;->O npr z—> . Tar xak z%¢*=0n

={0; ciuegoBaTesLHO,

fee]
mpu z=0, 0 —z"e"*|
o« o«
S e %dz =n S z"le~Zdz,
0 0

T. B
I”= nI”_l.

[IpuMeHAE HHTSrPUPOBAHAE II0 YaCTAM K [, 5,
noxyuuM ToyHO Tar e I, y=(n—1)1,, n
1. K. Hostomy

IL=nn—1)(n—2).....3.2.1.1,

«©
[oe]
rae o= S e~*dr = —e 7 0 =-—0+1=1.
0

4 3amersTe, 4TO UPH M0GOM (CKOJNL YTodHO
Goxpmom!) n Bellmanpa y=2"¢"* >0 mpan z —> ®
(cm. § 6.5: 5THM MH eme BOCHOJB3YeMCA HUIKE),
Ge3 dWero, pasymeercs, IIomanb [, HOKax ne
Morjia OH CYIECTBOBATb.

Taxum o0pasoM,
[eo]
I,= S e Fdr =
0
=nn—-1){(n—2)-....3.2.1=nl
(7.5.19)

IIpn Gonpmax sHAYEHMWAX 7 MOKHO LOJIYIATH
xopomee HpuOMIKeHHOe BHpaxkeHme pua 1,
HAXOAs 3HAYEHHE Z=Tmay, HPH KOTOPOM NOX-
HHTeIpajibHAA QYHROAA %% JOCTHraer Maxch-
MyMa. 910 3Ha4eHHe HAXOQOM H3 YCIOBHA
(z”e_z)' i V] -z (__e-x) —
=(n—z)z"le T =

OTHY/lA Zpyax =n. BHcoTa 3roro MaxcmMyMa,
OYeBA/JHO, PABHA  Ypax = (L% %) pax == NP M.
Hanee ypaerca, sanncas y=ef(#), rpe f () =
=nlnz — r, m pasaoxns f (z) B pax Teitmopa
(6.1.18) BOMA3U 3HAYEHHS = Zmax (=n),
ONeHATHh afekmuenyro wupuny HameHd (He-
OrpaHMYeHHOH) (UrypH — ITAPHUHY  TaKOIC
OPAMOYTONBHAKA ¢ BHCOTOH Yppx, IIIOMAfL
KoTOpOro paBHa IIomanm [, paccMaTpmBae-
Mot PuUrypH. JTa MAPHHA OKA3HBAETCA IPHOIH-

yKeHHO paBHOH Y2nn (. [15,rm. III, §2u 3]
Tax Mel cHOBa TpuxofnM X dopmyne Crupammra:

nl~V2un nre™ mpm n3>1.

§ 6*, Ewe o maTypalapHoM Jorapmgpme

OcTaH)BUMCA Ha BONPOCEOH ATY P a I b-
HoM admorapumdpme. B rn. 3 ma-
TerpHpPOBaHHe CTeNEHHHX (QYHKNUl IpH-
BEI0 HAC K CIe[AYIOmeMY pe3yiIbTaTy:

Sm"dx:-1—a:””—}—c npu n=t—1;

n-41
(7.6.1)
dz
STZIH z4C, (7.6.2)
rme, pasyMeercs, BelpuumBa C  MOMKeT

OnITH NH000i, BOBCe He 00s3aTeXBLHO Of-
HO#t m Toit e B Qopmymax (1) m (2).
Crenens n=--1 okasajack mOIeMy-TO
BHITajlafomell u3 o0meil 3aKOHOMepHOCTH.
Kax momats aToT pesynstat? Ha mepsriit
B3TIAM, 3[€Ch COAEPKUTCHA IPOTHEOpETHeE.
IIpemcraBum cefe cepuio CTENORHHX KpH-
BHX: Y=z 0% y—=z0% y=27, y=
=g L0y =g~
Bece oTe kpumBre (IM3KE OfHA ¥ APYToM:
KpHBasi ¢ LIOKazaTeleM cTemeHM n= —]
KadeCTBeHHO HHAYeM He BHIENsSeTCH II0
CpaBHEHHIO C COCEeJHUMH, HalpuMep IO
CpPaBHEHHI0 C KPEBHMH, I8 KOTOPHX
n=—0,99 opu rn=-—1,01. 3Hagmr, n
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II0maAb IO KPHBO# y=z" (B KarWX-TO
(QUKCHDOBAHHKIX Npefenax a <z < b)
HOJI:KHA HMBMEHATHCH ILIaBHO, KOTHA
moKasarelb IIPOXOAHT Yeped 3HAYCHHE

=—1. Ho sra mromans BHpakaercs
ompeleJeHHHM  HHTErpajJoM, KOTOPHN
upu n=—1 uMeer coBceM ApyTo#l BmI,
geM mpum n=-—0,99 mmm n=-—1,01.

Yro6H yCTPaHHTE 9TO KayKymieecs IIPo-
THBOpe4Me, Hafo0 IIOKa3aTh, 49T0 IIPH A,
6amskoM kK —1, HalimenHuit o Qopmyie
(1) ompenenenuwit wATErpan GIH30K K I0-
rapafMmIeckoMy BHpaskennio (2). IIpo-
HelaeM HeoOXOJMMEE BEYIHCICHHA:

opu n=—1 m a,b >0

b

S = Si—x:h] %; (7.6.3)
opa n=—14-=¢

! {
- S Tz = — (b —a"). (7.6.4)

a

Ecniu morasarens n Gamsox ® —1, ToO
BeJINYMHA € Maja M BHpaykeHwWe (4) pus
wromagn S upmobperaer BmA, Heyno6-
HHA [aAa sBuaucilermii. JlwoGoe unmcio
B HyJeBOH cTemeHm paBHO 1; sHaumr,
€cIR uoAcTaBUuTh B (4) sHavemme £=0,
o GymeM mMeTh b° — a®*=1 — 1=0. Ta-
KuM oGpaszoM, npm £=0 u gumcaurens,
# 3HaMeHatemns B (Qopmyne (4) maa S
ofpamalorcsi B HYIb!

3ech yiKe CONOPIKHUTCH OTBeT HA BO-
OpOC, KOTOPHI FacTO 3aJA0T ydalmuecs,
CpDaBHEBAA HEOUPE[eJIeHERE HHTErPaJhl
(1) m (2); opapasa wacte (1) comep:KuT
n-1-1 B 3HaMeHaTede W, Ha MEDPBHIT B3TJIAL,
Kaykercd, 4910 mpu n —> —1 oHa crpe-
METCA K OeCKOHeTHOCTH; JoTapudM rKe
romeden. Ha camoM pene GeCKOHEYHOCTD
mHTerpaga (1) — ¢uKTHBHasA: oHA uCYe-
3a6T TpH IePexoie K OIPe/eleHHOMY
EHTETpaxy, 4, BJHAYHT, OT HEe MOKHO
n30aBUTECA BHOOPOM COOTBETCTBYlOmel
KOHCTAHTEL HHTeI‘pHpOBiaHnH C (maupm-

Kax yupocrtnTs BHpaskeEme AJdA ILIO-
manu, B KoTopoe BxoaaT a° m b°? Kaxk
BHUMCAATHL CTENOHH ¢ MAaJHMHA IIOKAa3a-

TexaMn? Hammmem TommecTna
e
a:elna, a®——etina

M BOCIOJAB3YeMCH OCHOBHHIM CBOHCTBOM
gmcaa e — TeM, YTo IpH Maimx r < 1

mMeeM e'=zl--r (¢ TOYHOCTBIO Ji0 Belam-
9UH BTOPOro M GoJjiee BHICOKOro MOPAAKA

MaJOCTH — BeJIWYWH NOPAAKA MAaJOCTH
r, % ...). Ecam n Gmmsko & —1,
T. e. n= —1 e, re no6aBka & OYeHb

Maja, TO MOKHO IPHMEHHTHh HaIHCaH-
Hy0 BuIme (opmyny. IToayumm

S:_i_(bs_ae) :%(eslnb_eﬁ:lna)%
~ (L 4enb)— (1 fclna)]=
b

—Inb—Ina=1In (7.6.5)

—a—u
Bor napamokxc m paspemmrcs! B mpe-
Relle [Jsf MAJOTO € BeJMIHHA € COKpATH-
71ach, OKasaloCh, UYTO CTeHeHHAH QOp-
Myna (1) pgms  mHTerpaza  IpHBORET
K OTBETY, COBIAJAIOMEMy C Jorapadmm-
geckoit gopMynoit (2). Ilnomams S mox
KPHBO#l y=2z" OKa3HBAaeTCA INIaBHO 3aBH-
cAmed OT IoKasaTedd N M TOTAA, KOTAa
n IIPOXONHT Yepes «0coboer sHadeHHe n—
3a0flHO MH HAYYWINCH BEYUCIATH
¢ GonBImION TOTHOCTHIO MallHe CTeNeHH
z° mpu ¢ < 1. I3 mkonsHOTO Kypca Ma-
TeMaTAKH® MH 3HaeM, 4t0 z’=1; Temepsn
/e MH Y3HAIH, HACKOJIBKO OTIMIAETCH
z° or 1, ectm ¢ GaAM3KO K HYIIO, HO BCe
7@ HOCKONBKO OTINYaeTCA OT HyJIA.
K paccmorpemmio  mmTerpama J=

:Sx‘ldx MOKHO HOJOHTH U ¢ Apyrmx

no3uIuii.

IIpeacraBum cefe 4esoBeKa, He 3HAX0-
mero, 9ro Takoe JjorapmPme. Tem me
MeHee OH y)Ke 3HAKOM € HHTErpalibHHIM
HCYIACIeHHWeM M, WMo WHTEerpall, XodeT
usyYATh ero cpoiicTBa. Mraw, paccmor-
puM

7 (a, b):sb"i.

g

(7.6.6)

a

3aMedaTenbHOe CBOMCTBO mMHTerpana (6)
COCTOMT B TOM, 4t0 3sHaueHue J (a, b)
He MeHAemCa, ecau & u b YymMHoimcumv na
kakyw-mo (ofunarosyr dis a u b) ee-
aununy k. Yro kacaerca miomamm mop

- _ 1
aunEgell y=—z"l=— —» TO MOKHO CKasaTs,

9T0 IPH B3aMeHE Npefelos @ m b wmETe-
rpara (6) Ba ke m kb B k pas ysenmmumresn
JJAMHA IOJOCKH, IUIOMAAh KOTOPOH M
BHIYHCIAeM, HO OfHOBDeMeHHO B k pas
VMEHBINUTCA K €€ BHICOTA (3/1€Ch MH CYH-
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Taem k > 1; eM. pume. 1); mromags mo-
JOCKH UpH BTOM He H3MEeHHTCAH.

JTOT peayiabTaT JIETKO YCMOTpeTh H
He mpuberas k reomerpmm. BBemem mepe-

z 1
MeHHYI z=kz, z=_, dz = —k—dz. Hnsa
HOBOH IepeMeHHOIl M3MeHATCA W Tpeflenl
HHTeIPUPOBAHMNA: x=a Nepeiiter B z=
=ka, coorBeTcTBeHHO r=b — B z=kb.
Hanee mMeeM

kbi

b
- dz
7@ b)zf%’”:j =
: % °
kb kb

ka

dz dz
ZS ._zg L2 — 7 (ka, kb).
4 g
ka ke
B xoHne memoukum QOpPMYX ME BOCHOIB-
30BAMHUCH TeM, UTO IepeMeHHAA HHTeIpH-
pOBaHUA (HeMaa», ee MOKHO 0G03HATATEH

a6oit GykBoii.
4 a

y=7z

Y

Puc. 7.6.1

V4 7 /.74 V7 z

Ecan ¢yrrnms pmByx nepeMeHHEIX
J (a, b) Be MeHAeTCA OPM YMHOKEHHH
ofenx UepeMeHHHX HAa KOHCTAHTY k£, TO
3Ta (YHKOHMA 3aBHCHUT TOJBKO OT O T H O-
MeHUA MEPeMeHHHX:

7@ b)=F(t), rae t—=—, (7.6.7)
HeiticrBatensno, myers J (1, #)=F (t);
TOrRa, mockoubry J (a, b)=J (ka, ]fb)
npu  awobom Kk, HOTOKNB k:;,
HOILy4nM

J (a, b):](—i—a, i— ):

=71, —Z—):J(l, 1= F (£).

Ho wmut 3maem, uro J ects mETerpai.
Iloarsyscs campiMm ofmmMy CBOHCTBAME
MHTErpajla, MB CyMeeM NOAYYNTh BajK-
Hoe cBoiicTBO ¢yHEmMM F (1). Ilomosxmm
b=ac™, rme m — wenoe 4uCIO, U pasobneM
BeChb HHTepBAJl UNHTeTPHPOBAHHS Ha M
dacreii. Unrerpax J (a, b) pasem cymme:
MHTETPAIOB:

I (a, b)=17 (a, ac)-+ T (ac, ac®) -}
+ 7 (ac, ac®)+ ...+ T (ac™?, b). (7.6.8)

Ho Bce mmTerpamm B mpaBoit gactm (8)
OIUHAKOBH! — BeAb [IA KaKIOTO MH-
TeTpajda OJMHAKOBH (DAaBHH ¢) OTHOIIe—
HES BePXHEro W HU)KHETO Npefelos (Ha-
moMAEM, 910 b=ac™). Urar,

J (@, y=17 (a, acm):F(_ab_):F(cm);.
I (a, ac)=1 (ac, ac)=...="F (c),
H, 3HAUAT,

F (c™) =mF (c). (7.6.9)

Mu BugmM, 9t0 Qysrunusa F (¢), oupe-
11

JeleHHAA KaK WHTerpall S%x ¢ HIDKHHM
1
upefleIoM WHTETPHPOBAHMSA, paBHHEM 1,
ofi1afiaeT CcIelyOIIUM 3aMeYaTeJbHEIM
CBOHCTBOM: UDH BO3BeZeHHH apryMenTa
B cTemeHb M (epeXof ¢ —> ¢™) QyHKIHA
yMHOKaeTca Ha umcao m. Ho Begs aro
ecTh OCHOBHOe cBOMcTBO morapufma! Ecan
o6ozravnTh orHOmeHue F (d) : F (c) (rme ¢
¢urcHpoBaHO, a d MOMKET MEHATHCA) depea

f @), o
F (Cﬂl)
c™ =

f( ) 14 (C) my

T. e. ecam d=c", 1o f (d)=m; npyrumm
cioBaMu, 9ucio f (d) paBHO TO# CTeleHH,
B KOTOpPYIO HaJ0 BO3BeCTH IOCTOSHHOE
PrKCcHpPOBaHHOE UHCIO C, IJIA TOTO YTOGH
monyunts dmeao d. Ho ar1o osHazaer,
4910 f (d) ecth Jorapmdm dmena d (Bemom-
HuTe 00BTIHOE oupejenenue Jorapudmal)l:

f(dy=log, d.

HyxEO 1 Tar mopgpo0HO paccMaTpm-
BaTh MPOCTYI0 hopMyny S 2 'dr=Inz-}-C?
Hus

HO — 1 B

MHOTHX BHYUCICHHH 9TO HO HY-
fonpmuHCTBE  YICOHHMKOB

! TTo moBoy maiprneifimmx jeTajedl CM., Ha-
npumep: Maprywesun A. H. Ilnommagm m jora—
pudat. M.: Haywa, 1979.
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¥ He Jexaercda. Homeumo, 1071e3HO
3HaTh, KakK OHTBH, €CAM NOKA3aTeNb CTe-
IIeHU B HHTETpajle cieBa 0am30Kk kK —1, HO
He paBeH 9TOH BeJIHYNHE TOYHO, KAKOBA
IOTPeINHOCTh IIPM 3aMeHe TOKa3aTels
—1+= ma —1; oroMy moceameHa mepBas
4YacTh HacTOAmero maparpaga. Ho rpome
3TOr0, B KOHIle KOHI[OB YHCTO TeXHHTe-
CKOTO MOMEHTa, 37eCh ©CTL eme H maeii-
HaA CTOPOHA, Paad KOTOPO# HamucaHA
BAKJIIOYATENbHAL 9acTh  maparpada:
dyEKINI0 (B AAaHHOM Ciaydae Jorapudmum-
9eCKy0 (QYHKINIO) MOMKHO OT D e Ji e-
AIATH C NOMOmMBIO HHTerpazal

B mxomne Myl game Bcero BeTpedaeMcs
¢ QYHKIUAMA, 33TaHHEMHA aJITOPUTMOM —
OpPaBHIOM BRYNCICHAS HX 3HadeHuii. Yro
o3HadaeT 3amuch [ (z)=z*? 3mecr HaM
3a7laH0 TPaBMIO: YMHOMKD T HA & M eIe
pas Ha z — moayumms | (x). Mexoma ms
ITOr0 MPABHJIA, MOJKHO H3ydaTh CBoiicTBa
$yarnuu f (z); TaK, HapuMep, ACHO, 9TO
ecjd X YBeJIUTh BABOE, TO 2% yBeamunres
B 8 pas u 1. u. Ho ¢yEKnusa Moxer GHTH
3ajjaHa HHTErpaJioM 2, W ee CBOHCTBaA
MOKHO H3Y9HTH, aske He 3HAsd, KaK HAATH
ee mpAMO (He HyTeM HHTEIPHPOBAHASA,
a ¢ TIOMOImBI TeX WM HMHHX aiareGpanm-
9eCKuX TpeofpasoBaHU# M@ JefcTBuM).
Tak B Teopmm BeposTHOCTell GOnBLITYIO
poib urpaer GYHKIIUS

,l i
D (0) = 5= et

0

(7.6.10)

B reopuu xomeGaHHil 3aBHCHMOCTL Bpe-
MEHM OT NOJOKeHHA YacTHIH [JaeTes
dyHKOMCH

x
d
t:consbg \/2—z—7 (7.6.11)
P Ty — x*

H cuacthio, mHTErpan B npasoit wactu (11)
fepercs B KOHETHOM BUIE:

. x
t—=karc sin —,

Zo

¥ 9TY 3aBUCHMOCTH MOYKHO 00paTHTh, T. €.
OT BaBHCHUMOCTH {={ (z) mepeiTH K 3aBU-
cuMocty x=x (f); TpH 9TOM MoNydaeM

2 3JaMeTmM, YTO emje B HAYAJ€ HALIETO Bera
u3BeCTHHHA HeMerguil wmartematur O. HKieiin
mpefajaral faje B IMKOJIe OLpeNeasaTh

a

dz
Jorapadm dopMy.1oii S - = In a.
1

. 1 ~
z =z, sin ot (311ec5 o— ?) . Ho B Gomnee

CIAOKHHX CcIAy4yafgX B TEOpUH KoaeGammit
MbI NPUXOANM R HHTerpaity
dx
== . (7.6.12)
Var® - bxd e+ fx f g

ITOT MHTETPAN YiKe Helb3sI «B3ATHY, T. e.
Hellb3A BHPAa3HTh depe3 IPOCTHe (QYHEK-
nui, HO ero MOYKHO HCCJIef0BaTh: OIpe-
JeIUTE ero CBOMCTBA, COCTABUTH TaGIHIIH.

Pagu  storo oGofmenus womatms
QYHKIMM # pafH LIpUMepPa H3YIeRHSA
CBOHCTB QYHKIMA, BafaHHON HHTEIpPaoM

dx u
S —, 9FTaTe]b A0JKeH 6hUI IponTH AJIAH-
z

HYI0 Tellb pacCy;KAeHHI,
BRINIE,

OpuBeICHHBIX

Ynpawcuenue

7.6.1. Busegure uz oupegenenua (8), (7)
dyunnua F (f) ee ocHoBHOe cBOficTBO: F (2b)=
=F (a)+F (b) pmna moOHX TOJOKATENHHKX
a ub,

§ 7. Cpegune snavenmsn

C moMompio mETErpajda MOMKHO JATh TOU-
HOe ompejeleHWe CPeg HET O JIA Be-
IW9YEHH, ABIAOMelica QYHEKOUeR Ka-
KOIi-TO IepeMeHHOMH.

Ecam MH nMeeM Benm9uHY, OPUHHMAIO-
MYy PAR OTHeAbHEIX 3HadeHWi, HampHd-
Mep m BHAYEHUA Uy, Uy, Uz ..., U,, TO
CcpejHee 3HaUYeHme ¥ 5TOH BeJIUIUHLL eCTe-
CTBEHHO OIpefeJHTh (POPMYI0i

UI+UZ+U3+"'+'UM

m

U=

Ho rak ompegmenauts cpegHee 3Ha-
JeHENe QYHKN UMK V(I NepeMeHHOH
i, IpHHAMAKINEHA B ¢ ¢ 3HaYEeHHUS B 3a-
MaHHOM OpOMeKYTKe 0T a fAo b (a <
<t <L by

IlpepcraBum cefe, d10 v (f) — 9TO
MruosesHasg ckopoctb. Haxr onmpegenurs
cpeaHee 3HadeHme 7 (a, D), T. e. cpe O-
HIOIO CKOPOCTS 3a BPEeMA OT a [0
b? CpemEAA CKODPOCTH oupefeidercA Kak
OTHONIeHNe OPOHAeHHOTO LyTH K 3aTpa-
9eHHOMY BpeMeHH:

b
[v()at

b—a

z(a, b)
b—a

5 (a, b)= (7.7.1)

Jr0 ompefelieHHEe CpPeAHEro 3HadeHHS
$YHKINE PA3yMHO H B TeX CIydYasfx, KOrga
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I'a. 7. UccaenoBanne ¢pynknuii. Heckonbko 3axay B3 reoMerpEm

GyHKTuUA upeAcTasiser co0oil He CKOPOCTH
ABMIKEHNA, a KAKYy YrofgHO APYIyio Be-
auangy. Tak, Hampmmep, TycTs y=y ()
ecTh M300payKeHHHHA HA ILIOCKOCTH I, Y
rpadur Karoi-smOyab Qyurmuu (puc. 1).

4 _glz!
! =
A@" !
|
|
| t
| |
| |
— | '
Puc. 7.7.1 ! i
- - 1 d
7 & Vi Z

b
Torpa Sy(x) dz ecTs wWIOW@AAB II0j KpI-

@
Boii. Dopmyna

b
Jy (@) dz
7@ b)y="5—,
b

(b—ayg=|y(@@)de (7.7.14)

8Hadaer, 9YTO ¥ €CcThb BRICOTA IIpSAMO-
TOIBHAKA ¢ OCHOBaHHMEM b—a, IJI0OmATh

Pue. 7.7.2

7 - W P

KOTOPOT0 paBHA WiIomagu Lox KpupBoir 1.
JT0 3HAUMT, UTO Ha puc. 1 3alITPHXOBAH-
Has IJIOIMAafb HAaJ ONPAMOR y=]j, ROTOpas
OoTMEUeHa BHAKOM TG, B TOYHOCTH
paBHA OTMeTIeHHOII BHAROM MUHYC INIO-
mafin Ha YyYacTKe, TAe KpuBad JeRUT
Hmwke xuAEn y=j. I'padmr ¢PyERIUN
y (), ecam »TO He HapalieJbHAA OCH
z upaAMasg, 00A3aTeTIbHO  TPOXOAAT
9acThbI0 HHUyKe, A JACTBIO BhHIIle CPefHero
3HaYeHUs [J, OOPeneJeHHOI0 C TOMOINbLIO

1B § 4 Mb maswmBazum (upm y {z) > 0 Ha

yuyacTre a <z < b) Bemuumry y§ 3¢ ¢ e k-

THBHOMH BHCOTOIH KPABOIMHEHHOII Tpa-
b

menuy ¢ Oa0manbio S = S ydz.
a

maTerpana. CaegoBatensHo, § Goabmie
HanMeHbBOIero 3HAYeHHA ¥ () W MeHbIIe
HapOonbIIero 3HaUeHNSA ¥ (Z) Ha ydYacTKe
yepearerusa a <z < b.

Pacecmorpmm  npmmepsr.

IIyete y(r) ecrp nAmuEHedHas
PyBERINA:
Yy == kx —{— m.

Torma wuarerpan [ (a, b) npemcraBiser
co0oii miaomanAsr Tpamenmu (pmc. 2) ¢ BH-

coToit b—a, ocHOBaHUAME ¥ (@) u y (b) m

. o a-+-b
cpelmeit inauen y (—2~> . CiesoBareinao,

I(a, b)=20200) gy —
=y (“5H)0—a).

JT0 BHIpasKeHHe JIeTKO MOJYIHTH H 0e3
reoMeTpHIecKRUX PACCMOTPEHMA:

(7.7.2)

b

1(a,0)={ (kz+m) dm:(—k;i —i——mw)’b
- +mb_(’“§2 +-ma)=

y(®)=*kb-+m, y(a)=ka—-+|m,

"
y(a—é—b):k<a—gb)+m,

OTKyJa ¢ OTIeBUAHOCTBIO CelyeT Pe3yib-
rar (2). Taxmm olpasom, daa auHelinol

dynryuu
v(*5):

_y@+u®)

- 2
T. e. IIA Hee cpedHee sHaueHUe PYHRKYLU
na dannom yuacmre om a 0o b pasro cped-
Hexy apugmemueckomy sHaueHull y (a)
w y(b) Qymkyuu Ha Kpaax yuacmea.
Bor gpyras ¢opMmMyInpoBra: cpedhee sHa-
yenue AUHENHOU PYHKYUU HG HEKOmopoM
unmepéade pAGHO  3HAHEHUN  PyHEYUU
é cepedune unHmMepsaia.

OmHrM W3 BajKHEHIINX OPHUMEPOB JIHU-
HellHOH 3aBHCHUMOCTH ABJIAITCA 3aBU-
CHMOCTH CKOPOCTH OT BPEMeHHW IPHA
PaAaBHOYCKOpDpEHHOM uUIN D aB-
Ho3aMe[JJlAeHHOMABHUMEeHHUH,
T. e. OpH JBIKeHWH Teda Top feii-
¢cTBUeM T OCTO S HHOW CHIH, CKa-
sKeM o[ leficTBMeM CHJIH THAKeCTH, KOrjia

(7.7.2a)

<
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v=gt4v,. llpu pacdgere npoiimerHOTO
TMYTH HCHOJB3YIOT CBOMCTBA CPellEEro JH-
HelHON QyHKUNM:

z@,@:@_ﬂﬁﬂﬂ%ﬂﬂ}:

=b— o) (£ 4 u,).

Crenyer uMersp B BmAY, OHAKO, 4TO mpH
Apyro#l (He JNMHEHHOW) 3aBMCHMOCTH BHI-
pakeHHs (2a) Aas CpelHEro Yy;Ke He
BEPHHI.

Paccmorpum pmamee npmmep k B a A-
PatTudIHOR QyExnun (mapabods)
y=raz®+pzx4q. Ilycrs, paa ompepmeleH-
HOCTH, I >0; pacCMOTpEM KaKyO-TO
Ayry mapaboam: a <z <b. Us pme. 3
BUIHO 2, dTo0

y(av;b>< z/(a)sz.r/(b) )

Obparmyea  Temepb K uHETerpany

gy (r)dz, T. e. K BHYUCJICHHIO ILIOmMAILU

a

101 napadodoil. 9dTa INOMAmb MEeHbBIIE
IWIOW@AN Tpanennn ¢ ocHoBaEMaMu A,A
u ByB. C npyroi#t cTOpORE, eciu IpoBecTH

a--b a+tb
gepes Toury C 5 Y3 KacaTelb-
Hyl K Iapadole, TO ©5Ta KacaTedbHAA

mepeceyeT BepTHKAIM == U =20
8 toukax A" u B’ u ofpasyer Tpamenmio
AgBB'A" co cpegmelt aummedrt C,C =

a-t+b

5 ); mIomazh atolfl  Tpamernum,

OYCBUJHO, MEHBIIC MJIOMAAN [OJ KpHBoi.
Tarkmv  oGpasoM, B  ciayuae mapaGosnr

¢ r>0

e—ay(F) < (y@a<

<(b— a) y{a)+y(b)

5 .

CooTBeTCTBEHHO 9TOMY a5 CpenHero 3Ha-
9eHHAA [ B HOpOMEKYTKE OT a4 10 b mMmeem

g<a 2b><g< y(aHz-y(b) .

2 Cp. § 3. Hamomumm, uTo uapabona y=ra2,
r > 0, BHOyKIa KumSY, a mapabola y=raz?--
~++pr+q ¢ NOOHMHE p W ¢ TOXyYaeTCA M3 mapa-
Gome  y=ra? TapaMeNbHEIM LEPEHOCOM (CM.
§ 1.4).

Haa reBagparwunoit ¢yHKIUEM HMeet
Mecto To¥Hag dopMyna Cmmm-
¢ 0Ha? (upuBomuM ee Ge3 BHBOHA, CM.
yup. 2), cupaBefIuBasg OpH J1060M 3HaKe

r:
()]
y

(ﬂgi)_l-% y (). (7.7.3)

y

i

2
=g¥@+3vy
JT0 BHPasKeHHe ABIALETCS XOpolieit npub-
awKeHHON QopMydo#l mas pacdera miIo-
maad mofx goboii maaBHOM KpuBoil (Cp.
yop. 40).

OrmeruM aBa npocTeIx (axra, OTHO-
CAMMXCA K CpPefHHM 3HaUYeHMAM.

&

Pue. 7.7.3

7 z g+ 5

1. Cpeduee shauenue nocmoanmuoil ee-
AURUHBL KO 410600 RpOMENCYMEe eCTb CaMa
oma nocmosHHas. ITO FACHO W U3 PU3HTE-
CKHX coofpakenwuil: JefiCTBUTEIBHO, eClIH
MIHOBeHHasgs CRODPOCTH HE MEHseTCH, TO
CPelHAA CKOPOCTH 3a UPOMEKYTOK Bpe-
MEeHH paBHa 3TOMY IIOCTOSHHOMY 3Hade-
HHMI0 MIHOBEHHOW CKOPOCTH.

CoBceMm mpocTo monydInTs 910 M U3 Gop-
myuas  (la):

b
j Cdz

C_'(a, l)):d =

b—a

2. Cpeduee snauenue cymmu deyz Gynk-
Yull pagro cymme cpedHuxr snauenull caa-
2aeMbT:

yl‘l‘yz:y—f‘l‘!/_z'

3Cumncon Tomac (1710—1761) — amr-
auficknit Matematmk. Qopmyma CmMicoma (3)
copaBe[ianBa Jaske (cM. yup. 2B) m pia awobon
kKybmuecrnoit ¢yaunmm y=Aa23}Bal}
+Cz+-D (upu nw0bux A, B, C m D; ecina A=0,
MBI IPHXOJINM X CAY9AI0 KBajpaTHYHOR GpyHram).
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I'a. 7. Hecaenopanne ¢yurnuii. HecKonbKo 33184 A3 reoMeTPHH

HeiicTBHTENBHO,

—_— 1
y1+y2:b—a—
b

R Syl(x)dx_["

a
b

b
[ 1@ + @) dr=

I

1 _ _
+5— | @de=yg+7.
[23
PaccmorpuM — HECKOJIBKO  LPHMEpOB.
Haiigem cpepgnee 3sHageHme (QYHKIUM

y=sin z ®a upoMme;ryrke or z=0 gm0
z=m:
™

S sin z dx

2

Cpenmee 3HadeHNe QYHROOM y=sin &
Ha upoMmemyrke or =0 mo z=b0 paBHO
b
S sin z dz

g0, ="p—=

1 — tosbh
b

(7.7.4)

A 1ro Gyfer, eciim HeOTPAHNYEHHO yBe-
JnymBarh 4HCJI0 b, T. €. HBOI‘paHH‘ICHHO
yBeINYABATE TpomeskyTok? llpu mobom
b uucanmrens (4) we Gomplie ABYX (OH
paBeH OBYM, ecaum cos b=—1, 1. e. upnm
b=m, 3=, bw, Tr, . . .). 3nameHarens (4)
fymeT HEOTPAHMIEHHO  YBEJIWYHBATHCA.
IlosToMy MOKHO CKasaTh, 49T0 Ha 0 e-
CKOHEYHOM NpPOMeKYTKe (K KOTO-
POMY MHI OPHMXOJMM, HEOTPDAHHIEHHO yBe-
anumBasg b) cpepHee 3HaueHMe CHEHYCA
Oymer paBHO HyI (TOYHO 9TO O3HAYAET,
970 ueM 0ONbLIIe IIPOMEKYTOK, TeM OiiKe
K Nyl sHadeHue cpemuero). CoBepImeHHO
aHAJOTUYHO MOJKHO TOKAa3aTh, 9T0 CPel-
Hee sHadeHme (yHRUMH y=cosz Ha Oec-

KOHEYHOM IIPOMe;KYTKe TaKKe pPaBHO
HYII0: BeJb
b
j'cosx dz ] !b b
_ ] __sinzfy _ sin
gO ) =——g—="73 =5 >
(7.7.5)

¥ eCJIM HeOTPAHMYCHHO yBeJIWIMBATH b, TO
SHaMeHaTeJbL (D) HeorpaHHYeHHO YyBelnd-
gmBaercs, a UHCAMTENL Ocraerca He
Gonpme eguaumOgu. CraemoBaTerbHO, BCHA
apobb crpemutes K myao: ¥ (0, o)=0.
ByxBaapHO Tak ke IOJYyIuM, 9TO X Cpefi-
Hee 3HadeHne QyHKUmH y=cos kz Ha Oe-
CKOHEIHOM HPOME)KYTKe TOKe PaBHO HYJIIO.

Haiinem cpenmee 3Hadenme QYHKOHE
y=sin? z Ha GeCKOHEUHOM IPOME;KYTKE OT
z=0 po z=oo. Ilo masecTHON (iOpMYyIE
1 — cos 2z

TpEroEOMeTpHY Sin? x — 3 . Orcrona
-5 1T 1
2
S1 = = — —-— —_ U=
n*z = —o—= C0s 2z= 0 2 .
BocmoaszoBapmucs (bopMyJIOH sin?zx 4~
+cos’r=1, womydaeM cpefHee 3Ha-

4eHne cos3z Ha TOM jKe TPOMesKYTKe:
cos?r=1—sinfz=1-—1,=1,.

IoB30BATECA CPEIHUMH I'PAKTHIECKNR
ymo6HO, YacTo mazke yRoOHee, 4eM HOJIb-
30BarbcA mHETErpasaMu. llo cymecTmy,
5TH BeJIMYUHL PaBHONEHHE: 3HAas HHTET-

b

pan [ = S ydx, 1erK0 HAXOAIM cpejHee

“

I _
Kak y:b——(;, a BHUNCIAB CcpepHee F,
TAKAC [POCTO HAXOjAUM U uaTerpan f —
—(b—a)y.

Y106eTRO CpeiHETO 3aKII0IALTCA B TOM,
9T0 [ — 9TO BeIWYMHA TOH Ke pas-
MepHOCTH, 9TO H Y, H, OYCBHIHO, TOTO Ke
HOpsAAKA BeJWIAHE, UTO M 3Ha9eHHA Y Ha
HeclelyeMOM yIacTKe (Cp. O CKa3anmbIM
o HoBoy  gopmyan <(0.6.6) ma c. 149).
[MostoMy TpyAHee UPOUYCTHTH OMUORY
B 10 pas B 3HaueHAW §, TeM TaKyo Ke
omnOKy B BHAUYeHWM MHTErpana.

Q6nuHO mpeAmojlaraeTcd, YTO W3-
Yajompe BHCIOYID MaTeMATUKY B COBep-
HIGHCTBe 3HAIOT apudMeTHRY M aire6py H
gurornqa He ommbaiorca B 10 pas nam
B sEaxe. OfHAKO ONHIT HOKA3HBaer, ITO
aro He rtar! IlodToMy ¥ pacdeTH BcerZa
Hamo BeCTH TAaK, YTOOH yMEHLIOIATEL Be-
POATHOCTH, HesaMedeHHOH ommubKu.

Vrkaskem eme, 49T0 oupenederme (1)
cpenrero o QyEKmum U (t), OOKAIYI,
pamxe He K INOHATHIO CpeiHero o=

:%(Ul—}—vz—[— ...-}v,) paaa unce, mo-
HIMAaeMOTO Kak HMX cpefHee apm@meTnde-
CKoe, a K IOHATHIO «B3BENICHHOIO» Cpel-
gero. Ilycts HaM Tpe6yeTc;1 OUpefieIuTh
CpeAHIOI0 MacCy p KaMHe#l B Kyde (WiIn
CpefHIO TWeHy 2 KHHUT B Maraane)
Haiimem cmepsa o0myko Maccy KaMHei
(o6mylo NeHy KHAT), JJIS 4ero COCTaBAM
cymmy P=pyiy -+-palta+- . '+pknk (co-
OTBETCTBEHHO Z =241 -}-2,1y-1 +zknk)
rge n, eCTh IHUCIO <<OJIHOpO,IIHHX» KaMHe#k
(xHHUT), MMEIOMUX OJHY H Ty Ke Maccy p;
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(omEy m Ty e meHY z,); HOCIe STOro mMOIY-
9eHHyI0 cyMMmy P (uam Z) MH pasfeanM
Ha ofmee umcino /N KaMHeil (KHHT):

P11 =+ Pang = ... -+ prny
N

z =

=
(I/IJIH 2Ry + 2ol - ... 20y ) .
N

TouHO Tak K€ IPHUXOJAUTCHA MOCTYHATH BO
BCEX CIydYasx, KOT[la MIIETCA CpefHee Be-
JAWYEH Yy, Yo, + - 5 Y, U BCE DTH BeIHINHH
pasbuBalorcss Ha k rpynn OJHOPOTHBIX
00BeKTOB UHMCIEHHOCTEH Ry, Mo, . . ., I,
(pasymeeres, ny--ny,--. . . 4n,=N).

BepreMcsa Temepyr CHOBA K mIpHMEpy,
Tie (HeIPeDHBHO MEHSIIOMATCA BeId-
9UHa) U — 3TO CKODPOCTH; IIPEAIIONOMKAM,
9T0 HaM [aHa 3aBHCUMOCTH V=0 (I),
yKasuBaomas (MrHOBEHHYIO!) CKOPOCTH
v B Ka/RAOH TOoUKe = myrtu. llompobyeMm
orhicKaTh obmee Bpems I OBWKEHHA CO
CKOpOCTBIO U (x), Tpebylomeecs, YTOGH
OpofiTH OT OYHKTa £=a [0 nyHKTa z=0.
Bpemsa At upoxokjeHus MajJoro oTpeska
Az mytm Gymer, o4eBHMAHO, PaBHO 9YACT-

Az
HOMY —, TJe U~ CKOPOCTh Ha IyTH Az,

KOTOPYK MOMKHO CYHTATh IOCTOAHHOM, n6o
H& DTOM MajJoM IyTH OHA He ycleer

3HAUMTEJLEO usMeHHTHCA. (Bee ke Goaee

Ax

TOYHOM samuch A~ o

3mech Oymer

MOCKOJBKY Ja)ke Ha MPOTAXMEHHWHM MaJjoro
NYyTH Az CKOPOCTH HE OCTAETCA OJIMHAKO-
Bofi.) OOmee BpeMA NUYTH TPUGIMKEHEO
BEHIDA3MTCHA CYMMOIt

A Az, . Az,
T~ o -|—72~+...1~ ar (7.7.6)
e Azr,=z,—x,;; (3meck i=1, 2, ... k&
Ty=a, Ty, Ty, .., T,=b — TOURM, pas-

OGuBalomue BeCh MyTh OT @ 10 b Ha k Maamx
HHTEDPBAJIOB), a 33 U, MOKHO NPUHITH KAk
v (z;), Tak u v (z,_;) (cp. ¢ § 3.1). Tou-
HOe K¢ 3Ha4YeHHe BpeMeHH 7 BRIpAsSUTCH
WHTeTpaJIoM

b
dz
T= % (7.7.60)
a
ABJIAIOHUMCA apeneioM «B3BEIIEHHOTO

cpenHero» (6), B KOTOPOM PasHEe yIaCTKH
1
Az, mytu GepyTcA ¢ pa3sEHMH BecaMm e

noppg  8TOM CpejHee 3HAYeHHNE o paBHO

YacTHOMY OT JelleHusA HHTerpana (6a) Ha
monBHH 0yTh b— a.

C ¢axrom mcmonbzopaHmf B PopMyIax
HETErpaJbHOTO WCUMCTeHNsT UMEeHHO B3Be-
MeHHLIX CpefHAX CBA3aH pAj obcTos-
TeNbCTB, KOTODHE Helb3A YIYCKATh
n3 BuAy. [IycTs ME nMeeM HEKOTOPYIO X H-
MHY9ECKYI0 DeakKDIHIo, CKOPOCTL
F=F () w®oropoii, T. €. KOIHIeCTRBO
BCTYMAOMETr0 B DPEaKOMI0 BemecTBa, OT-
HeCeHHOE K eJIMHUNE BPeMeHH, 3aBHCHT OT
TeMueparyps 0, Opm KOTOPOH HAeT peak-
IMs; caMa jKe TeMIeparypa 6§ MeHdgercAa
¢ TedeHmeM BpeMeHm I, T. e. 6=0 ().
[pm sroM cpepHsAA TeMmepaTypa Deak-
UuH, IPOJOKAIIMERCA OT MOMEHTa

I 4

Puc. 7.7.4

i—t, mo MoMeHTa t=t,, Oyner, 09eBHAHO,
pasHa
f=—-—+ (7.7.7)
CPeHSIA ke CKODOCTh DPEAKIUN BHparka-
ercst dopMmyaoi

[

[ 70 ar.

4

Fe—_ '

ty— 1)

(7.7.7a)

He mago ToabKo gyMaTh, 9TO CpefHANR
CKOPOCTh peaknumu /7 COBHAfaeT €O CKO-
pocteio F (0), xapakrepmsyrwomeii cpea-
Hiolo temmeparypy 0! Tax, mycrs 3aBm-
cuMocTh §=40 (f) ammeitmas (pumec. 4, a);

a ] 5
TOr'Ha, OYeBHAHO, 0 — b ’g 2—6 (tl —g t‘)

.

Yro racaerca ckopoctd F peaknum, TO ME
IPeAnod0KHAM, 9T0 OHA BKCIOHEHNHUAIEHO
pacrer ¢ TeMmepatypoit G, T. e. F (§)=
=¢*®. B oroM cayuae B cmiy BHCOKOI
cKopoctn pocra F (pumc. 4, §; saMernM, 910
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Ta, 7. Ucenepopanne $ynrmmit. Heckoabko 32124 M3 FEOMETPHH

BCAENCTBME PABHOMEPHOCTH YBeJIWYeHHSA
TeMmepaTypH f§ ¢ TeYeHHmeM BpeMeHH 1
saBmcAMOCTL F () Tarkke mMMeeT 3KCHO-
HeHIOZAILHHA XapakTep) sHAIeHNO NH-
terpaia (7a) BooGme IIOITH NEJMXOM OIpe-
nengerca (Gompmmmum) sHademmAME F
y OpaBoTO KOHIA HWHTePBala HM3MEHeHHA
mepeMenHo# § (mam t) M Majlo 3aBHCHT OT
APYTEX 3HAYeHUU F; m09TOMY pPaBeHCTBO

F=F@)=+[F()-F ()] mmax e

B03MOYKHO., Ilociaegmee OOCTOATEILCTBO
Ve W a
7N
/ i
Fra,8)
a z I g Z
2
‘ Pne. 7.7.5
g

HeJMnKOM 00bsICHIeTCA HEPABHOMEPHOCTEIO
«secoBy F (0), mpmumCHBaeMHX OTAEIb-
HEIM uHTepBadaM AQ nsmeHemmsa f.

B cBA3U ¢ BOOpPOCOM O CpeJHAX 3HAYEHHAX
OTMETHM [{Bé TEOpeMH, OTHOcAIZecd K H e-
UpePHBHKEM H rarajgkaoMm QyExnuaM.

1. Teopema Jlarpamsma. Cpednee
shauenue (PyYHEYUU PASHO SHAUCHUW @HYHRKYUU
8 Kakol-mo mouKe GHYMPU *PACCMAMPULIEMO20
unmepsasa. B o6oszmauennsx ¢opmyan (1a)

fla, By=7F(c), a<ec<b.

Hapucyem momans,

(1.7.8)

PaBHYIO HHTErpauxy

b
\ f{z) dz, m paBHOBeJHMKHE 3TOH KpUBOIMHeEl-.
a

HOIl Tpauennu (paBHHE efl mo MIOmazM) IpsMo-
YIOJIBHHAK, OCHOBAaHHEM KOTOPOTO ABJIAETCA OTpe-
30K OT a RO b. BHcora mpAMOYroJbHOIKA —
sddexTaBRan BHCOTA TPaUeNdd -— PaBHA CPefA-
weMmy | (a, b) ¢pyaxmma. OdeBmpHO, YTO BepXHee
0CHOBAaHEE IPAMOYIONLHAKA 005133 Te]IbHO Iepe-
cexaeT Qyry KpuBo# y=f (z) B Kakoii-ro TOYKe
(¢, f (c)), IpOMEIKYTOUHOH MeMK[y HOHNAMHE 3TOU
ayru (puc. 3, a). Pasyseercd, 3jech MH cdn-
-TaeM ¢yHKDmIO y=jf(r) Eeunpe p K B H 0 i;

ecim rpadpmk ¢yExmmm y=j (z) mperepuepaer
paspHB, To Hamle YTBED;KAEHHE BIOJHO MOYKeT
He BHIOOJEBATBCA (pme. 5, 6).

Bes cchikm Ha Yepre:X 3AeCh MOSKHO pac-
cymparh rak: ecidu M W m —Ha®GoOJdB-
mee W HAAMEHLIee 3HaYeHAA QYHK-
IuA HA OTpeske a4 <z <b, T. . €CIH
M=f(@) =m0

b b

M(p—a)=| Miz> Sf(x)dx>

a a

b
> Smdz:m(b——-a)
a

u, 3HAYMAT,

1 —
b —a Sf(x)dx:f(x)}m

a

M>

Ho orciofia yixe BuTeKaer paseHcTBO (8), mGo He-
npepuBHas (YHKOUA IPEEAMAeT HA OTpesKe
OT a o b (B HEKOTODO# TOYKE ¢ BTOFO OTPE3KA)
no6oe sHaueEnme A, POMEKYTOTHOE MEREY
ee HauOOJAbIAM I HAMMEHBINAM SHAYEHASAMA (T. 6.
rakoe, 970 M > A > m), B_9aCTHOCTH 3HAYEHHO

CoBepIeHHO AaHAJOTMYHO YCTAHABIMBAETCA
cienyomee mpocToe 06Go0menne ROKasaHHOR
TEOpeMH: ecau Pynryus f (z) na ompeske a <
< z < b nenpepusna, a Pynryus g (z) coxpa-
naem gnax (1. . 1AGO HATAe He OTpACATENIHHA
Ha 3TOM OTpesKe, Aub0 HArKe He IIOJI0KATEIbHA),
mo

b b

[1@e@ao=r0) | gz,

a a

(7.7.9)

20e no-npewcnemy a < ¢ <b.
B camoM pene, mycTh st OIpeReNeHHOCTH
g{z) >0 mpu a < « < b. Torga, oueBHpHO,

b b
g(2)dz= | Mg(a)dz> | /(z)g (a)do >

a a
b

M

v

R o R g,

mg(z)dz=m S g (z) dz,

a

(7.7.10)

rfe caoBa M m m — Hambonbinee W HANMEHLINee
3Hauennd QYHKOHA f (z) Ha OTpe3Ke ¢ < = < b.
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3
Pagnesmp ofe wgacrm (10) =Ha §g(x) dz >0,
a

moJyanM 4

1]
(1@ g(z)dz
jg(m)dr

a

> m. (1.7.11)

Ho mempepuBRaa ¢ysrmua f (z) upuEAMaer HA
oTpeske a < z < b Bce 3HAYEeHHA, IPOMEKYTOd-
HEle MEKIY CaMHM GOJNBMIHM H CAaMBIM MallRIM
ee 3HAUCHAAMHN; HO3TOMY Kajkioe 3aKIIICHHOO
MexIy M ® m 9mca0, — a 3HAYAT, W croslmee
B cpepgeir dwacrm (11) BHpasKemme — paBHO
3HA9eHNW f (¢) PYHKIHEA B KaKOU-TO (TIpOMEIKY-
TOYHOE MekJy a u b) TOUKe c:

b
[t@ ¢ (@ d=
A= (c). (7.7.12)

b
j‘g(z) dx

(Acmo, aro (12) pasmOcmabHO (9).)

Il pame p. Ecam f () — npoussoasEas He-
npepHBHas (GYyHKNIUA B ¢ H b OfHOrC 3HAKA
(1. e. o6a HeoTpHmATENHHH HIX 06a HEIONOKH-
TeJIbHH), TO

5 b bn'}-l —_ an+1
S z*f (z) dx = (¢c) S zidr = TH—]‘ (¢),
a a
(7.7.13)
T[e 9HCI0 ¢ NE&KAT MEXJAY a u b.
2. Bosomen Pynkyuio y (z) maryw, wmo

y (a)=y (b). lIpegnonaraercs, 910 pyERIMA THa]-
Kad; U3 HAIIeTO YCJIOBHA, pasyMeercs, cliefyer,
410 »Ta (GyHKNWSA He MOHOTOHHA B paccMaTpud-
BaeMoM HHTepBale a < = < b. Ho ecim ¢ynx-
nds He MOHOTOHHA, TO I/le-TO BHYTPH ydacTHa
[e, b] 0Ha mMeeT MUHAMYM WIH MakcEMyM. 3ha-
WUm, eMYMpU YHacmKa npU HEeKomopom z=c,
2de a < ¢ < b, npoussodnaa obpawaemca 6 nyav:
¥’ (¢)=0. 9r0 yTBEp;KAEHNE HABHBAGTCA T € O-
pemMoii Pouaunasabd Teomerpmdeckuit cumuica

4 flcmo, 9To ecnm swaromocTosHRAA PYHKIAA
g (z) (1. e. pyHKIUA, COXpaHAWmAA HA OTPE3KE
a < z<b UCTOARHHI 3HaK) HE SABIACTCA
4I1ATONIOTUYECKO» (Bpofie, CkaykeM, OIMCAHHOM
E:a c. 425 ¢yernunm f(z)), TO paBeHCTBO

S g(z)dz=0 mpm b 5 o o3magaer, uTo g (2) =
a
=0,—a B aToM caydae coorromerke (9) sB-
JIA6TCA OICBHILHAIM.

*Poaanr Mumene (1652—1719) — dpam-
NYy3CKAH MAaTEMaTHK.

TeopeMu Poxna sacen us prc. 6, rae nzobpaskens:
ABa BApPHAHTA KPHBHIX ¢ MAKCEMYMOM H MEHH-
MyMoM (BTOpas KpHBasfg HMeeT MeXQy e u b
B MaKCOMyM, ¥ MEHAMYM).

Teopemu Jlarpamxa 1 Poxsa cBasams MemkIy
coGoit: reopemy Pomna mosEO momyumrs Kak
ciefcrene TeopeMH Jlarpammka. B camom pede,
sampmeM CcAeaymommee TORAECTBO, BHTEKaIlee

k4 - —
NG 7
i | i
| . |
! ]
SR
) |
E2
Pne. 7.7.6
E————7 4 a Z, 7 r

13 CBASH MeXKJy NpPOHBBOXHOH B HMHTErpasom
(cm. § 3.3):

b

y B =y @+ | v’ () de.
a

Orciofa ciaemyer, d4To

]

[ (2) da "

a I/ — 1
yl(a, b)= b—a =/ b_‘i(a)o

Ho B ycnosmax reopemut Pomna y (b)=y (a);
MO3TOMY 37ieCh )

77 = 0.

Teumepr ocraercA TONBKO NPHMEHNTh TEOpeMy
Jlarpamma ® ¢QyEEDHA y'(z): ecim cpepmHEee
3HaYeHWe (YHKOUE Ha HMHTEpBale OT & A0 b
PaBHO HYJI0, TO B 3TOM HHTEpBAJe €CTh TOUKA c,
B HKOTOpOil y’ paBHO HyIIO.

Vnpascnenun

7.7.1. Hafimare cpejHee 3HaYeHHe GYHKINI
y= 1% Ha yuacrxe ot 0 go 2. CpaBHATE 3TO Cpeanes
3HaUeHHE CO CPeJHEM AapHPMETHIECKHM 3HATE-
HAfl (YHKIHNE Ha KpasXx @ cO 3HaYeHHeM B ce-
peAmHe UPOMEXKYTKA.

7.7.2. Ilposeprre ¢opmyny Cummmcorma (3):
a) paa ¢yermme yop. 1; 6) gaa obmeld ksagpa-
TAYROE QyHKRUON y=ra®--pz--q; B) muA KyOm-
geckoit ¢yrroum y=As’+ B22+Cz+D.

7.7.3. Cnma TaykecTH YOHBaeT ¢ paccTOAHAEM

A

r Oor meHTpa JeMJH mO B3aKOHY F=r—2,
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I'n. 7. Uecnenosarne Gynknmit, Heckoabko 3amau m3 reoMerpum

Haiignre cpefHee 3HAYEHHE CIUIH THKECTH HA
VviacTKe 0T mnoBbepxmoctm 3emin (paimye R)
10 TOUKH, yAaJeHHOH Ha paccTosHIe R 0T 3eMiIt
(r. e. Ha paccrosume 2R OT IEHTPa 3eMilH).
(B sroM yumpaskmeHNN [JIA HAXOMKJIEHHA CPe/HErO

HCIIONb3YeTCA «HMHTOIDAJl 9HEPTrum» SF(x) dz

(F — cuna, a z — TOyTh), NMEWI[il BAKEHIM
$U3NTeCKAR CMHICI.)

7.7.4. CpaBHHTe HajifleHHOe B ynp. 3 3Ha-
deHue CPefHero: a) CO CPeJHEM apnpMeTHIeCKAM
3HAYEHNHA CHJIH HA KPasX YIACTKA €€ II3MeHeHAA
(coBnagamIAM co CpPefHAM A JNHEeIHO HM3Me-
msaomelica BexmanBk); 6) cO cpefHAM, Halijen-
auM no dopmyne CmmmcoHa (3) (coBmagamomei
¢ ICTHHHHIM 3HAa4YeHHEM CpejHero AJA KBajpa-
TIUHOrO 3aKOHA HM3MEHEeHWS paccMarphBaeMoi
BEJINYAEH).

7.7.5. Halimure cpepHee 3HAYEHHe (QYHKOUER
y=x" Ha HOpPOMERYTKe oT z=0 70 z=1z.

7.7.6. Haiigure cpepmee 3HadYeHNle (YHKLHAH
y=ce"® Ha TPOMEKyTKe, B KOTOPOM y MEHJETCH
OT y=n 10 y=m; BHPa3nNTe ITO cpejHEe 3HATe-
HIe depe3 n @ m, HCKIOYasg ¢ I k H3 OTBera.
Uccnenyiite nonydeHHOe BHpAsKeRHe Ipu m,
fmusKoM K nt m=n+tv, v <& n.

7.7.7. Haiignre cpepane 3HadeHus (GYyHKIMI
y=sin? z, y=cos? z Ha mpoMe;KyTKe: a) oT =0
no x=m; 0) or x=0 g0 z= /4.

7.7.8. Oupepenure uepmopx QyERIUE y==
=gin (0t} a), A€ ®, a — IDOCTOAHHbIE THCJA.
Hajinure cpefnee 3HadeHNe QYHKIHNHN y* 3a ee
TIepHOfA,

§ 8. Jlamea KpuBoii

[locraBmm 3amauy: Halfitu gauEmEY
M yTH® s KpuBoir y=f () or TO0UKM, rme
r=ga, o ToUKH, TAe ="~ (puc. 1). Tauny
As mamoit xyrm MN nunnu y=f (z) 3a-
MeHseM AJIuHOU orpeska MN, coeguHA-
mero touknm M m N . (Mm pacemarpm-

1 Orangame AA@HH OyTH OT [IJIMHE COOTBET-
CIBYWOIEH el bXopasl (oTpeska LpAMOH) mMeer
OOPAROK BelNWdImHH |Az[® — m Ipu mepexofe
K mpereny (k pgaddepeHnmaliaM) 1M MOKHO
3aKOHHO mpeHeOpeus. Taw, mampuMep, Ayra
OKDY)KHOCTH  pajmyca r,  CTArUBAaKMAsg
MadBId  yrodl  Af, pasEa rAf (Mepa YTIOB
— pagmanHas!), a [uMHEa  COOTBETCIBYI-

o R 4 At
meil ed XopaW paBHa 2r sin 5 =2r (—5— -

1 /A3 1 '
——b—(‘z—) -+ ...):rAt —ﬂr(:&tﬁ—]— ... (cM.
§ 6.2), Tak 9TO PA3HOCTH [JIUH AYTH H XOPKH
TIPEMEPHO PaBHA 57 1 (At)3, 1. e. UMeeT HOPAROK

Benwuman (4s)®, rge As — Benmumna mOpAAKa
OUARE AyTH (414 AJIUHE XODAH).

BaeM TOJXBKO KPUBHe 0e3 DASPHBOB U W3-
aomoB.) Ilo Teopeme IImdaropa

8 ~(BaP F (P = Ao )/ 1+ (5L).
Orcrona
=) 1+

ITepeitnem B (1) &k npegeny mpu Az — O;

(7.8.1)

Ay
OTHONIeHue —Z—x— HOPEeBPaTHTCA TIPM  3TOM

&

Pue. 7.8.1

J z

B npousBogHyio ¥y —f' (z). Tarmm oBpa-

30M, IOTy4aeMm
ds =1+ (f' (z))* d.

Bea panmma ayrm paBHa

b
s=s(a, 0)={VTF+(F @Pde. (182

@

Ecan ompma sajada IapaMeTpHuecKAME
ypaBrenmaAMu £ ==z (¢), y =y (¢) (cM. § 1.8),
T0 3 (UpUGIMKEHHOIo) paBeHCTBA As A~
~\Az? - Ay? pena oGe wacTu ero Ha Af,
nepexois k mpejeay npm Af— 0 U yanTh-

Badg, uto lim az _ de 1i by __dy
’ at>p At dt ’ s, B dat ’

ds dz \2 dy \?
=V (&) (&), nm

ds=\/(z')*4 (y')?dt; Orciona, nurerpn-
pya or t==o o t-=f, nonyuaem

MOy UaeM

(7.8.2a)

B
s B= | VE@PF P,

rae s{«, ) — mamHa Ayr# KpUBOif, orpa-
HUYCHHOW 3HAYeHMsIMU o M {3 mapamerpa Z.

U3s-3a Hanmuua RODHS 1O} 3HAKOM HH-
terpaia B (2) (u B (2a)) sTor HHTErpan
PeAKO yAaeTcsa «B3ATb», T. €, BHUNCIHTD
IO KOHI|a, BHIPa3UB BeJHuuEy S==S (@, )
(mmm s=s(x, B)) B Buge ABHO BHINCAH-



§ 8. [lunna xpmBo

225

HO#l (QYHKIMH IIpefleliOB MHTETrPAPOBAHUSA
anb (uim « n B).

3ameTHM emge, UTO U3 TOTO 3Ke IPAMOYTOIIb-
HOTO TpeyroisHEKa? co cropoHamu Az, Ay
MN (=~ As), ¢ UOOMOmMBIO KOTOPOTO MH
BHpasmax As yepes Az m Ay, uMeeM

Az == As cos ¢,
Ay =~z As sin ¢,

rae ¢ — yroun, o6pasosamumil npamoit MN
¢ ocpro Oz. [Ipn Az — 0, cuesmano, ¢ — @,
TRe ¢ — yron, oGpasoBauusii ¢ oceio Ox
KacaTenbHo# k auumnt y=f(z). Ta-
KUM 06pasom,

dr=dscos¢, dy=dssing

n ds=\/dz? 1 dy?, (7.8.26)
rjie ynoTpediaesne qaddepennaios yRass-
BaeT, 94T0 B 9TUX QopMmyrax dz(=Ax),
Kark ® dy, ds, MalsL.

IlpmBeneM HeckONBKO TpPUMEPOB, KOrAA
BHIKIAJKM HETPYAHO J[OBECTH [0 KOHIA.

1. JlauBa OKpyMHOCTH. DBygeMm
HCKATh JIHHY OKpy:KHOcTH z°-+ y?=— R?
WM, TOYHee, NJIMHY S§ UYeTBEPTH OKpPYIK-
HOCTH, JeKamiell B mePBOM KBaJpaHTe; IO~
JyYeHHHH DE3YIBTAT MH 3aTeM yMHOMKAM
ga 4.

Wz ypaBHEHUSA OKPYIKHOCTH MMEEM:

z

_ Pz r__ &
y=VE—o =

ITo ¢opmyme (2)

R R
o=V 14 prto={ g
' ’ (7.8.3)
Beegem HOByH mepeMeHHYIO [ mo ¢op-

Myle z==Rsint; rorga dzx— R costd:t
u u3 (3) caegyer

{cp. § 5.6), oTryna MOTyYaEM XODOIIO N3BECT-
Hyio QOpMyly A [INHE OKPYIKHOCTH:

C:%R—-4=2WR.

2 JTOT TPEeYroJbHHK WrpaXx GoJbIMyo pOJb
8 paccyfenuax JleiGumua, KOTODHIT HCXOMILI
13 HEro Npu BBefenmm AuPdepeHIUANI0B,

A MNarram N 4000

2, lenHmass nmHEHMA—OTO KpUBad,
ypaBHeHHe KOTODO WMeeT BHJL

y = _g_ (ex/a + e—x/a)’

TAe a —uocrosimHoe umeno °. Haspamme
«MenHasd JMHHESAY POMCXOZHUT OT TOTO, UTO
TaKylo ¢opMy IpEHEHMAaeT ralKas m He-
pacTaMUMasg TAMenadA HATh MOCTOSHHOM
IJOTHOCTH (HANmpEMep, NeNb), MHOfBelIeH-
Haa 3a o6a komma. I'padur nemmoft mumEER
nsobpaxken Ha pme. 2 (nas a=2).
Haitgem mammy ayrm nemmoit numrmm o
To9kE =0 g0 Towkm =x=ux, M3 (4)
ea:/a _ e—z/a
-2z
/ 2z/a ~2x/a
VIFGP=) 1422
Y T _ e o
* 4 ﬁ 2

(7.8.4)

crenyer, uro y = T03TOMY

M, 3HAQYHT,
Ty
Z/a —z[a
8§ = S E._—;_e.__ dr — % (ezld — e-“’/a) :°:
[}

:_%, (exo/a — e—x./a).

3. Unuwnompa. Mu 3maem, aro (mapa-
MeTpHueCKOe) ypaBHEHHMe IMKIOAIL HMEET
BHO;:
z=a(t—sin?), y=—a(l— cosi),

4

Pnc. 7.8.2

J 7 z

rae a— pagayc oGpasyiInero NHUKIOHAY
kpyra (cM. § 1.8). llostoMy B cmay (2a)

ds =/a? (1 — cost)®>-}-(asint)? dt =
= a1 —2cost-} cos®t+-sin’tdt ==
=ay2—2costdt =

— aV4 sinzé dt = 2a sin %dt,

3 VpaBuenme (4) MOKHO TarKe 3ammCAThL

T
B Bufe y =ach -, rae cumeomoM cht oGosHa-

4YeH TAK HA3HBaeMblif eunepbosuveckull Kocunyc Be -
ApugER ¢t (M. § 14.4, B gacTHOCTH puc. 14.4.1).



226

Ta. 7. Hecnexopanme QynKmmii,

Heckoanko 3anavy @3 reoMerpan

¥ AyTa THEKIOUAH, BaKIIOTeHHAST MEMHAY
TOYKaMH, OTBEYAIONINMY 3HAYeHHAM o H
f umapamerpa f, paBHa

s=2a S sin 2 t-——4a<—cosi2>‘i:

-

=4q (cos -;— — cos -g—)

Tak xaxk [ABYM II0OCIEIOBATEILHEIM

«ocTpuaM» ; nukgonAn (cM. pme. 1.8.3)
& z
.-—-I/E
e
7 a s r
4 g

216
|
i
i
|
I
{
!
|
|
|
t
i
Pue. 783 47 |
IV J z

oTBedaloT sHadeHusA O u 2™ napamerpa t, TO
aIuHA [yTH OOHOM apKH IMKIONAH paBHA
8a, . e. oga B 9eTHIpe pasa GoOJBIIe JHEa-
MeTpa MOpOKIAIIMEro NHKIOMY Kpyra.

MH ysKe oTMedaNH, YTO Jalle BCero GyHKIHIO
Vi4-(z" (z))®) mpoumATErpHpOBATL B BIEMeHTAD-
HHX (YHKOAAX TPYRHO (ANH fa’Ke HEBO3MOIKHO)
n3-3a Hajauuma KopHdA. Ilosromy Gompmoll maTe-
pec IpepcTaBIAKT NP UG I A K e HHH e fop-
MyJH [nf BEYHACICHAA JJAHE AyLH.

TTpepgnonosnM, 9ro Benmaneaa (¥’ (z))2 Mama
0 cpaBHeHHIO ¢ egBHEIEH: |y’ (z)| <€ 1. Torza,
npeaeOperad B (2) penmanuOil (¥’ (2))?, monyunm

b
SQS‘Vl—dz-:b—a. .

a

(7.8.5)

PasBocTs b—a €CTBH HJIHHA FOPU3OHTANBHOTO
OTpe3Ka, KOHOHW KOTOPOrO CYTh z=—a H a==b.
@opuyna (5) mowaseBaer, 9T0 ecim y' Maja
no abcomoTHOll BenmuMHe (KPHBAA MAl0 OTKJO-
HAETCA OT TOPH30HTAIBHOIO OTPe3Ka), TO H JIAHA
Ayra 9TON KpHBOH GNIM3KA K [IMHE TOPU30HTAIb-
HOTO oTrpeska (pmc. 3, a).

Ecmm, manporus, (¥’ (z))2>1, m0 B (2)

MO’KHO mUpeHeOpeds 6OJWHHIEH 1[I0 CPAaPHEHAI®
¢ (y' (z))2. TakaM oGpasoM, 37[eCh MH HOJTydYacM

b b
s S\/(J( z))? dx—Sy’(x)dx:y(b)—-y(a).

(7.8.6)

@opmyna (6) moxasbiBaer, 4TO B 3TOM clydae
JUIDHA JyrH KpUBof 6ln3Ka K JJiMHe BEPTHKAJb-
HOrO OTpesKa, HKOHOE XOTOpPOro cyre y (b)
7 y (a) (puc. 3, 6). HelicTBATENbHO, €CIH HPO-
H3BOMHAs y' BeaHKA, TO KpABAfg KPYTO HOFHM-~
MaeTcsA BBepX, a MO3TOMY IOXO0Ka Ha BEPTHKAIb-
HYI0 OpAMyI0 (OjiA BePTHRAJNbHOH NPAMOH mpo-
m3BoAHAA GecKoHeUHA).

@opMynu (5) m (6) pgaror TpocTele UpmbIE-
JKeHABI® BHIpasKeHAA JJAA JUIAHH JYTH, HO 5TO
o4eHb rpy0bie UPUONMKEHHS, KOTOPHE MOMKHO
Haitrm u Ges o6pamenas x ¢opmynre (2). He-
TPYJHO TOJYIATH U Gojiee TOYHEIE (HOPMYIEL.

IIycrs |y’ (x)) < 1. CoxpaHAsA JBa NepPBHIX
4IeHa B pasioskeHHE Bhpaskenms Vi (y' (x))?
mo $opmyne 6unoma Hewroma (cM. § 6.4) B o1-
GpachBas IOCIeAyIOI[Ae WIeHH, 3a0HIIeM
Vi4 (v’ (2))2=
— [+ 0 @ (0 (@)

Temepb dopmyrna (2) maer

s~ (1470 @)=

Ecau e [y’ (z)|>1, 10O

x)]/1+

K nociiegHeMy BHIDaKGHHIO TAK;Ke MOMKHO Npu-
MenHTh Qopmyiay OuHOMa HBIOTOHA, HOCKOIBLKY

— < 1.
W @) <
JMmb TEepBBIe [BA WIEHA, HOJLYyYHM

1
v <E>V1+W*

~v @[+ TEr 1<x)> ]zy

Vi4- (v (2)

Coxpanaa m B 3Toii dopmyre

1
"(z) + 27 @)
(7.8.7}
Iloncrasnasa (7) B (2), HaxoguM
b

s%S[y'(x
o

1
HWJ‘”:
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b " b
=ag y’(z)dz+7'§ y,dfz) =

b
1 d
—v O —v@+7 |50

Vitax, MH NpHILIM K CHeZYOMAM NPAGTUKeH-
HEM (opmysram:

{ b
sx(b—a)+5 | (0 (@) de,
cenn |y’ (2)] < 1

(7.8.8)
b

1
s2y®) —y (@) +7 |

a

dx
y' (%)’

ecau |y’ (z) [ > 1.

Bxozamme coja WETerpaisl npome, YeM HHTe-
rpax B (2), moaroMy 3THME GOPMYNAMHE TOPasio
yaoGree noxbsoBarbesa. Ommaxo dopmyma (2)
ABIAETCA TOUHOH, a d¢opmynn (8) — TONBKO
OpuGImKeHEHHIME.

Raxywo me ommGky pgemaeM M, IOAB3YACH
ovu? [lepas m3 dopmyan (8) Gyner TeMm Toumee,
9eM MeHbpIe |y'|, a BTOpas — d9eM Gossime |y’|;
o6e $opMyNH NaT HAUXYAMEA pe3yabTaT NpH
ly'|=1. TlosToMy [ ONEHKH NOTIPEIIHOCTH
PaccCMOTPHM caMbli HeBHIOAHHIL ciaygalk y (z)=
=1. fcmo, 4r0 ecam y' (z)=1, 10 y (x)=2-}c;
rpadpEx dTO# QyHKIUM — nOpAMas JUHEAA.

Ilo ToumoOlt Qopmyme (2)

b
szsx/i—i—idx=\/§(b—a)z1,415(b—-a)
a

(7.8.9)

{BOpOYEM, STOT HOCHSJHHE PE3yALTAT ¢ OYEBHJI-
HOCTBIO cjefyeT © ms TeopeMul [ludaropa mnm
9IIEMEHTAPHOH TPHLOHOMETPHH: Befb NpAMafd
y=z+c¢ obpasyer ¢ ocbio abcmuce yrox B 45°).
Ilo mepmo#r m3 dopmyn (8):
b

1 3
s=(b—a)+7 de=7(b—a)=1,5(b—a).

(7.8.10)

Bropas ¢opmyma (8) pmaer Tor e pesyabrar:
s= 1,5 (b—a). CpaBauBaa (9) m (10), pmnmM,
910 HaH 6 0A b asA [OrpelHOCTs TPUGIH-
HeHHOX (opMynm Gaim3Ka K 6%.

IIpn BHUNCHEHUE [JIMHH AYTE KPUBYIO Cle-
Ayer pasbuBaTh Ha Y9acTHH, HAa KOTOPHX JuGO
Beony |y'| < 1, ambo |y’| > 1. Torma omnmbra
Gyner, BO BCAKOM cilydae, He Goasme 69%. A Tax
RKak (y’ (z))? mpmEXMaer 3HauenWe, papHOe 1,

JTHIME B OTAENBHEIX TOYKAX KPHBoH, Yo mpm mpa-
BHJIGHOM pa3fueHAA JIEEHA HA YYaCTKE OMMOKA
6ymer MeEbme 6% (06KYEO0 3HATHTONHHO
meapme 6%). HuuEn npaMonxmEefmHX oTpes-
KOB (B 4acTHOCTH, TaKux, rfe y’' (z) = 1), xo-
HeYHO, HAXO[HTh Ho OpmbamKeHHON (opMmyre
HE3a9eM.

PaceMoTpmM npBEMepH (BHYACTCHHA TOYTH
BCIOZLY NIPOBeJieHkl ¢ TOTHOCTHIO KO BTOPOro 3HAKA
1mocjae 3ausaToi).

1. Hatira ymmay Ayrd napaboan y==z2 Mexny
ToOgKaMu ¢ abcmuccamm z=0 B z=2.

Ipomssopmas y'=2z pasma 1 wmpm 2=0,5;
my <1 opm 2L0,5 y >1 ompa z > 0,5.
Tlosromy pmummy s, ayra, rae 0 < z < 0,5,
HalifeM mo mepBoit m3 dopmyn (8), a MAEEY s,,
e 0,5 < z < 2, — no Bropoit dopmyie:

0,5
512 (0,5 —0)-- 0,5 S hatdy =
0
5 3
—05+28 L o58,

2
d
sex4—0,25 40,5 S—£—=
0,5

=3,7% 40,25 (In 2 — In 0,5) & 4,10,

3HaYHT,
s=5,45y = 0,58-}4,10=4,68.

C npyroit cTOpOHEH, B cmay (2)

2
S=SV1+4Z2 (ja:,

OTKYfla, celaB 3aMeHY 2=z H BOCLOIbL30BAB-
mack Gopmynoir 33 Ilpmaoxemmsa II (c. 478),
HAXOANM TOYHOe 3HAYGHHE &

S de::::

= [V 4 5 (22 4 VI F D) |+ €,
2 2
(7.8.11)

u, cleloBaTelbHO,
1 — 1 —
s=7 [2 V17 4+ In &+ »/17)]z 4,65. (7.8.12)

(Hepgosepunmsmiit wnraTens Mosker yOemurthes
B cupasegamBocT® Gopmyns (11), npoguddepen-
IAPOBAB NPaByl YacTh 2TOU «popMyJiHL.)

Ommbxa unpu nofcuere mo d¢opmyaam (8)
cocraBmia oroyo 0,7%.

2. Haltty pumey Ayrs > KcHOHEH I H-
AaXbHOK KpPpHBOHE y=e® MOKAY TOUKAME
¢ abenuccamm z=0 1 z={.
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B aroM cinyuae y'=e®, U OpA HM3MEHEHHHA z
or 0 o 1 mpomsBogmad pacret oT 1 po e. [ToaTomy
HCOOJb3yeM Bropyw u3 dopmyn (8):

1
dx
s~el—e0 10,5 S - R
0
~2,72 —1—0,5¢7 [y & 2,04

Toumas ¢opmyna faer AIA AAMHK TYTH 3HA-
d9eHne (cM. yop., 16 u 2 Hmxe)

s=V1iter —vV2 +
2
+%1n%52_+#_%1n —Q_—i—gz,oo.
e24-1-1-1 V2 1
Ommbka npuOImKeRHOH QopMyan 29% .

Heorpa pns nOpuOIHIKEHHOTO BHMUCIEHHS
JUIGHH JyTH HOALIHTETPalbHY (YHKOUI B (2)
pasnaraiT B D A J IO cTemeHsM z. lIpm aroMm,
YAepsKuBaA Hajje)Kallee 9ACIO IIEHOB pasio-
MEeHAA, MOYKHO IOJIYINTH 3HAYEHNEe JJIAHE AyTrd
¢ m000i CTELERbI0 TOYHOCTH.

Paccmorpum 11 p ¥ M e p. OnpenenuMm piIdEy
okpymxHEOcTH. Ilpm sroM GyZeM HUCKaTh
IVIIHY § NYTH OKPY)KHOCTH, COOTBETCTBYIOLIYIO
nearpansEOMy yray B 30°. Jlampa OKpYRHOCTH
C=12s. flcHO, 9TO MH TOJYYMM TaKo# ke HH-
Terpal, Kak 4 B (3), HO ¢ ApYTHM BEPXHHM IIpe-
TleJIoM:

Rf2

s——:S T (7.8.13)
0

<3p,eCL MBI HCIIOTIB3YeM cooTHomeHnne R sin 30°=

R
= —2—) logrETErpanbHOe BRIpAKEHHE OPeod-
pasyercd CIeNYIOmMUM 05pasoM:

R R
\/Hz__xz Rl/i——(

V1_( ) [ (x)J L (7.8.14)

Brpaskenne (14) pasioxmm B pap mo dopmyne
6umoma , Heoroma (cm. ¢dopmyny (6.4.3)). Huaa

\L

x 2
HTOro IIOJIOMHM (7) =t. Honyunm

[T =t s
3 5 35

+—8—t2+ﬁ13-{—ﬁs—t4+...=

—i+3(7) +3(7 )+

+1—‘1( ad >6+ e ( ) +. (7.8.15)

Iogcrasaaa (15) 3 (4
X0[uM

3) B HHTerpupys, Ha-

1 1 3
:R(7+ 6.2 T40.2 T

5 . 35
+16-7-27'T”128~9-29+"')‘

(7.8.16)

Yaenw psga (16) y6sBawT ZOBOJBHO GHICTpO.
IlosTOoMy anA moxydeHUs s AOCTATOYHO B3ATH
HECKOJNBKO HEPBHIX UIeHOB paAna. Baas ogum

qjieH, [0IyIuM s%—z-R, OTKyZa /JIdHA Beeil

oxkpy:xHOoCcTA C = 6R. Bads paBa uleHa, UOIY-
oM s = 0,521 R, 1. e. C = 6,252R; Tpu wieHa
pAma mawor s = 0,523R, ¢ = 6,276R u T. 1.

M= 3HAEM, 9TO JUIAHA OKPYxRHOCTH C=27R.
CpaBHEBaf 3TO € IOJYYEHHHIMH HAMII De3yib-
TaTaMd, HaXOZHM TaKHe NpHOIMKeHHBE 3HaYe-
HUA YHECIA T

3; 3,126; 3,138,

Yem Gousbrie aienos psapa (11) B3aTs, TeM TouHee
mONyuuM 3HaUeHWe 7. 3HAUeHHEe wWicla T ¢ ye-
THPBMA BEDHBIMH JECATHYIHBIME 3MaKaMII Ta-
KoBO: = = 3,1416.

Ynpascnenus

7.8.1. 3anunmmTe B BHZAe HHTerpa’a IINHY
ayru: a) mapaboam y==z* ot Touru (0, 0) me
touku (1, 1); 6) SKCHOHEHIMATBHOII KpPHBOI
y=e® or Touku z=0 mo ToUKm x=—1; B) ganAY

2 y?
RYTH DIULHICE + 57

= 1.

7.8.2. IloBemuTe m0 KomuA yup. 16, BeIIOI-
HOB B HATEerpalle 3aMeHY MmepeMenuoil 1--e2¥=z2,

7.8.3. Tlonpaysice HPpUOIMEEHHLIMI  QOPMY-
nmamu (8), HalifuTe ANEHY AYFH LENHOH JIMHUL
Meay ToukaMu z=0 m z=2 (a=1). CpasruTe
IO YYEHHH pe3yJbTaT ¢ TOYHHM 3HAYeHHEM
AR KYTH.

7.8.4, Haiifure UpROIMIKeHHO [IIUEY JAYTH
runepbons zy=—1 wMempy Toukamm z=0,5
nz=1. [BaMeganne B dr0oM cayyae TO9-
HOTO PDellleHHA TOJYYATh HeENIb3si, TAK KaKk HH-
Terpal B (2) He MOsKeT GBITH BRPaKEH C NOMOLIBIC
DJIEMEHTAPHEX (YHEKOHL. ]

7.8.5. IloayunTe upHGIMKEHANE B3HAYEHHS
ymesaa ® UCX0AA U3 HMOofcYera AJAAHL JYTH OKPYK-
HOCTH ¢ IEHTPAJBHHM YIIOM B 45° (yhep:Kure
TpH, 9YeTHpe U UATH WIEHOB pPAMa).

§ 9. KpuBusna m compHracamonaAca
OKDPY:KHOCTH

C moHATHeM [JIUHKE TyTH CBA3aHO OIpexe-
denuWe KpususHu k w paduyca kEpuSUIN
R xpupoit B HeroTOopo#l ee toure. [Huas



§ 9. KpEEAsHA H CONPHKACAIOIMAACH OKPYKHOCTE
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OKPYIKHOCTH Pafguyc KpmeH3HH R comma-
IaeT ¢ pagmyCcoOM OKPYIKHOCTH, & KPHBH3-

HOIl Ha3nBaeTcA BeIMdnHa k— oGpat-

H ?
Hast pagmycy. Uem MeHsmme paguyc R
okpy:xHOoCTH (T. €. YeM Goabiue ee KpH-
BU3HA k), TeM Kpyde 3aBOPaUIHMBAETCH
OKDYIKHOCTE, TeM 0o0Jiee OHA «MCKPHBICHA»
(puc. 1). llpu ouerr Goavmom R, Haumpo-
THB, NCKPHUBISHHOCT: OKPYIKHOCTH IIOUTH
He 3aMeTHa, T. €. OKPY/KHOCTH obpama-
eTCA B (IOYTH UPAMYIO». TaK, W3-3a 00JIb-
107 BeJMYHHE PafNyca 3¢MHOTO Mapa MH
He 3aMedYaeM MCKDMBICHHOCTH SeMJIH (i
TOr0 9T00H yBUAETH 3T0, HANO MOTHITHCA
B KOCMOC, 9TO IIOKA elle Mal0 KOMY J0-
CTYIIHO).

O6patuMcs Temeps K IPOH3BOJLHOMN
gpusoii I'. flcmo, uro ma puc. 2 nuHmsa
fonbpImme MCKpHBIeHA HA yIacTke PQ, rme
0Ha KDYTO BaBOpadnBaeT HAJNEBO, UeM HA
yiacTke MN, roe xon ee Oojiee mIaBHELA.
OaHAKO KAaKOM TOUHRIA CMBICI HMMEeT I0-
cienHee yteepsugeHme’ IlosgcEuth ero
MOMKHO TaK.

Paccmorpum yronm ¢ Meskay KacaTedb-
HEIMH K KpuBo#t B koHEax M m N jayru
MN: ecim Ha DOPOTAKEHHH HTOH IYIHM
KacaTelbHasg NOBOPAYMBAJIACHL BCe BpeMs
B OHOM HALIPABJIEHUM, TO YIOJX ¢ YKa3H-
BaeT, HA CKOJHKO MMEHHO TIOBEPHYJIaCh
Ha yyacTke MN RacareapHass (Wim Kpu-
Basg, HOCKOJIBKY HaIlpPaBJeHuWe KPHUBOH 3a-
JaeTcs HAUPABIeHHEOM KacareapHoin). s
oTpelelIe BN CTelleHH MCKPUBICHHOCTH
KpuBOHl WaM HAM0 3HATH ee HPOTSIKeH-
HOCTBb § ydacTka (myrum) MN: ecum s Be-
AWKO, TO Jajke IPu MENJICHAOM H3MeHEHAN
HALIDABICHAS KacaTeJIbHON MOMKeT Ioay-
9uTECS 0OnbIIOe 3HATEHHE ©.

Tarkum oO0pasoM, oTHOMIeHHE
¢
op T g (7.9.1)
yKasusaer cpeduiow (mam  ydeavhyio!)

kKpususHy wpuBoit Ha payre MN. Kpu-
eusna e 8 mouke M omupenensercad Kak
mpenxea epelEell  KPHUBU3HHE IIpH
crpemiaenun ayra MN g Bymno:

. A
k= lim == ,
Ag—>0 s

Tie As — pamHa (Mamxoi#) myrm MM, nm-
aau ', a Ao — oTBewalomee 9TOH myre
npupamerne yria o, o6pasoBaHHOTO Ka-
CaTeIHHOR K KPHUBOH ¢ OCHIO X, T. €. Yyroa
IOBOPOTA KAaCATeABHOW K KpuBOI (yroxa
Me}KAYy KacaTelnbHoMu tmit, ® I' B Tou-

rax M u M;; pme. 3). Ho B cuny ompese-
lleHusT IpousBomEOR (cM. § 2.1) mocnenmHee
paBeHcho MOKHO B3aIMCATH TaK:

k= -d_s (7.9.2)

Pue. 7.9.1 :
R, V4 Vi

Taxum o6paszoM, EKpusBusHYy R MOKHG
OLIPeeJIUTh KAK CKODOCb ROBOPOMA KACA-
meavroli K xpuvoit ' mpu pasroMepHOM

Sy

s z

Puec. 7.9.2

JABMKEHUN TOYKHM 1O KpHBOH C eJII/IHI/I‘IHOH
(1mHEEeHO#) CKOPOCTDHIO, T. €. B YCIOBUAX,
rorga touxka M mpoxojur nyth MMi=ds
3a Bpemsa di=ds.

5
™~

Teueph HaM 0CTaeT